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0 0 0 1 1 0
0 0 1 1 1 1
0 1 0 1 1 0
0 1 1 1 1 1
1 0 0 0 0 1
1 0 1 0 0 1
1 1 0 0 1 0
1 1 1 0 1 1

back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

c¡QÏL{ü�~fn)
�o�·K�ÎÒz. ùp
2��
`²ÚÎÒz�A5¿��
¯K.

½Â 1.8
···KKKÎÎÎÒÒÒzzz
r��^g,�óQã�·K�A/�¤d·KC�,é(
cÚ�)ÒL«�·Kúª,¡�·K�ÎÒz.

ÎÒz�A5¿: (½�½éf´Ä�·K; g,�ó¥�
é(c´Ä�·Kë�c;��(/L«�f·KÚ·�À
J·Ké(c.

back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.9

òe�·KÎÒz.
1 ·Ú¦Q´73q´ÓÆ .
2 Ün½ooÑ�±�ù�¯.
3 =�·k�m�UØe�,·ò�	þ.
4 Üfo´3ãÖ,wÖ,Ø�ãÖ,Øm�½Üf)¾.
5 º�Ã{,·�þÆ.

): (1)�P: ·Ú¦´73, Q: ·Ú¦´ÓÆ.
K·K�ÎÒz�: P ∧ Q.
(2)�P: Ün�±�ù�¯, Q: oo�±�ù�¯.
K·K�ÎÒz�: P ∨ Q.
(3)éu/=�0 , ¢�þ´/�0�_·K. /�A, KB0´A → B, /=�A, KB0
´B→ A. �P: ·k�m, Q: UØe�, R: ·ò�	þ.
K·K�ÎÒz�: R→(P ∧ Q).

back
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1�Ù ·KÜ6

1.2óª

1.2óª

(4)éu/Ø�0,�P4,/Ø�0´^�.�P: Üf3ã
Ö,wÖ, Q: ãÖ,Øm�, R: Üf)¾.
�·K�ÎÒz�: ¬(Q ∨ R)→ P.
(5)�n)�/Ø+´Ä�º, ´Äe�, ·Ñ�þÆ0 .
�P:U�º, Q:Ue�, R: ·�þÆ.
K·K�ÎÒz�: (P∧Q→ R)∧(P∧¬Q→ R)∧(¬P∧Q→
R) ∧ (¬P ∧ ¬Q → R)½(P ∧ Q ∧ R) ∨ (P ∧ ¬Q ∧ R) ∨ (¬P ∧
Q ∧ R) ∨ (¬P ∧ ¬Q ∧ R)

back
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1�Ù ·KÜ6

1.2óª

1.2óª

Ü6'X'�E,�·KÎÒz�, �O((½�f·K,
kòÙ/ªz; À^T��é(c; �9��Ä½c� �
�O(;7I��)ÒØU�Ñ;=¦�±�Ñ�)Ò,eI
�Jpúª�Ö5��Ð�Ø��Ñ;,	��5¿·K�
/ªz�7´���.

back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª
ÏL�E·Kúª�ý�L,·�uyúª3�«D�e¬
kØÓ����¹,�
/ªØÓ�úª(kX�Ó�ý�
L,�dI�?�ÚïÄúª�©a9ØÓúª�éXA�
95��SN.

½Â 1.9
�A�?�·Kúª
(1)eA3§��«��e��þ�ý,K¡A´óóóªªª½[[[
ýýýªªª.
(2)eA3§��«��ee��þ�b,K¡A´gggñññªªª½
[[[bbbªªª.
(3)eAØ´gñª,K¡A´���÷÷÷vvvªªª.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

l½Â�±wÑ±eA::
1. óª´�÷vª,�÷vªØ�½´óª.
2. gñª´Ø�÷vª,�gñª´�÷vª.
3. eý�L������1,Kúª�óª.
4. eý�L������0,Kúª�gñª.
5. eý�L����¥��k��1,Kúª��÷vª.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

n�·KC���)2n�ØÓD�;¹n�·KC��úª�
ý�Lk22n

«ØÓ�¹.

l~1.8�±wÑ:
L1.6¥�úª¬(P→ Q)∧Q�gñª;
L1.7¥�úª(Q→ P)∧Q→ P�óª;
L1.8¥�úª(¬P ∨ Q)→ R��óª��÷vª.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

óªäk±e�5�:

½n 1.1
eA´óª,K¬A´gñª.

y²: dóªÚgñª�½Â��,�ö�ý�p�Ä½.
back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

½n 1.2
ü�óª�Ü�½Û�,E,´��óª.

y²: �AÚB�ü�óª. ØØAÚB�·KC���?
Ûý�,okA�ý��T, B�ý��T,�A ∧ B, A ∨ B�ý
�þ�T.

½n 1.3
éóªÓ�©þÑy�z�� �^?ÛÜªúª��
�,¤�úªE�óª.

y²: duóª�ý��©þ���Ã', �éÓ�©þ
±?ÛÜªúª���,óª�ý�E�ý.

back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

gñª�kaq5�;
üóª�Ü�ª, Û�ª, %ºªÚ�dª�ÑE´ó
ª. back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

ÜÜÜ666���ddd
Ä�/w, ü�úª�ýb�����Ó��@�L��
Ü6'X�Ó,�L�Ó�·K,�¡ùü�úªÜ6�d.
e¡´äN½Â

½Â 1.10
�½ü�·KúªAÚB, �P1, P2, · · · , Pn�¤kÑy
uAÚB¥�·KC�, eéP1, P2, · · · , Pn�?�|��,
AÚB��Ñ�Ó,K¡AÚB´�d�½Ü6�d. P�

A⇔ B

back
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1�Ù ·KÜ6

1.2óª

1.2óª

I�5¿�´/⇔0Ø´Ü6é�c, Ï/A ⇔ B0Ø´
·Kúª, �´L«ü�·Kúª�m��«�d'X, =
eA ⇔ B, AÚBvk��þ�«O,�õ�´AÚB�/ªØ
Ó®.
/⇔0äkXe�5�:
(1) g�5: A ⇔ A; (2) é¡5: eA ⇔ B, KB ⇔ A; (3) D
45: eA⇔ B, B⇔ C,KA⇔ C.
n�·KC�, �±/¤Nõ�/ª�É�úª, ùÙ¥k
Nõ/ªØÓ,ý�L%�Ó�úª. Ú\úª�d�Vg,
Ù8�Ò´òE,�úª{z.
|^ý�L�±�ä?Ûü�úª�d.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.10
y²: P↔ Q⇔ (P→ Q) ∧ (Q→ P)
yyy²²²: le¡�L���úªP↔ Q�úª(P→ Q)∧ (Q→
P)�d.

Table 1.9: P↔ Q�(P↔ Q)∧(Q↔ P)�ý�L

P Q P→ Q Q→ P (P→ Q) ∧ (Q→ P) P↔ Q
0 0 1 1 1 1
0 1 1 0 0 0
1 0 0 1 0 0
1 1 1 1 1 1

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.11
���.

3^ý�L{�äA ↔ B´Ä�óª�,ý�L����
��±�Ñ.
�äü�·Kúª´Ä�dÌ�kn«�{:
(1) ýýý���LLL{{{. ^ý�L{�±�äü�·Kúª´Ä�
�(�·KC��õ�,d�{ó�þ��).
(2)���dddªªª{{{. |^Ä���dª?1E,úª�dy²{.
(3)e!0�����ªªª{{{.
e¡5ÆSÄ���dúª.

back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

1. VÄ½Æ: A⇔ ¬¬A
2. ��Æ: A⇔ A ∨ A, A⇔ A ∧ A
3. ��Æ: A ∨ B⇔ B ∨ A, A ∧ B⇔ B ∧ A
4. (ÜÆ: (A ∨ B) ∨ C⇔ A ∨ (B ∨ C)

(A ∧ B) ∧ C⇔ A ∧ (B ∧ C)
5. ©�Æ: A ∨ (B ∧ C)⇔ (A ∨ B) ∧ (A ∨ C)(∨é∧�©�Æ)

A ∧ (B ∨ C)⇔ (A ∧ B) ∨ (A ∧ C) (∧é∨�©�Æ)
6. �·��Æ: ¬(A ∨ B)⇔ ¬A ∧ ¬B, ¬(A ∧ B)⇔ ¬A ∨ ¬B
7. áÂÆ: A ∨ (A ∧ B)⇔ A, A ∧ (A ∨ B)⇔ A

back
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1�Ù ·KÜ6

1.2óª

1.2óª

8. "Æ A ∨ 1⇔ 1, A ∧ 0⇔ 0
9. Ó�Æ A ∨ 0⇔ A, A ∧ 1⇔ A
10. ü¥Æ A ∨ ¬A⇔ 1
11. gñÆ A ∧ ¬A⇔ 0
12. %º��ª A→ B⇔ ¬A ∨ B
13. �d��ª A↔ B⇔ (A→ B) ∧ (B→ A)
14. bó´  A→ B⇔ ¬B→ ¬A
15. �dÄ½��ª A↔ B⇔ ¬A↔ ¬B
16. 8¸Ø (A→ B) ∧ (A→ ¬B)⇔ ¬A

back
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1�Ù ·KÜ6

1.2óª

1.2óª

þã16|Ä��dúª�¹���ª¥,Ù¥�A, B, C�±
�L?¿�úª.
Ä��dúªkéõ^å, Xz{·Kúª, �ä·Kúª
�a.,y²�dúª,O�·Kúª��ª,·KÜ6¥�
ín��. ±�¬Å���ù
SN.
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1�Ù ·KÜ6

1.2óª

1.2óª

���\\\555KKK���OOO���555KKK

½n 1.4
3��[ýªA¥, ?Û��·KC�RÑy�z�?^,
��úª�\,¤��úªBE�[ýª.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

z���ªÑ�±�ÑÃ¡õ�Óa.�äN���ª.
|^d�{,�±íÑ�
#���ª.

~X,éu%º��ª A→ B⇔ ¬A ∨ B :
�A = P, B = Q,���ª P→ Q⇔ ¬P ∨ Q.
�A = P ∨ Q ∨ R, B = P ∧ Q�,
���ª(P ∨ Q ∨ R)→ (P ∧ Q)⇔ ¬(P ∨ Q ∨ R) ∨ (P ∧ Q).

back
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1�Ù ·KÜ6

1.2óª

1.2óª

½n 1.5
�X´ÜªúªA�fúª, eX ⇔ Y, XJòA ¥�X ^Y
5��,¤��úªB�úªA�d,=A⇔ B.

y²: ù´w,�. Ï�X ⇔ Y, ¤±3�ÓC��?�«
��e, X �Y ý��Ó.±Y��X�,úªB�úªA3�
A����¹e,Ùý�7�Ó,�A⇔ B.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

k
þã��dúª9�\5KÚO�5K�,Ò�±íü
Ñ�õ��dúª. d®��dúªíÑ,	�
�dú
ª�L§¡�������üüü���. |^��ü��±�yü�·K
úª��, ��±�O·Kúª�a., ��±^5)ûN
õ¢S¯K.e¡Þ�
��ü��~f.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.12

y²ü�úª��
(P→ Q)→ R⇔(P ∨ R)∧(¬Q ∨ R)

): (P→ Q)→ R
⇔(¬P ∨ Q)→ R (%¹��ª,��5K)
⇔ ¬(¬P ∨ Q)∨R (%¹��ª,��5K)
⇔(P ∧ ¬Q)∨R (�·��Æ,��5K)
⇔(P ∨ R)∧(¬Q ∨ R) (©�Æ,��5K)
l�>úª�±?1��ü�, ��±lm>úªm©ü
�. ��ü�¥Ï�z�ÚÑ^���5K, ��±Ø^�
Ñ.��ü�Ùö�,Ä���ª��±Ø^�Ñ.Ï~Ø^
��ü���y²ü�úªØ��.
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.13

y²ü�úª��
(P ∨ Q)→(P ∧ Q)⇔ P

): (P ∨ Q)→(P ∧ Q)
⇔(P ∨ Q)∨(P ∧ Q) (�·��Æ)
⇔(P ∧ Q)∨(P ∧ Q) (�·��Æ)
⇔(P ∧ Q)∨(P ∧ Q) (VÄ½Æ)
⇔ P∧(Q ∨ Q) (©�Æ)
⇔ P∧T (ü¥Æ)
⇔ P (Ó�Æ)

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.14

z{úª
¬(P ∧ Q)y(¬P∨(¬P ∨ Q))

): ¬(P ∧ Q)y(¬P∨(¬P∨Q))
⇔ ¬¬(P ∧ Q)∨((¬P ∨ ¬P)∨Q) (�·��Æ,(ÜÆ)
⇔(P ∧ Q)∨(¬P ∨ Q) (VÄ½Æ,��Æ)
⇔(P ∧ Q)∨(Q ∨ ¬P) (��Æ)
⇔((P ∧ Q)∨Q)∨¬P ((ÜÆ)
⇔ Q ∨ ¬P (áÂÆ)

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.15

^��ü��äe�úª�a.
(1). Q ∧ ¬(P→ Q)
(2). (P→ Q)↔ (¬Q→ ¬P)
(3). ((P ∧ Q) ∨ (P ∧ ¬Q)) ∧ R

): (1) Q ∧ ¬(P→ Q)
⇔ Q ∧ ¬(¬P ∨ Q) (%º��ª)
⇔ Q ∧ (P ∧ ¬Q) (�·��Æ)
⇔ P ∧ (Q ∧ ¬Q) (��Æ,(ÜÆ)
⇔ P ∧ 0 (gñÆ)
⇔ 0 ("Æ)
d���Ú��,Tª�gñª.
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1�Ù ·KÜ6

1.2óª

1.2óª

(2) (P→ Q)↔ (¬Q→ ¬P)
⇔ (¬P ∨ Q)↔ (Q ∨ ¬P) (%º��ª)
⇔ (¬P ∨ Q)↔ (¬P ∨ Q) (��Æ)
⇔ 1
d���Ú��,Tª�óª.
(3) ((P ∧ Q) ∨ (P ∧ ¬Q)) ∧ R
⇔ (P ∧ (Q ∨ ¬Q)) ∧ R (©�Æ)
⇔ P ∧ 1 ∧ R (ü¥Æ)
⇔ P ∧ R (Ó�Æ)
ùØ´gñª, �Ø´óª, ´�óª�� ÷vª.
X101´§�¤ýD�, 000´§�¤bD�.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~ 1.16
,�¯�´`, ¯, ZÚ¶4<¥,��<��. Î¯4<�
£�Xe: (1)``´Z��; (2)¯`·v�; (3)Z``ù
�ØÎÜ¯¢; (4) ¶`´`��. eÙ¥3<`�´ý{,
�<`b{,¯´X��?

): �: A: ù�¯´`��. B: ù�¯´¯��. C: ù�¯
´Z��. D: ù�¯´¶��.
4�<¤`�·K©O^P, Q, R, SL«,K(1), (2), (3), (4)©
OÎÒz�:

back
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1�Ù ·KÜ6

1.2óª

1.2óª

P⇔ ¬A ∧ ¬B ∧ C ∧ ¬D;
Q⇔ ¬B;
R⇔ ¬C;
S⇔ A ∧ ¬B ∧ ¬C ∧ ¬D;
@o3<`ý{,�<`b{�·KKÎÒz�:
K ⇔ (¬P∧Q∧R∧ S)∨ (P∧¬Q∧R∧ S) ∨(P∧Q∧¬R∧ S)∨
(P ∧ Q ∧ R ∧ ¬S)

lÑêÆ9ÙA^?�|, 2017c12� 69 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

Ï�KL�ª�11�:
¬P ∧ Q ∧ R ∧ S⇔ (A ∨ B ∨ ¬C ∨ D) ∧ ¬B ∧ ¬C ∧ A ∧ ¬D
⇔(A∧¬B∧¬C ∧¬D)∨(B∧¬B∧¬C ∧A∧¬D)∨(¬C ∧¬B∧
¬C ∧ A ∧ ¬D)∨(D ∧ ¬B ∧ ¬C ∧ A ∧ ¬D)
⇔ A ∧ ¬B ∧ ¬C ∧ ¬D
KL�ª�Ù§3�:
P ∧ ¬Q ∧ R ∧ S⇔ P ∧ Q ∧ ¬R ∧ S⇔ P ∧ Q ∧ R ∧ ¬S⇔0
¤±,�K�ý�, A∧¬B∧¬C∧¬D�ý,íÑù�¯´`�
�. back

lÑêÆ9ÙA^?�|, 2017c12� 70 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.2óª

1.2óª

éééóóó���nnn lc¡�Ñ��dúªwÑ, kéõ´¤éÑy
�. ùÒ´�dúª�éó5.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

½Â 1.11
éééóóóªªª3���¹ké(c¬, ∨, ∧�úªA¥,ò∨�¤∧,
∧�¤∨, T�¤F, F�¤T, Ù{Ü©ØC, ��,��ú
ªA∗,¡A∗�A�éóª.

Uì½Â,éóª´�p�.
l½ÂØJwÑ, (A*)*=A.

back
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1�Ù ·KÜ6

1.2óª

1.2óª

~X,e¡�z�éúª©Op�éóª.
Q ∧ R�Q ∨ R;
(P ∨ Q) ∧ R�(P ∧ Q) ∨ R;
(P ∨ Q) ∨ 0� (P ∧ Q) ∧ 1

��=¹kÜ6ë�c¬, ∨, ∧�·KúªÚ§�éóª�
mäkXe��'X: back
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1�Ù ·KÜ6

1.2óª

1.2óª

½n 1.6

�AÚA*p�éóª, P1, P2, · · · , Pn, ´Ñy3AÚA*¥�·
KC�,K
(1) ¬A(P1,P2, · · · ,Pn)⇔ A∗(¬P1,¬P2, · · · ,¬Pn);
(2) A(¬P1,¬P2, · · · ,¬Pn)⇔ ¬A ∗ (P1,P2, · · · ,Pn).

y²: d�·��Æ
P ∧ Q⇔ ¬(¬P ∨ ¬Q), P ∨ Q⇔ ¬(¬P ∧ ¬Q)
� ¬A(P1,P2, · · · ,Pn)⇔ A∗(¬P1, ¬P2, · · · ,¬Pn)
Ón A(¬P1,¬P2, · · · ,¬Pn)⇔ ¬A∗(P1,P2, · · · ,Pn)

back
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1�Ù ·KÜ6

1.2óª

1.2óª

½n 1.7
�A, B�ü�·Kúª,eA⇔ B,KA*⇔ B*.

y²: �P1,P2,· · · ,Pn´Ñy3·KúªA, B¥¤k�·KC
�,Ï�A⇔ B,= A(P1,P2, · · · ,Pn)⇔ B(P1,P2, · · · ,Pn),
¤±k¬A(P1,P2,,,Pn)⇔ ¬B(P1,P2,,,Pn),
d½n1.6�, A∗(¬P1,¬P2, · · · ,¬Pn)⇔ B∗(¬P1,¬P2, · · · ,¬Pn).
=A∗(¬P1,¬P2, · · · ,¬Pn)↔ B∗(¬P1,¬P2, · · · ,¬Pn)�óª,
�A∗(P1,P2, · · · ,Pn)↔ B∗(P1,P2, · · · ,Pn)��óª.
�A∗ ⇔ B∗.
ù�½n�¡�éééóóó���nnn.
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1�Ù ·KÜ6

1.2óª

1.2óª

déó�n��, eA�óª, KA*7�gñª. ù´Ï
�1�0p�éóª, eA�óª, KA ⇔ 1, ÏA�éó
ªA*A�1�éóª0��,=A*⇔ 0.
®�A ⇔ B, �B´'A{ü�·Kúª, Kdéó�n��
�¦Ñ�{ü�B*�A*��.~X
(P ∧ Q) ∨ (¬P ∨ (¬P ∨ Q))⇔ ¬P ∨ Q,
K
(P ∨ Q) ∧ (¬P ∧ (¬P ∧ Q))⇔ ¬P ∧ Q.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

��úª�±äkõ«�p�d�L��ª,~X:
P↔ Q⇔ (P→ Q) ∧ (Q→ P)⇔ (P ∧ Q) ∨ (¬P∧ ¬Q).
�
~�Ó�úª�ØÓL�/ªé)ûín¯K¤�5
�æ�,I�òúªIOz.
®�¦^ý�L,úªí�Úéó�n��äü�úª´Ä
�d. Ød�	, ��±ÏL'�úª�IO/ª��{5
�äúª��d5,úª�IO/ª=�Ò´5��L��
ª{¡��ª.

e¡m©?Ø�ªk'�¯K.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
lÄ�½Âm©.

½Â 1.12

·KC�9ÙÄ½Ú¡�©©©iii.

XP, ¬Q�þ�©i.

½Â 1.13

dk��©i�¤�Û�ª¡�{{{üüüÛÛÛ���ªªª.
dk��©i�¤�Û�ª¡�{{{üüüÜÜÜ���ªªª.

~X, P ∨ Q, ¬P ∨ Q, ¬P ∨ ¬Q, ¬P ∨ Q ∨ ¬Qþ´{üÛ�ª.
P ∧ Q, ¬P ∧ Q, ¬P ∧ ¬Q, ¬P ∧ Q ∧ ¬Qþ´{üÜ�ª.
P, Q, ¬P, ¬QQ´{üÜ�ª,�´{üÛ�ª. �Ò´`©iQ
´{üÛ�ª,q´{üÜ�ª. back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

l½Â¥�±wÑü::
(1){üÛ�ª´óª��=�§Ó�¹k,�·KC�
9ÙÄ½/ª.
(2){üÜ�ª´gñª��=�§Ó�¹k,�·KC�
9ÙÄ½/ª.
~X,{üÛ�ªP∨¬P∨Q´óª. {üÜ�ªP∧¬P∧
Q´gñª.

½Â 1.14
dk��{üÜ�ª�¤�Û�ª¡�ÛÛÛ������ªªª.
dk��{üÛ�ª�¤�Ü�ª¡�ÜÜÜ������ªªª.

Û��ª�Ü��ªÚ¡��ª. back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
~X, (P ∧ Q) ∨ (¬P ∧ ¬Q), (¬P ∧ Q) ∨ ¬R, P ∧ Q , ¬Qþ´
Û��ª.
(¬P∨Q)∧ (P∨¬Q), (P∨Q)∧ (¬P∨R)∧¬R, P∧Q , ¬Qþ
´Ü��ª.
5¿, ¬P ∧ Q ∧ R�úª�±w���{üÜ�ª�¤�Û
��ª,��±w�n�{üÛ�ª�¤�Ü��ª.
�q/, P ∨ ¬Q ∨ R�úª�±w�n�{üÜ�ª�Û�
�ª,q´¹��{üÛ�ª�Ü��ª.
ÛÛÛ������ªªª���ÜÜÜ������ªªªkkkeee���555���:
(1)Û��ª´gñª��=�§�z�{üÜ�ªÑ´g
ñª.
(2)Ü��ª´óª��=�§�z�{üÛ�ªÑ´
óª.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
e¡�(ØL²: éu?Û·Kúª, ÑU¦Ñ�����
Û��ª�Ü��ª,ùÒ´¤¢����ªªª���333½½½nnn.

½n 1.8
?�·KúªÑ�3X�����Û��ª�Ü��ª.

y²: e3úª¥Ñy→�↔ë�c,�¦^��ª�Ø:
A→ B⇔ ¬A ∨ B;
A↔ B⇔ (¬A ∨ B) ∧ (A ∨ ¬B)
·Kúª¥eÑy/X¬¬A,¬(A ∧ B), ¬(A ∨ B) �úª, �
òÄ½Ò��½S£:
¬¬A↔ A;
¬(A ∧ B)↔ ¬A ∨ ¬B;
¬(A ∨ B)↔ ¬A ∧ ¬B;
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

¦Û�úª�, é·Kúª¥Ñy�/XA∧(B ∨ C)�úª,
�±|^/ ∧0é/ ∨0�©�Ç:
A∧(B ∨ C)⇔(A ∧ B)∨(A ∧ C)

¦Ü��ª�,é·Kúª¥Ñy�/A∨(B ∧ C)�úª,�
±|^/∨0é/∧0�©�Ç:
A∨(B ∧ C)⇔(A ∨ B)∧(A ∨ C)

z��·KúªA, ²L±þÚ½, =���������
Û��ª½Ü��ª.

�5¿úª��ª�3,�Ø´���.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

þã©ÛØ��Ñ
·Kúª�ª�35�y²,��Ñ

¦Ù�ª�äNÚ½,=

(1)òúª¥�é(cz8¤�k¬,∧9∨;
(2)|^VÄ½ÇÚ���½ÆòÄ½Ò��½S£;
(3)|^©�Æ,(ÜÆòúª8B�Ü��ª½Û��ª.

e¡´~f. back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

~ 1.17
¦e¡úª�Ü��ª�Û��ª: (P→ Q)↔ R

1)¦Ü��ª
):
(P→ Q)↔ R
⇔(¬P ∨ Q)↔ R (��→)
⇔((¬P ∨ Q)→ R)∧(R→(¬P ∨ Q)) (��↔)
⇔(¬(¬P ∨ Q)∨R)∧(¬R ∨ ¬P ∨ Q) (��→)
⇔((P∧¬Q)∨R)∧(¬P∨Q∨¬R) (Ä½ÒS£)
⇔(P ∨ R)∧(¬Q ∨ R)∧(¬P ∨ Q ∨ ¬R) (∨é∧©�
Æ)

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
2)¦Û��ª
):
(P→ Q)↔ R
⇔(¬P ∨ Q)↔ R (��→)
⇔((¬P ∨ Q)→ R)∧(R→(¬P ∨ Q)) (��↔)
⇔(¬(¬P ∨ Q)∨R)∧(¬R ∨ ¬P ∨ Q) (��→)
⇔((P∧¬Q)∨R)∧(¬P∨Q∨¬R) (Ä½ÒS£)
⇔(P ∧ ¬Q ∧ ¬P)∨(P ∧ ¬Q ∧ Q)∨(P ∧ ¬Q ∧ ¬R)
∨(R∧¬P)∨(R∧Q)∨(R∧¬R) (∧é∨©�Ç)

⇔(P∧¬Q∧¬R)∨(¬P∧R)∨(Q∧R) (gñÆÚÓ
�Æ)
dd~��,·Kúª�Û��ªØ��.Ó�,Ü��ª�
´Ø���.
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
ÌÌÌÛÛÛ������ªªª
úª�Û��ª�Ü��ª�/ª´Ø���. �
¦?
¿��·Kúª, z¤����d·K�IO/ª, e¡�
ÑÌ�ª�k'Vg.

½Â 1.15
én�·KC�p1, p2, · · · , pn|¤�{üÜ�ª,ez�·K
C�Ú§�Ä½�ö��Ñy�=Ñy�g, �1i �·K
C�½§�Ä½ªÑy3l��å�1i þ, ¡ù��{
üÜ�ª�444������.

n�·KC����)2n�ØÓ�4��. Ù¥z�4��
Ñk�=k��¤ýD�.e¤ýD�¤éA��?�ê=
���?�êi,Òò¤éA4��P�mi.
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

e¡�ü�L©O´dP, Qü�·KC�/¤��Ü(4�)4
��±9dP, Q, Rn�·KC�/¤��Ü(8�)4��.

Table 1.10: P, Q/¤�4��

úª ¤ýD� ¶¡
¬P ∧ ¬Q 00 m0

¬P ∧ Q 01 m1

P ∧ ¬Q 10 m2

P ∧ Q 11 m3

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

Table 1.11: P, Q, R/¤�4��

úª ¤ýD� ¶¡
¬P ∧ ¬Q ∧¬R 000 m0

¬P ∧ ¬Q ∧ R 001 m1

¬P ∧ Q ∧ ¬R 010 m2

¬P ∧ Q ∧ R 011 m3

P ∧ ¬Q ∧ ¬R 100 m4

P ∧ ¬Q ∧ R 101 m5

P ∧ Q ∧ ¬R 110 m6

P ∧ Q ∧ R 111 m7

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

dý�L���4��äkXe5�:
(1)�4���ý�LÑØ�Ó.

(2)éu4��mi, iéA��?�¦Ù�ý,Ù{2n− 1«�
ª¦Ù�b.

(3)?¿ü�ØÓ4���Ü�ª´gñª.

(4)�N4���Û�ª�[ýª.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

éuÛ��ª�?�Ú��¦Bke¡�½Â.

½Â 1.16
edn�·KC��¤�Û��ª¥¤k�{üÜ�ªÑ´
4��,TÛ��ª�ÌÌÌÛÛÛ������ªªª.

?Û·Kúª�±L«¤Û��ª�/ª, ��UØ��.
éuuÌÛ�ª��¹XÛ?e¡�½n��£�.

½n 1.9
?Û·KúªÑ�3X�����ÌÛ��ª,¿�´��
�.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

y²: (1)y²�35.
�A´?�¹n�·KC��úª.
d½n1.9��,�3�A���Û��ªA

′,=A⇔ A
′,eA

′

�,�{üÜ�ªAi ¥QØ¹·KC�Pj,�Ø¹§�Ä½
ª¬Pj,KòAi Ð¤Xe/ª:
Ai ⇔ Ai∧1⇔ Ai∧(Pj ∨ ¬Pj)⇔ (Ai ∧ pj)∨(Ai ∧ ¬Pj)
UYù�L§,��¤k�{üÜ�ªÑ¹?¿·KC�½
§�Ä½ª.
þãü�L§¥ÑyE�·KC�±94��Úgñª
�,�±æ^^P�OP ∧ P, mi�Omi ∨ mi, 0�Ogñª�.
��ÒòAz¤�����ÌÛ��ªA

′′.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

(2)y²��5.
b�,�·KúªA�3ü������ÌÛ��ªBÚC,
=A⇔ B�A⇔ C,KB⇔ C.
duBÚC´ØÓ�ÌÛ��ª, 7,�34��mi�Ñy
3B¥,ØÑy3C¥.
Ï�i��?�¦B�¤ý,¦C�¤b,ù�B ⇔ C gñ,Ï
B�C7�Ó.

þ¡�Ñ¦úªÌÛ��ª��{Ò´��ü�{.

�k��lúª�ý�L¦ÙÌÛ��ª��{.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

ý�L¦ÌÛ��ª�äNL§:

(1)¦ÑA�ý�L.
(2)éÑA�¤ýD�.
(3)¦Ñz�¤ýD�éA�4��(^¶¡L«) , UeI
l����^SÛ�.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

e¡´�~f.

~ 1.18
|^ý�L¦¬(P ∧ Q)�ÌÛ��ª:

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

): ¬(P ∧ Q)�ý�LXe:

Table 1.12: ¬(P ∧ Q)�ý�L

P Q ¬(P ∧ Q)
0 0 1
0 1 1
1 0 1
1 1 0

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

ÏL*	wÑ, Túª3Ùý�L�001, 011, 101?�
�1, ¤± ¬(P ∧ Q)⇔ m0 ∨ m1 ∨ m2 ⇔ (¬P ∧ ¬Q)∨(¬P ∧
Q)∨(P ∧ ¬Q).

�,, ØJd��ü��{¦ÙÌÛ��ª, 3�öS.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

e¡´,	��¦ÌÛ��ª�úª.

~ 1.19
|^��ü�{¦(P→ Q)↔ R�ÌÛ��ª:

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

): (P→ Q)↔ R
⇔(P ∧ ¬Q ∧ ¬R)∨(¬P ∧ R)∨(Q ∧ R)(ù�Û��ª�(Øc
¡�~f®²�Ñ.)
P ∧ ¬Q ∧ ¬R⇔ m4

¬P ∧ R⇔ ¬P∧( ¬Q ∨ Q) ∧R
⇔(¬P ∧ ¬Q ∧ R)∨(¬P ∧ Q ∧ R)
⇔ m1 ∨ m3

Q ∧ R⇔(¬P ∨ P)∧Q ∧ R
⇔(¬P ∧ Q ∧ R)∨(P ∧ Q ∧ R)
⇔ m3 ∨ m7

(P→ Q)↔ R⇔ m1 ∨ m3 ∨ m4 ∨ m7
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

��r|^��ü�{¦úªÌÛ��ª��{��o(:

(1)òúªL«�Û��ª.
(2)Ø�Û��ª¥¤k[b�Û��.
(3)òÛ�ª¥EÑy�Ü��Ú�Ó�C�Ü¿.
(4) éÜ��Ö\vkÑy�·KC�, =V\X(P ∨ ¬P)
ª,,�A^©�ÆÐmúª.
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

ÌÛ��ªÌ�äk±e^å:

1. '��B/¦Ñúª�¤ýD��¤bD�
�A¥¹n�·KC�, A�ÌÛ��ª¹s(0[s[2n)�4�
�, KAks�¤ýD�, §�´¤¹4���I��?�L
«,Ù{2n − s�D�Ñ´¤bD�.
éuc¡�~f, (P→ Q)↔ R⇔ m1 ∨m3 ∨m4 ∨m7. Ïú
ª�¤ýD��001, 011, 100, 111,Ù{��¤bD�.

back

lÑêÆ9ÙA^?�|, 2017c12� 100 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

2. N´�äúª�a. �úªA¥¹n�·KC�, ØJw
Ñ:

eAÌÛ��ª�¹�Ü2n�4��,KAóª;
eA�ÌÛ��ªØ¹?Û4��,KA�gñª;
eA�ÌÛ��ª¹k����4��,L²A��÷vª.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

~ 1.20
�äe�·Kúª�a.:
(1) ((P→ Q)∧P)→ Q
(2) ¬(P→ Q)∧Q
(3) (P→ Q)∧Q

): (1) ((P→ Q)∧P)→ Q
⇔((¬P ∨ Q)∧P)→ Q
⇔ ¬((¬P ∨ Q)∧P)∨Q
⇔(P ∧ ¬Q)∨¬P ∨ Q
⇔(P ∧ ¬Q)∨(¬P∧(Q ∨ ¬Q))∨((P ∨ ¬P)∧Q)
⇔(P ∧ ¬Q)∨(¬P ∧ Q)∨(¬P ∧ ¬Q)∨(P ∧ Q)∨(¬P ∧ Q)
⇔ m0 ∨ m1 ∨ m2 ∨ m3

·Kúª(1)�[ýª.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

(2) ¬(P→ Q)∧Q
⇔ ¬(¬P ∨ Q)∧Q
⇔(P ∧ ¬Q)∧Q
⇔0

·Kúª(2)�[bª.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

(3)(P→ Q)∧Q
⇔(¬P ∨ Q)∧Q
⇔(¬P ∧ Q)∨Q
⇔(¬P ∧ Q)∨(¬P ∨ P)∧Q)
⇔(¬P ∧ Q)∨(¬P ∧ Q)∨(P ∧ Q)
⇔(¬P ∧ Q)∨(P ∧ Q)
⇔ m1 ∨ m3

Ïd·Kúª(3)��÷vª.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
3. �äü�·Kúª´Ä�d
ü�·K�ÌÛ��ª�Ó,K�d;ÄK,Ø�d.

~ 1.21
�äe¡ü|úª´Ä�d:
(1) P�(P ∧ Q)∨(P ∧ ¬Q)
(2)(P→ Q)→ R�(P ∧ Q)→ R

): (1)P
⇔ P∧(¬Q ∨ Q)
⇔(P ∧ ¬Q)∨(P ∧ Q)
⇔ m2 ∨ m3

(P ∧ Q)∨(P ∧ ¬Q)⇔ m2 ∨ m3

üúª�d.
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

(2)(P→ Q)→ R
⇔ m1 ∨ m3 ∨ m4 ∨ m5 ∨ m7

(P ∧ Q)→ R⇔ m0 ∨ m1 ∨ m2 ∨ m3 ∨ m4 ∨ m5 ∨ m7

ü�úªØ�d. back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
4. A^ÌÛ��ª)û¢S¯K

~ 1.22
,�ï¤�l3¶�ï�ZA,B,C¥]À1*2¶ÑI??. duó
��Ï, À���÷v±e^�: (1)eA�, KCÓ�. (2)eB �,
KCØU�. (3)eCØ�,KA½B�±�. ¯AXÛSü?

��©Û:
(1)ò{ü·KÎÒz.
(2)�Ñ�EÜ·K.
(3)�Ñd(2)¥EÜ·K|¤�Ü�ª(cJ) .
(4)ò(3)¥úªz¤Û�ª(�Ð´ÌÛ��ª) .
(5)ù�z���Ò´�«�U�)�(J.�KØÎÜK¿��
�,=�(Ø.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

): � P: �A�, Q: �B�, R: �C�.

d®�^���úª
(P→ R)∧(Q→ ¬R)∧(¬R→(P ∨ Q))
²Lü��� (P → R)∧(Q → ¬R)∧(¬R →(P ∨ Q))⇔ m1 ∨
m2 ∨ m5

du m1=¬P ∧ ¬q ∧ r, m2=¬P ∧ q ∧ ¬R, m5=P ∧ ¬Q ∧ R

��À��Yk3«:
(a) C�, A,BØ�. (b) B�, A,CØ�. (c) A,C�, BØ�.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

ÌÌÌÜÜÜ������ªªª
c¡?Ø�´ÌÛ��ª,y3?ØÌÜ��ª.

½Â 1.17
én�·KC�p1, p2, · · · , pn|¤�{üÛ��ª,ez�·
KC�Ú§�Ä½�ö��Ñy�=Ñy�g, �1i �·
KC�½§�Ä½ªÑy3l��å�1i þ, ¡ù��
{üÛ�ª�444������.

n�·KC����)2n�ØÓ�4��. z�4��k=
k�����ª¦Ù¤b. e¤bD�¤éA��?�ê
=���?�ê�i,Òò¤éA4��P�Mi.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

eã�ü�L´dP, Qü�·KC�9dP, Q, R n�·K
C�©O/¤��Ü4��.

Table 1.13: P, Q/¤�4��

úª ¤bD� ¶¡
¬P ∨ ¬Q 11 M3

¬P ∨ Q 10 M2

P ∨ ¬Q 01 M1

P ∨ Q 00 M0

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

Table 1.14: P, Q, R/¤�4��

úª ¤bD� ¶¡
¬P ∨ ¬Q ∨ ¬R 111 M7

¬P ∨ ¬Q ∨ R 110 M6

¬P ∨ Q ∨ ¬R 101 M5

¬P ∨ Q ∨ R 100 M4

P ∨ ¬Q ∨ ¬R 011 M3

P ∨ ¬Q ∨ R 010 M2

P ∨ Q ∨ ¬R 001 M1

P ∨ Q ∨ R 000 M0

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

dý�L���4��äkXe5�:
(1)�4���ý�LÑØ�Ó.

(2)é4��Mi,�ki��?�¦Ù�b,Ù{2n-1«�ý.

(3)?¿ü�ØÓ4���Û�ª´[ýª.

(4)¤k4���Ü�ª�[bª.
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

½Â 1.18
en�·KC��¤�Ü��ª¥¤k�{üÛ�ªÑ´4
��,TÜ��ª¡�ÌÌÌÜÜÜ������ªªª.

½n 1.10
?Û·KúªÑ�3X�����ÌÜ��ª,¿�´��
�.

y²�{�ÌÛ��ª��3��5aq,ùpØ2Kã.
ÓÌÛ��ª�¦{aq,��±ÏLü«�{¦ÌÜ��
ª. �´dúª�ý�L�Ñ; ,�«´dÄ��dúªí
Ñ.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

�{�,ý�L{
(1)¦ÑA�ý�L.
(2)éÑA�¤bD�.
(3)¦Ñz�¤bD�éA�4��(^¶¡L«) , UeI
l���^SÜ�.
e¡´��~f.

~ 1.23
|^ý�L¦(P→ Q)∧Q�ÌÜ��ª:

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
): (P→ Q)∧Q�ý�L�eL.

Table 1.15: (P→ Q)∧Q)�ý�L

P Q P→ Q (P→ Q)∧Q
0 0 1 0
0 1 1 1
1 0 0 0
1 1 1 1

Túª3Ùý�L�001, 101?�ý�0,òü1éA�4
���Ü�,Bk
(P→ Q)∧Q⇔(P ∨ Q)∧(¬P ∨ Q)⇔ M0 ∧M2.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

�{�,��ü�{
�{�¦ÌÛ��ª�Ú½�q. e¡´¦ÌÜ��ª�
Ì�Ú½�:
(1)¦ÑÜ��ª.
(2)Ø�Ü��ª¥¤k[ý��.
(3)òÜ�ª¥EÑy��Ú�Ó�C�Ü¿.
(4) Ü�ª¥�,
�Ö\vkÑy�·KC�, =V\
X(P ∧ ¬P)ª,,�A^©�ÆÐmúª.

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

~ 1.24
|^��ü�{¦(P→ Q)↔ R�ÌÜ��ª:

): (P→ Q)↔ R
⇔(P∨ R)∧(¬Q∨ R)∧(¬P∨Q∨¬R) (T(J�c�~f®²
¦Ñ)
¬P ∨ Q ∨ ¬R⇔ M5

P∨R⇔ P∨( Q∧¬Q) ∨R⇔(P∨Q∨R)∧(P∨¬Q∨R)⇔ M0∨M2

¬Q ∨ R⇔(P ∧ ¬P)∨¬Q ∨ R
⇔(P ∨ ¬Q ∨ R)∧(¬P ∨ ¬Q ∨ R)
⇔ M2 ∨M6

(P→ Q)↔ R⇔ M0 ∨M2 ∨M5 ∨M6
back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

4���4���m´Äk,
éX?

ÌÛ��ªd4��Û��¤;ÌÜ��ªd4��Ü��
¤.

�â4��Ú4���½Â,k:

½n 1.11
�mi�Mi´·KC�p1,p2,,,pn/¤�4��Ú4��,K
¬mi ⇔ Mi, ¬Mi ⇔ mi

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
ÌÛ��ª�ÌÜ��ª�m´Äk,
éX?

�úªA¹n�·KC�. ®�A�ÌÛ��ª¹s(0 < s <
2n)�4��,=
A⇔ mi1 ∨ mi2 ∨ · · · ∨ mis , 0 ≤ ij ≤ 2n − 1, j = 1, 2, · · · , s
vkÑy�4����mj1, mj2, · · · , mj2n−s

§��eI��?�¦A�b, l¦¬A�ý. Uì��ú
ªÌÛ��ª�ý�L¦{, ¬A�ÌÛ��ª�
¬A⇔ mj1 ∨ mj2 ∨ · · · ∨ mj2n−s

A⇔ ¬¬A
⇔ ¬(mj1 ∨ mj2 ∨ · · · ∨ mj2n−s)
⇔ ¬mj1 ∧ ¬mj2 ∧ · · · ∧ ¬mj2n−s

⇔ Mj1 ∧Mj2 ∧ · · · ∧Mj2n−s

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª
Ïd,�±dA�ÌÛ��ª¦ÙÌÜ��ª,Ú½�:

(1)éÑA�ÌÛ��ª¥vk�¹�4��.
(2)éÑ�(1)¥4����è�Ó�4��.
(3)ò(2)¥4��?1Ü�,=�A�ÌÜ��ª.
�â±þ�{, ��Ýº
¦ÌÛ��ª��{, Ò�±=
¦ÙÌÜ��ª.

~ 1.25
®�e¡ü�úª�ÌÛ��ª,¦ÙÌÜ��ª:
(1) A⇔ m1 ∨ m2 (®�A¥¹ü�·KC�P,Q)
(2) B⇔ m1 ∨ m2 ∨ m3 (®�B¥¹n�·KC�P,Q,R)

back
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1�Ù ·KÜ6

1.3úª¥��ª

1.3úª¥��ª

): (1) A⇔ M0 ∧M3

(2) B⇔ M0 ∧M4 ∧M5 ∧M6 ∧M7

ÌÜ��ªÚÌÛ��ª^å��,ÏL§��±¦úª�
¤ýD��¤bD�; �äúª�a.; �äü�·Kúª
´Ä�d��. back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

c¡0�
5«~^�Ü6ë�c¬, ∧, ∨,→,↔.

l�2��¿Âþ�N·K�m�Ü6éX, ù5�ë�c
�U�Ø
. e¡20�3«ë�c. back

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

½Â 1.19
®�P, Q�ü·K.EÜ·K/P, Q�¥Tk��¤á0¡
�P �Q �üüü½½½½½½½ÉÉÉ½½½, P�P ⊕ Q. �A/⊕ ��üüü½½½
½½½ëëë���ccc½ÉÉÉ½½½ééé(((ccc. Ù½Â�^Xeý�LL«:

Table 1.16: P⊕ Q

P Q P⊕ Q
0 0 0
0 1 1
1 0 1
1 1 0

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

l½Â9ý�L��, P⊕ Q⇔(P ∧ ¬Q)∨(¬P ∧ Q).
|^ý�L{,��/⊕0äkXe5�:
(1) P⊕ Q⇔ Q⊕ P
(2) (P⊕ Q)⊕R⇔ P⊕(Q⊕ R)
(3) P∧(Q⊕ R)⇔(P ∧ Q)⊕(P ∧ R)
(4) P⊕ Q⇔(P ∧ ¬Q)∨(¬P ∧ Q)
(5) P⊕ Q⇔ ¬(P↔ Q)
(6) P⊕ P⇔ F; F ⊕ P⇔ P; T ⊕ P⇔ ¬P

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

½Â 1.20
®�P, Q�ü·K,EÜ·K/ P�Q�Ä½0¡�P�Q�
������ªªª, P� P ↑ Q. ↑ ¡�������ééé(((ccc. P ↑ Q�ý��=
�P, QØÓ��ý. Ù½Â�^Xeý�LL«:

Table 1.17: P ↑ Q

P Q P ↑ Q
0 0 1
0 1 1
1 0 1
1 1 0

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

l½Â9ý�L��, P ↑ Q⇔ ¬(P ∧ Q).

|^ý�L{,��/ ↑0äkXe5�:
(1) P ↑ P⇔ ¬(P ∧ P)⇔ ¬P
(2) (P ↑ Q)↑(P ↑ Q)⇔ ¬(P ↑ Q)⇔ P ∧ Q
(3) (P ↑ P)↑(Q ↑ Q)⇔ ¬P ↑ ¬Q⇔ P ∨ Q

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

½Â 1.21
®�P, Q�ü·K,EÜ·K/ P½Q�Ä½0¡�P�Q�
½½½���ªªª, P�P ↓ Q. ↓ ¡�½½½���ééé(((ccc. P ↓ Q �ý��=
�P,QÓ��b. Ù½Â�^Xeý�LL«:

Table 1.18: P ↓ Q

P Q P ↓ Q
0 0 1
0 1 0
1 0 0
1 1 0

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

l½Â9ý�L��, P ↓ Q⇔ ¬(P ∨ Q).

|^ý�L{,��/ ↓0äkXe5�:
(1)P ↓ P⇔ ¬(P ∨ P)⇔ ¬P
(2)(P ↓ Q)↓(P ↓ Q)⇔ ¬(P ↓ Q)⇔ P ∨ Q
(3)(P ↓ P)↓(Q ↓ Q)⇔ ¬P ↓ ¬Q⇔ P ∧ Q

back
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1�Ù ·KÜ6

1.4·Kë�c�*¿�5�

···KKKééé(((ccc���888���
®²ÆS
8�é(c, �¡�3�Ny�Ü6'X�dÙ
§�5�5�N. ùL²L�·K�, ¤k�ë�c¿Ø´
"�Ø�. ùÒ�)
¤I�é(cêþõ��¯K, X
J?�···KKKúúúªªªÑ�±^¯k�½�,
ë�c(Ø�½
��Ü)5L«, @où
ë�c|¤�8Ü¡��õU8.
kn�·KC��·Kúª�ý�L�N
2n«���ª
�{0, 1}�m�éA'X. �±òù«éA'Xw���¼
ê,ùÒ´¤¢�ý�¼ê.

½Â 1.22
¡½Â��{00 · · · 0, 00 · · · 1, · · · 11 · · · 1}, ���{0, 1}�¼
ê´n���ýýý���¼¼¼êêê, ½Â�¥���´ ��n�0, 1G. ~
^F:{0, 1}n →{0,1}L«F´n�ý�¼ê.

back
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1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

n�·KC���±/¤22n
�ØÓ�ý�¼ê, z�ý�¼

ê�éAÃ¡õ�·Kúª,§�*dÑ´���.

ü�·KC�éA�16�ý�¼ê���.

éu?Û��¹n�·KC��·KúªA, Ñ�3 ���
��n�ý�¼êF�A�ý�L, ���úªéA�ý�¼
ê�Ó.

back
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1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

~X: P → Q,¬P ∨ Q, (¬P ∨ Q)∨(¬(P → Q)∧Q)�ÑéAL
¥�F14.
3��dë�c|¤�8Ü¥,,
éu,	��
�U´
õ{�.

½Â 1.23
3��é(c�8Ü¥, XJ��é(c� d8Ü¥�Ù
¦é(c½Â,K¡dé(c�PPP{{{���ééé(((ccc,ÄK¡�ÕÕÕ
ááá���ééé(((ccc.

back
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1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

~X,3é(c8{¬, ∧, ∨,→,↔}¥,duP→ Q⇔ ¬P∨Q,
¤±,→�P{�é(c;aq/, P↔ Q⇔(¬P∨Q)∧(¬Q∨
P),↔�´P{�é(c.
q�Ä�3{¬, ∧, ∨}¥,du P ∧ Q→ ¬(¬P ∨ ¬Q),`²/
∧0Ú/∧0�±p�O�.¤±, ∧´P{�é(c. aq
/, ∨�´P{�é(c. �3{¬, ∧}¥ÃP{�é(c,�
daq, {¬, ∨}¥�ÃP{�é(c.

back
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1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

½Â 1.24
�S´��é(c8Ü, XJ?Ûn(n ≥1) � ý�¼êÑ�
±d=¹S¥�é(c�¤�úªL «, K¡S´ééé(((ccc���
õõõUUU888. XJ3S¥�K?Û��é(c�ÑØ2äkù«
5�,K¡§´444������õõõUUU888.

eS´é(c�õU8, K?Û·KúªÑ�^S ¥�é(
cL«.

back
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1.4·Kë�c�*¿�5�

1.4·Kë�c�*¿�5�

�±y²{¬, ∧, ∨, →, ↔}, {¬, ∧, ∨}, {¬, ∨}, {¬, ∧}, {¬,
→}, {↑}, {↓}�Ñ´�õU8,Ù¥{¬, ∨}, {¬, ∧}, {¬,→},
{↑}, {↓}�´4��õU8.

~ 1.26
e®�{¬,→}´�õU8,y²{¬, ∨}�´�õU8.

y² du{¬,→}´�õU8,Ï?�ý�¼êþ�=d
¹{¬, →}¥�é(c�·KúªL«. éu?¿�·K
/ªA, B, kA → B ⇔ ¬A ∨ B, Ï?�ý�¼êþ�=d
¹{¬, ∨}¥�é(c�·KúªL«,¤±§´�õU8.
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1.5Äu·K�ín

1.5Äu·K�ín

ênÜ6�Ì�?Ö´^êÆ��{5ïÄín�5Æ.
ííínnn´�lcJÑuíÑ(Ø�g�L§.
cccJJJ´®�·Kúª8Ü.
(((ØØØ´lcJÑuA^ín5KíÑ�·Kúª.
yyy²²²´£ãín�L§.

�ïÄín, ÄkAT²(�o��ín´k��½�(
�.

back
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1.5Äu·K�ín

1.5Äu·K�ín

½Â 1.25
e(A1 ∧ A2 ∧ · · · ∧ Ak)→ B�óª,K¡A1, A2,· · · ,AkíÑ
(ØB�ín�(, B ´A1, A2,· · · ,Ak �ÜÜÜ666(((ØØØ½kkk���(((
ØØØ. ¡L�ª(A1 ∧ A2 ∧ · · · ∧ Ak)→ B�dcJ A1, A2,· · · ,Ak

íÑ(ØB�ín�/ª(�. P�A1,A2, · · · ,Ak ⇒ B.

back
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1.5Äu·K�ín

1.5Äu·K�ín

5¿,3ínÜ6¥,Uì¤¢/�(ín0�½Â,�k3
�½cJA1, A2,· · · , Ak Ñ´ý��¹e,ínL§íÑ�(
ØBâ´�(�. 3cJ´b��¹e, /�(ín0e�
k�(Ø�±´b.

ín5�´/ª�(,¿Ø�¦(Ø�½�(.

e¡?Øín�{.
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

Q,�±|^ý�L�±�äúª�ýb, �Òk ÄÄÄuuuýýý
���LLL���ííínnn.
�EúªA1 ∧ A2 ∧ · · · ∧ Ak → B�ý�L,e§�óª,K
(ØB´k��.

~ 1.27
�äe¡ín´Ä�(.
(1) P ∧ Q⇒ P
(2) P, (Q→ P)⇒ Q

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

): (1) ín�(. �Iy²P ∧ Q → P�óª,ý�L�
L1.19.

Table 1.19: P ∧ Q→ P�ý�L

P Q P ∧ Q P ∧ Q→ P
0 0 0 1
0 1 0 1
1 0 0 1
1 1 1 1

ý�L������´1,Ï(1)´óª,¤±ín�(.
back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín
(2) ínØ�(. �Iy² P∧(Q → P)→ Q Ø�óª,
ý�L�L1.20.

Table 1.20: P∧(Q→ P)→ Q�ý�L

P Q P∧(Q→ P) Q P∧(Q→ P)→ Q
0 0 0 0 1
0 1 0 1 1
1 0 1 0 0
1 1 1 1 1

�±wÑ, ý�L�����Ø�´1, Ï(2)Ø´óª,
¤±ínØ�(.

back
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1.5Äu·K�ín

1.5Äu·K�ín

~ 1.28
�ä±eín´Ä�(:
�°ÚOL���Ø´duá�kØ½ö´duO�kØ;
®�L��ØØ´á�kØ,ÏdO�kØ.

): �P: L���Ø´duá�kØ. Q: L���Ø´d
uO�kØ.
cJ: P ∨ Q, ¬P.
(Ø: Q.
ín�/ª(��:

back
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lÑêÆ9ÙA^�Æ��

1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín
P ∨ Q,¬P ⇒ Q, �Iy² (P ∨ Q)∧¬P → Q�óª, ý�
L�L1.21.

Table 1.21: (P ∨ Q)∧¬P→ Q�ý�L

P Q P ∨ Q ¬P (P ∨ Q)∧¬P→ Q
0 0 0 1 1
0 1 1 1 1
1 0 1 0 1
1 1 1 0 1

ý�L������´1, Ï(P ∨ Q)∧¬P → Q ´óª,
¤±ín�(.

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

�·KC�'���,�±|^^ý�L��{�ä/ªí
n

A1,A2, · · · ,Ak ⇒ B

´Ä�(.
back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

3ínL§¥, XJ·KC��õ, ý�L��{´Ø�B
�, ù��±æ^���EEEyyy²²²��{. ù«�{´d�|cJ
^�, |^úúú@@@���ííínnn555KKK(ù
5Ke¡¬±SÒ��ª
�Ñ),í���k�(Ø.
�Ey²´��·KúªS�,S�¥�z�·Kúª½ö
´®�cJ, ½ö´dcJA^ín5K���(Ø, TS
�£ã
ínL§.
eA1, A2,· · · , Ak ⇒ B, 3y²�S�¥�±òB\\�S�
¥��^�, ù¡�ÚÚÚ\\\B, �±n)�y²L§¥�(Ø
��^�UY�¡�y².
e¡�Ñ�Ey²¥ú@�~^ín5K:

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

(1)cJÚ\5K:3y²�?ÛÚ½þÑ�±Ú\cJ.
(2) (ØÚ\5K: 3y²�?ÛÚ½þ¤���(ØÑ�
±���Uy²�cJ.
(3) ��5K: 3y²�?ÛÚ½þ, ·Kúª¥�fúª
Ñ�±^�����úª��,��úªS�¥�q��ú
ª. ~X,�^¬P ∨ Q��P→ Q�.
(4)bóín5K: A→ B, A⇒ B.
(5)N\5K: A⇒ A ∨ B.
(6)z{5K: A ∧ B⇒ A.
(7)á�ª5K: A→ B, ¬B⇒ ¬A.

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

8)bónãØ5K: A→ B, B→ C⇒ A→ C.
(9)Û�nãØ5K: A ∨ B, ¬B⇒ A.
(10)�E5�J5K: A→ B, C→ D, A ∨ C⇒ B ∨ D.
(11)»�5�J5K: A→ B, C→ D, ¬B∨¬D⇒ ¬A∨¬C.
(12)Ü�Ú\5K: A, B⇒ A ∧ B.

e¡ÏL~K`²XÛ$^±þ5K�Ey². back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

~ 1.29
�Ee¡ín�y²:
(1)cJ: ¬P ∨ Q, R ∨ ¬Q , R→ S.
(Ø: P→ S.

(2)cJ: P→(Q→ R), P ∧ Q.
(Ø: ¬R→ S.
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

y²(1)�¬P ∨ Q cJÚ\
�P→ Q ���
�R ∨ ¬Q cJÚ\
�Q→ R ���
�P→ R ��bónãØ
�R→ S cJÚ\
�P→ S ��bónãØ
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

(2)� P→(Q→ R) cJÚ\
� P ∧ Q cJÚ\
� P �z{
� Q �z{
� Q→ R ��bóín
� R ��bóín
� R ∨ S �N\
� ¬R→ S ���

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

~ 1.30
�Ee¡ín�y²:
XJ·ÆS,@·êÆ¬9�.XJ·ØÀ�,@o·¬Æ
S.y3·êÆØ9�.Ï·À�
.

): �P: ·ÆS. Q: ·êÆ9�. R: ·À�.
/ª(��:
cJ: P→ Q, ¬R→ P, ¬Q .
(Ø: R.
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

y²: �P→ Q cJÚ\
�¬Q cJÚ\
�¬P ��á�ª
�¬R→ P cJÚ\
�¬¬R ��á�ª5K
�R ���

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

þ¡�y²�{¡�������yyy²²²{{{. e¡20�©O¡�NNN
\\\cccJJJ{{{Ú888¸̧̧{{{�ü«�{. ùü«�{��m�y{.

1. N\cJy²{
eín�/ªäkXe(� :
cJ: A1, A2,,Ak,(Ø: C→ B
�ò(Ø¥�c�C��ín�cJ,¦(Ø��B,C�í
n/ª:
cJ: A1, A2,,Ak, C,(Ø: B
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

þãü«ín/ª�d. �Ï3u:

(A1 ∧ A2∧,∧Ak)→(C→ B)
⇔ ¬(A1 ∧ A2∧,∧Ak)∨(¬C ∨ B)
⇔ ¬(A1 ∧ A2∧,∧Ak ∧ C)∨B
⇔(A1 ∧ A2∧,∧Ak ∧ C)→ B

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

^N\cJy²{ín«~.

~ 1.31
XJ�ÜÚ���w>K, K�o��; �ëØ�w>K½
�Ü�w>K; ���w>K. ¤±, ��ë�w>K�, �
o��w>K.

): �P:�Ü�w>K. Q:���w>K. R:�o�w>K.
S: �ë�w>K.
/ª(��:
cJ: (P ∧ Q)→ R, ¬S ∨ P, Q.
(Ø: S→ R.
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

y²: � S N\cJÚ\
� ¬S ∨ P cJÚ\
� P ��Û�nãØ
� (P ∧ Q)→ R cJÚ\
� Q cJÚ\
� P ∧ Q ��Ü�
� R ��bóín

dN\cJy²{,ín�(.
back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

2. 8¸{(q¡�y{)

eín�/ªäkXe(� :
cJ: A1, A2,· · · ,Ak,(Ø: B
�ò¬B��cJíÑgñ,=ín�/ªC¤(�:
cJ: A1, A2,· · · , Ak, ¬B,(Ø:gñ

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

8¸{��â:

(A1 ∧ A2∧,∧Ak)→ B
⇔ ¬(A1 ∧ A2∧,∧Ak)∨B
⇔ ¬(A1 ∧ A2∧,∧Ak ∧ ¬B)

eA1∧A2∧,∧Ak∧¬B�gñª,K`²(A1∧A2∧,∧Ak)→ B
�óª. back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

8¸{ín«~.

~ 1.32
XJ�ÜÅ1�^¿��o�BèÝ¥, KAèò��; Aè
���½öAè¼�ém1�¶; Aèvk¼�ém�1�
¶;�ÜÅ1�^. Ïd,�ovk�BèÝ¥.

back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

): �
P: �ÜÅ1�^.
Q: �o�BèÝ¥.
R: Aè��.
S: Aè¼�ém1�¶.

/ª(��:

cJ: (P ∧ Q)→ R, ¬R ∨ S, ¬S, P. (Ø: ¬Q.
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

y²: �Q (Ø�Ä½Ú\
�¬R ∨ S cJÚ\
�¬S cJÚ\
�¬R ��Û�nãØ
�(P ∧ Q)→ R cJÚ\
�¬(P ∧ Q) ��á�ª
�¬P ∨ ¬Q ���
�P cJÚ\
�¬Q ��Û�nãØ
�Q ∧ ¬Q ��Ü�

du���Ú�gñª,¤±ín�(.
back
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1�Ù ·KÜ6

1.5Äu·K�ín

1.5Äu·K�ín

lÜ6��Ý5ù, m�y²{���y²{Ó�k�, �
B§Ý¬Ï¯KØÓÉ"��â¢S¯KÀJÙ�"

back
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1�Ù ¢cÜ6

8¹

1 1�Ù ·KÜ6

2 1�Ù ¢cÜ6

3 1nÙ 8ÜØ

4 1oÙ ��'X

5 1ÊÙ ãØ

6 18ÙÐ�êØ

7 1ÔÙ �êXÚ

2.1¢cúª

2.2�å

2.3¢cúª¥�[ýª

2.4¢cúª¥��ª

2.5¢cín
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

·KÜ6�A:´±üé�Ä�?né�,Ø2éüé?1
©). ,y¢)¹¥�Nõ¯K,e=±üé�?né�,
KÃ{&Ä·K�SÜ(�!¤°,�Ã{[y·Km�S
Ü'X©Ïd,=¦�
{ü�¯Ke==æ^·KÜ6�
'�£,éJ�Ñ�(�(Ø©'X,�Äe¡�ínµ

¤kÆ)A±ÆS�©Ün´ Æ)©¤±,ÜnA±Æ
S�©
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lÑêÆ9ÙA^�Æ��

1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

ù�ínw,´�ý·K,�%Ã{^·KÜ6�'�£5
�ä§��(5©
�Ï3u, 3·KÜ6¥, ¯K�)û´±üé�Ä�?n
é�,òþ~¥Ñy�®�üé�gÎÒz�p, q, r,u´þ
ã¯K�ÎÒz(J�µ

p ∧ q→ r

,,{ü©Û=�uy,þªØ´óª,¤±ØUd§5
�äþ~�ý·K©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

�ÏÛ3º¯KÑ3u·KÜ6¦)¯K�g´Ø�Ä·
Küé�m�S3éXÚêþ'X©r”¤kÆ)A±ÆS
������{ü·K5?n,ù�Ò��
¯K���
¹Â©�
ý¢/L�þ~�S3¹Â,�I�?�Ú�é
üé?1©, =©Ñ�¤k�, �Æ)�, �· · · ,±ÆS
���SN©ù�Ò´¢cÜ6¤ïÄ�SN,¢cÜ6
q¡���Ü6©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

�
�Ð/£ãüé¥�S3éXÚêþ'X,3¢cÜ6
¥ÄkÚ\�Nc,¢c,þc3�Ä���©e¡Äk?Ø
ù3���©

½Â 2.1
Õá�3�äN½öÄ���N¡����NNNccc

�Nc�±´��äN�¯Ô,��±´��Ä��Vg©
~X,rÜ,v¥, lÑêÆ,�ê, g�,½Â�Ñ�±��
�Nc©XÓ·Kk·K~�Ú·KC��©©�Nc�
�{ü©����NNN~~~���Ú���NNNCCC���©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

L«äN�½öA½��N�c¡����NNN~~~���, �N~�
��^���=©i1a, b, c, · · ·L«©L«Ä�½���
�Nc¡����NNNCCC���, �NC�~^x, y, z, · · ·L«©¿¡
�NC��Cz������NNN���©�N��±´k��8Ü,
~X, {14O1, 14>�, 14>í2}, {O�Å;�,>f;�,
gÄz;�}; ��±´Ã��8Ü, ~X�ê8ÜZ, ¢ê
8ÜR��©3�N�¥k��AÏ��N�=d�»m
���¯Ô|¤��N�,¡����ooo���NNN���©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

½Â 2.2
£ã�xÌNc�5�!G�½öL��Nc�m'X�
c¡�¢¢¢ccc©

¢c~^F, G, H, · · ·L«©

~ 2.1
�Äe¡A��é,©ÛÙ¥Ñy��N~�,�NC�,¢
c.
(1)�[ê�p´î))�¥è©
(2) x´Cþ©
(3)�Ü���´ÓÆ©
(4) p�qk'X©

lÑêÆ9ÙA^?�|, 2017c12� 168 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

): 3þ~¥, �[ê�p, �Ü, ��, ´�N~�, x, p,
q´�NC�©
�· · ·´î))�¥è�;
�· · ·´Cþ�;
�· · ·�· · ·´ÓÆ�;
�· · ·�· · ·k'X�
´¢c, þã¢c�{ü^F, G, H, M5£ã©ù�þ~¥
��é�{ü^eªL�µ
(1) F(�[ê�p);
(2) G(x);
(3) H(a, b) (Ù¥aL«�Ü, bL«��);
(4) M(p, q)©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

½Â 2.3
)¹¥~��êþc¡�þþþccc©

�kü�aþcµ
(1) �¡þc©y¢)¹¥, ~^��”¤k�”, ”���”,
”z��”, ” �”, ” Ñ”�cÑÚ¡����¡¡¡þþþccc, ^ÎÒ∀L
«©∀x L«�N�¥�¤k�Nx. ~X∀xF(x)L«�N�
¥¤k�xÑäk5�F©
(2) �3þc©F~)¹¥, ~^��”�3”, ”k��”, ”,
�
”, ”Ø´¤k”, ”����”�cÑÚ¡����333þþþccc, ^
ÎÒ∃L«, ∃x L«�N�¥, �3��½ö�
�Nx.~
X∃xF(x)L«�N�¥�3Xxäk5�F.
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

¢¢¢cccÜÜÜ666���ÎÎÎÒÒÒzzz¯̄̄KKK:

¢cÜ6¥duÚ\
�Nc!¢c!þc�Vg,Ù·K
�ÎÒz¯K�'·KÜ6(Jéõ©
Ó��·K3ØÓ��N�e, �UkØÓ�ÎÒz/ª,
Ù����U�3�É©Ïd,3ég,�ó?1·K�Î
Òz�,�½�k²(�N�£�Nc�����¤©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

e¡ÏL�
¢~5?Ø¢cÜ6¥·K�ÎÒz¯K©

~ 2.2
3�N�©O�½�(a)Ú(b)�¹e, òe¡·KÎÒz©
(1)¤k<ÑÕY©
(2)k<]c©
(a)�N�D1�<a8Ü¶(b)�N�D2��o�N�¶
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

):
(a) -F(x) : xÕY©G(x) : x]c©3�N��D1�cNe,
þ~�úªz�µ
(1) ∀xF(x)¶
(2) ∃xG(x)¶
(b)3�N��D2��µe,Ø<�	,�kÙ§)Ô©3ú
ªz�, I�r<k©lÑ5©�d, -M(x) : x´<¶d
�,þ~�úªz�µ
(1) ∀x(M(x)→ F(x))¶
(2) ∃x(M(x) ∧ G(x))¶
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

?Ø��Nc!¢c9þc�Vg,(Ü·KÜ6¥�·K
~�!·KC�!�N~�!�NC�±9A�aé(c,
�Ñ¢cÜ6úª�Ä�½Â©
���ß�ú/£ã¢cúª,k�Ñ��Vg©

½Â 2.4
(1)?¿��N~þÎa, b, c, · · ·½?¿��NCþÎx, y, z,
· · · ´���¶
(2) �t1, t2, · · · , tn´�, f (x1, x2, · · · , xn)´n�¼êÎ,
Kf (t1, t2, · · · , tn)´���¶
(3)k�g�¦^5K(1), (2)���ÎÒGâ´���©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

½Â 2.5
eF(x1, x2, · · · , xn)´n� ¢ c, t1, t2, · · · , tn´ �, K
¡F(t1, t2, · · · , tn)����fff¢¢¢cccúúúªªª,{¡����fffúúúªªª©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª
e¡´¢¢¢cccúúúªªª�½Â.

½Â 2.6
(1)�fúª´¢cúª¶
(2)eA, B´¢cúª,K(¬A), (¬B), (A ∧ B), (A ∨ B), (A→
B), (A↔ B)�´.
(3) XJA´¢cúª, x´�NC�, K(∀xA)!(∃xA) �´
¢cúª¶
(4) k�g�¦^5K(1)!(2)!(3)�)�L�ªâ´¢c
úª¶
¢cúª,�¡Üªúª,{¡úúúªªª©

3ØÚå· ��¹e, ¢cúª�	��)Ò�±�Ñ,
X(¬A), (A ∧ B)�±�¤¬A, A ∧ B©
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1�Ù ¢cÜ6

2.1¢cúª

2.1¢cúª

~Xµ
(∀x)(∀y)(¬F(f (x, y), x)), ∀x(F(x)→ ∃y(G(y) ∧ H(x, y))). 
Ñ´úª,

(∀x)((F(x)→ (G(x), (∃y)(∀x)(∧(F(x, y)). 
KÑØ´Ü{�¢cúª, cö)ÒØ��, �öþc�¡
�SNØÎÜ½Â©
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1�Ù ¢cÜ6

2.2�å

2.2�å

���¹e, C�ÑkäN�¹ÂÚA^�µ, lþe©¥
=�òÙ?1«©.�3¢cúª¥, C��¹ÂØI��
Ä,Xd�¹e,éC�ÒI�l/ªþ?1î��«©,¿
�Xe½Â©

½Â 2.7
3¢cúª∀xAÚ∃xA¥,¡x�þc�������CCC���, A�þc�
`̀̀���©3þc∀x ±9∃x�`�S,C�x���ÑyÑ¡�
���åååÑÑÑyyy, d��C�x¡����åååCCC���©e`̀̀���¥C�Ø´
�åÑy,K¡§�gggdddÑÑÑyyy,d��C�¡�gggdddCCC���©

back
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1�Ù ¢cÜ6

2.2�å

2.2�å

~ 2.3

�Ñe�¢cúª¥��åC�!gdC�,9þc�`�
(1) (∃x)F(x) ∧ G(x, y)©
(2) (∀x)(F(x)→ (∃y)G(x, y))©

)µ
3(1)¥,�3þc(∃x)�`��F(x), F(x)¥�x��åÑy,
´�åC�, G(x, y)¥�C�x, yØÉ?Ûþc���,§�
�Ñyþ�gdÑy,´gdC�©
3(2)¥, �¡þc(∀x)�`��(F(x) → (∃y)G(x, y)), d`
�S�C�xþ��åÑy, ´�åC�©�3þc(∃y)�
`��G(x, y),d`�S�C�x, yþ´�åC�©

back
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1�Ù ¢cÜ6

2.2�å

2.2�å

½Â 2.8
�A´?¿�Ü6úª, eA¥¤k�C�þ´�åC�, K
¡A�µµµ444���ªªªfff,{¡�444ªªª©

´�,~2.3¥�(1)ªØ´4ª,(2)ª´4ª©
~2.3¥�(1)ª¥�Ó��C�(Xx), Q´�åÑy, q´
gdÑy©�
;�· ,¦úªwþ�3(�Ú/ªþÚ
�,3Ó��ªf¥,·��±ÏL���¶¶¶555KKKÚÚÚ���OOO555KKKò
L�ØÓ¹Â��NC�^ØÓ�CþÎÒ5?1L«©

back

lÑêÆ9ÙA^?�|, 2017c12� 180 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ¢cÜ6

2.2�å

2.2�å

ÄkÚ\ü�5K©
555KKK1µµµ���¶¶¶555KKK(úª¥�åC�ÎÒ��¶)I�ÅXe
5Kµ
(1) òþc¥�C�, ±9Tþc`�SdC��¤k�å
Ñy �?,Ñ^#�C�ÎÒO�©
(2) #��¶ÎÒ�½´þc`�S�ÑyL�,C�Î
Ò©
�kUìd�¶5K,�åC���¶â´�(,k��,Ä
K´�Ø�© back
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1�Ù ¢cÜ6

2.2�å

2.2�å

úª¥�gdC��#N��,gdC����½��Å�
½�5K,ù�5K�¡��O5K©
555KKK2µµµ���OOO555KKK(úª¥gdC���O)I�ÅXe5
Kµ
(1) òúª¥TgdC��z� �?, Ñ^#�C�ÎÒ
O�©
(2) #��OC�ÎÒ�½´3úª¥�ÑyL�C�Î
Ò©
�kUìd�O5K,gdC��O�â´�(,k��,Ä
K´�Ø�© back

lÑêÆ9ÙA^?�|, 2017c12� 182 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ¢cÜ6

2.2�å

2.2�å

~ 2.4
òúª∀xP(x, y, z) → ∃yQ(x, y, z)?1��C�, ¦ÙØ¹Q
�åÑyqgdÑy��NC�.

)µúª¥�C�x,yÑÓ�´�åC�ÚgdC�,�±¦^�¶5K
±9�O5K5)ûù«¯K©
∀xP(x, y, z)→ ∃yQ(x, y, z)
⇔ ∀uP(u, y, z)→ ∃yQ(x, y, z)(�¶5K)  
⇔ ∀u(P(u, y, z)→ ∃vQ(x, v, z)(�¶5K)

��±æ^�O5K)û¯K©
∀xP(x, y, z)→ ∃yQ(x, y, z)
⇔ ∀x(P(x, u, z)→ ∃yQ(x, y, z)(�O5K)  
⇔ ∀x(P(x, u, z)→ ∃yQ(v, y, z)(�O5K)

back
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1�Ù ¢cÜ6

2.2�å

2.2�å

éu�½�y¢¯K, ÏL¢cÜ6ÎÒz�¢cúª; �
�, éu�½�¢cúª, §¤L��´Û«¹Âºù�9
�¢cÜ6�)º¯K©3·KÜ6�)ºL§¥,�I�
é·KúªS�C�?1D�,=��äTúª�ýb©,
, 3¢cÜ6¥, duÚ\
þc!¢c�SN, �¹ò
C�éE,©§I�é¢cúª¥�z��~þ�!Cþ
�!¼ê�±9¢cC���D�, ùÒ´¢¢¢cccúúúªªª���)))
ººº©e¡0�Ù½Â. back
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1�Ù ¢cÜ6

2.2�å

2.2�å

½Â 2.9
¢cúªA¥�)))ºººIdXeoÜ©�¤µ
(1)����N�8ÜD¶
(2) éúªA¥�z�~þÎÒ, ^��D¥���?1�
�¶
(3)éúªA¥�z�¼êC�ÎÒ,^D¥�,�¼ê?1
��¶
(4)éúªA¥�z�¢cÎÒ,^D¥�,�A½�¢c?
1��©

lÑêÆ9ÙA^?�|, 2017c12� 185 / 839



lÑêÆ9ÙA^�Æ��

1�Ù ¢cÜ6

2.2�å

2.2�å

~ 2.5
�½Xe)ºIµ
(1) D¸¢ê8R¶
(2) Dþ�A½��a = 2¶
(3) Dþ�¼êf (x, y) = x− y¶
(4) Dþ�¢cF(x, y) = x < y¶

3)ºIe¦eª�ý��¹©
(1) (∀x)F(f (a, x), a)©
(2) (∀x)(∀y)¬F(f (x, y), x)©

back
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lÑêÆ9ÙA^�Æ��

1�Ù ¢cÜ6

2.2�å

2.2�å

):
(1) Ï�3)ºIe, é¢ê8R¥?¿�x9�N~�a,k
f (a, x) = a − x, ±9F(f (a, x), a) = (a − x) < a, ¤á©
òa = 2�\, �(2 − x) < 2, =−x < 0, w,�b, ¤
±(∀x)F(f (a, x), a),���0©
(2) Ï�3)ºIe, é¢ê8R¥?¿�x, y, F(f (x, y), x) =
(x− y) < x, ¬F(f (x, y), x) = (x− y) ≥ x�b,
¤±, (∀x)(∀y)¬F(f (x, y), x)ý��0©
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1�Ù ¢cÜ6

2.3¢cúª¥�[ýª

2.3¢cúª¥�[ýª

Ó·Kúªaq, 3¢cÜ6¥, úª�m��3�p�d
�'X©

½Â 2.10
�F�G´¢cÜ6¥�?¿ü�úª, eF ↔ G´[ýª,
K¡F�G�d,P�F ⇔ G.

Uì½Â,�äüúªF�G´Ä��dª3u�äúªF ↔
G´Ä�[ýª©

back
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1�Ù ¢cÜ6

2.3¢cúª¥�[ýª

2.3¢cúª¥�[ýª

Ó·KÜ6���ª�½��,<���Ñ
�
��¢
cúª��ª©
1. þþþccc������������ªªª©©©
��N��k��D = {a1, a2, · · · an},Kk
(1) ∀xF(x)⇔ F(a1) ∧ F(a2) ∧ · · · ∧ F(an)©
(2) ∃xF(x)⇔ F(a1) ∨ F(a2) ∨ · · · ∨ F(an)©
2. þþþcccÄÄÄ½½½������ªªª©©©
(1) ¬∀xF(x)⇔ ∃x¬F(x)
(2) ¬∃xF(x)⇔ ∀x¬F(x)

back
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1�Ù ¢cÜ6

2.3¢cúª¥�[ýª

2.3¢cúª¥�[ýª

þã�þcÄ½��ª��Xe)º: (1)ª�±n)
�”¿Ø´¤k�xÑäkA5F”, ��u”�3xØä�A
5F”©(2)ª”Ø�3äkA5F �x” ��u”¤k�xÑØä
�A5F”.
3. þþþccc`̀̀���ÂÂÂ   ���***ÜÜÜ������ªªª©©©
�úªF(x)¹k�NC�x, G¥Ø¹�NC�x©
(1).
∀x(F(x) ∨ G)⇔ ∀xF(x) ∨ G
∀x(F(x) ∧ G)⇔ ∀xF(x) ∧ G
∀x(F(x)→ G)⇔ ∃xF(x)→ G
∀x(G→ F(x))⇔ G→ ∀xF(x)
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1�Ù ¢cÜ6

2.3¢cúª¥�[ýª

2.3¢cúª¥�[ýª

(2).
∃x(F(x) ∨ G)⇔ ∃xF(x) ∨ G
∃x(F(x) ∧ G)⇔ ∃xF(x) ∧ G
∃x(F(x)→ G)⇔ ∀xF(x)→ G
∃x(G→ F(x))⇔ G→ ∃xF(x)
4. þþþccc©©©���������ªªª©©©
�F(x), G(x)¹k�NC�x,K
(1)∀x(F(x) ∧ G(x))⇔ ∀xF(x) ∧ ∀xG(x)
(2)∃x(F(x) ∨ G(x))⇔ ∃xF(x) ∨ ∃xG(x)

back
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1�Ù ¢cÜ6

2.3¢cúª¥�[ýª

2.3¢cúª¥�[ýª

½Â 2.11
�A�?�¢cúª,
1. eA3Ù¤k)ºe,��Ñ´ý,K¡A´[ýª.
2. eA3Ù¤k)ºe,��Ñ´b,K¡A´gñª.
3. e�3�«)º¦A�ý,K¡A´�÷vª.
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1�Ù ¢cÜ6

2.3¢cúª¥�[ýª

2.3¢cúª¥�[ýª

~ 2.6
�äe�¢cúª�a.
(1) ∀x(F(x)→ ∃y(G(y) ∧ H(x, y))).
(2) ∀x∀y((F(x) ∧ G(y))→ H(x, y))©

): (1) ��N���o�N�©)ºI1 : F(x) : x�knê,
G(y) : y��ê, H(x, y) : x < y©
3I1eµ∀x(F(x)→ ∃y(G(y) ∧ H(x, y)))�ý·K¶
)ºI2 : F(x),G(y)ÓI1, H(x, y):y�Øx©
3I2eµ ∀x(F(x) → ∃y(G(y) ∧ H(x, y)))�b·K, ¤±Túª´
�÷vª©

(2)Tª´���[ýª��÷vª,�Öö�Ñ��¤ý)ºÚ
��¤b)º© back
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1�Ù ¢cÜ6

2.4¢cúª¥��ª

2.4¢cúª¥��ª

3·KÜ6¥,ÌÛ��ªÚÌÜ��ª�·KúªJø

ü«Ú�!5��L�/ª©ù«5�z�L��ª,�X
Úz�ïÄúª�A:å�
���^©
Ó·KÜ6aq, ¢cÜ6¥�k5�z�L�/ª, ùÒ
´cccååå���ªªª©
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1�Ù ¢cÜ6

2.4¢cúª¥��ª

2.4¢cúª¥��ª

½Â 2.12
�A���¢cÜ6úª,eA���z{�Xe/ª
Q1x1Q2x2 · · ·QnxnM. Ù¥, Qi(1 ≤ i ≤ n)�∃þc½ö∀þc,
M¥Ø¹þc,K¡A�cccååå���ªªª.

~X,
∃xG(x), ∀x∀y((F(x) ∧ G(y))→ H(x, y))´cå�ª;
∀x(F(x)→ ∃y(G(y) ∧ H(x, y)))Ø´cå�ª©
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1�Ù ¢cÜ6

2.4¢cúª¥��ª

2.4¢cúª¥��ª

½n 2.1
(cå�ª�3½n)?�¢cúªÑ�3�����cå
�ª©

�½ny²Ñ�©

�½n`², ?�¢cúª�cå�ªÑ´�3�, ���
¹educå�ª¥þc�^S�±ØÓ,¤±cå�ª�
UØ��© back
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1�Ù ¢cÜ6

2.4¢cúª¥��ª

2.4¢cúª¥��ª

~ 2.7
¦e�¢cúª�cå�ª©
∃x(∃yP(x, y) ∨ (¬∃yQ(y) ∨ R(x)))

)µ∃x(∃yP(x, y) ∨ (¬∃yQ(y) ∨ R(x)))
⇔ ∃x(∃yP(x, y) ∨ (∀y¬Q(y) ∨ R(x))) (þcÄ½��ª)
⇔ ∃x(∃yP(x, y) ∨ ∀z¬Q(z) ∨ R(x)) (�¶5K)
⇔ ∃x∃y∀z(P(x, y) ∨ ¬Q(y) ∨ R(x))(þc`��Â �*Ü�
�ª)

back
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1�Ù ¢cÜ6

2.5¢cín

2.5¢cín

�·KÜ6�ínXÚaq,¢cín�´�«/ªz�í
nXÚ©
�½�|cJA1, A2, ·, Ak,±9(ØB�ín/ª(�,�,
æ^Xe�%¹ª/ªµ (A1 ∧ A2 ∧ · · · ∧ Ak)→ B
eþª�[ýª,K¡(ØB�cJA1, A2, · · · , Ak�kkk���(((
ØØØ.
3¢cÜ6¥, duþcÚ¢c��3, y²þãúª�[
ýª,�'·KÜ6úª[ýª�y²���E,Nõ©

back
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1�Ù ¢cÜ6

2.5¢cín

2.5¢cín

�
k�/�E¢cúªínXÚ, e¡�Ñ4���¢
cÜ6ín5K,=þc��5KÚþcÚ\5K©
1. ���¡¡¡þþþccc������555KKK({{{PPP���UI555KKK½½½öööUI) 
∀xP(x)⇒ P(y) ½ö∀x(P(x)⇒ P(c) 
d5K¦^��¦µ
(1) y�?¿�Ø3P(x)¥�åÑy��NC�©
(2) c�?¿��N~þ©
(3)^y½öc�O�P(x)¥�x��½��Ü�¤O�©
2. ���¡¡¡þþþcccÚÚÚ\\\555KKK({{{PPP���UG555KKK½½½öööUG)
P(y)⇒ ∀xP(x)
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1�Ù ¢cÜ6

2.5¢cín

2.5¢cín

d5K¦^��¦µ
(1) y�~þ�ØU¦^d5K©
(2) P(y)���AT�ý©
(3)��y�x�ØU3P(y)¥�åÑy©
3. ���333þþþcccÚÚÚ\\\555KKK({{{PPP���EG555KKK½½½öööEG)
P(c)⇒ ∃xP(x)
d5K¦^��¦µ
(1) c�A½��N~þ©
(2)��c�x�ØU3P(c)¥�åÑy©
4. ���333þþþccc������555KKK({{{PPP���EI555KKK½½½öööEI) 
∃xP(x)⇒ P(c)  

back
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1�Ù ¢cÜ6

2.5¢cín

2.5¢cín

d5K¦^��¦µ
(1) cØ3P(x)¥Ñy©
(2) c�¦P(x)�ý�,��N~þ©
(3) P(x)¥Øx	�kÙ§gdC��,d5KØU¦^©
ùo�5K�~�, Ù�^´3y²L§¥, �±Äk¦
^EI±9UI5Kò¢cÜ6¥�þc��, d�Ò�±æ
^·KÜ6�ín�Y5)û¢cÜ6�ín¯K,��æ
^EG±9UG5K, òþcV\©±d, ��
¦^·KÜ
6ín)û¢cÜ6ín�8�© back
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1�Ù ¢cÜ6

2.5¢cín

2.5¢cín

~ 2.8
�Ee¡ín�y²©cJµ∀x(P(x)→ Q(x)),∃xP(x)
(Øµ∃xQ(x)

y²µ
(1)∃xP(x)¶ cJÚ\
(2)P(c)¶ (1)EI5K
(3)∀x(P(x)→ Q(x))¶ cJÚ\
(4)P(c)→ Q(c)¶ (3)UI5K
(5)G(c)¶ (2)(4)bóín
(6)∃xP(x)¶ (5)EG5K

back
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1�Ù ¢cÜ6

2.5¢cín

2.5¢cín

~ 2.9
|^¢cín, ¦)²;��..nãØ¯K”�<Ñ´�
k�,��..´<,¤±��..´�k�”
�H(x):x´<¶M(x):x´�k�¶c:��...
cJµ∀x(H(x)→ M(x)),H(c)
(ØµM(c)

y²µ
(1)H(c)¶ cJÚ\
(2)∀x(H(x)→ M(x))¶ cJÚ\
(3)H(c)→ M(c)¶ (2)UI5K
(4)M(c)¶ (1)(3)bóín

back
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1nÙ 8ÜØ

8¹

1 1�Ù ·KÜ6

2 1�Ù ¢cÜ6

3 1nÙ 8ÜØ

4 1oÙ ��'X

5 1ÊÙ ãØ

6 18ÙÐ�êØ

7 1ÔÙ �êXÚ

3.1Ä�Vg

3.28Üm�'X

3.38Ü�$�

3.4�¹ü½�n

3.5�8Ü�(k�¦È

3.68Ü$��ÄêVg�*Ð
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1nÙ 8ÜØ

3.1Ä�Vg

3.1Ä�Vg

8Ü
��/,r�
(½�!�±«©�¯Ô�3�å�¤��
N¡�8Ü,{¡8.
|¤8Ü�z�¯Ô¡�8Ü���£½¤
¤.
Ï~·�^���=©i1A, B, C, · · · ,L«8Ü¶^��
�=©i1a, b, c, · · ·L«8Ü���.
XJ��aáu8ÜA, P�a ∈ A, Ö�/aáuA0. X
JaØáuA,P�a∈A½a 6∈ A,Ö�/aØáuA0.

back
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1nÙ 8ÜØ

3.1Ä�Vg

3.1Ä�Vg
���������{{{µr8Ü¥��Ü�����ÞÑ5, ���m
^ÏÒ/,0�m,¿r§�^s)Ò/{}0)å5.
~X, A = {1, 2, 3, 4, 5}.
£££ããã{{{µò8Ü���A5£ãÑ5,~X,�§x2 − 1 = 0
�¢ê)8Ü�L«�

B = {x|x ∈ R ∧ (x2 − 1 = 0)}
©©©¼¼¼ããã{{{µõê?Ø8Ü��¹o´ò8ÜÛ�3,�
µeS. ~X, ?Ø�8Üo´¢ê8Ü��Ü©, ,
=
©i18Üo´�Ü26�=©i18��Ü©. ùp�
�N¢ê|¤�8ÜÚ�Ü26�=©i18���8. 3
©¼ã¥�8^��/L«. 3��/SÜ, �½Ù¦A
Ûã/^uL«8Ü, k�^:L«8Ü¥A½���.

back
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1nÙ 8ÜØ

3.1Ä�Vg

3.1Ä�Vg

(1) |¤��8Ü������m´*dØÓ�, XJÓ�
���38Ü¥õgÑyAT@�´����.
~X,{1, 1, 2, 2, 4}={1, 2, 4}.
(2)8Ü���´ÃS�. ~X, {1, 2, 3}={2, 3, 1}.
(3)?���´Äáu��8Ü,£�´(½�.
(4)8Ü����±´?Û¯Ô,���mÏ~kéX,�Ø
´7,�.
~X, {a, {1, 2}, p, {q}}
(5) ��Ú8Ü�m�'X´äá'X, =áu½Øáu.

back
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1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X
fff888

½Â 3.1
�A, B´?¿ü�8Ü, XJA¥�z����Ñ´B¥�
��,K¡A´B�f8Ü,{¡f8. �¡A�B�¹, ½B�
¹A . P�A ⊆ B½B ⊇ A.

�¹�ÎÒzL«�

A ⊆ B⇔ ∀x ( x ∈ A→ x ∈ B)

XJAØ�B�¹,KP�A * B ,ÎÒzL«�

A * B⇔ ∃x ( x ∈ A ∧ x /∈ B)

back

lÑêÆ9ÙA^?�|, 2017c12� 208 / 839



lÑêÆ9ÙA^�Æ��

1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X

~X,A = {a, b},B = {a, b, c},C = {b, c, d},KkA ⊆ B,,
�A * C,.
5¿ÎÒ/∈0Ú/⊆0�«O:
/∈0L«���8Üm�/áu0'X, /⊆0L«8Ü
m�/�¹0'X. back
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1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X
888ÜÜÜ������

½Â 3.2
�A, B´ü�8Ü, XJA ⊆ B�B ⊆ A, K¡A�B��, P
�A = B.

ÎÒzL«�

A = B⇔ A ⊆ B�B ⊆ A

XJA�BØ��,KP�A 6= B.
T½Â�Ñ
����Kµ�y²ü�8Ü��,���
�{Ò´y²z��8Ü¥�?���þ´,��8Ü�
��.

back
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1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X
ýýýfff888

½Â 3.3
�A, B´ü�8Ü, XJA´B�f8, B¥��k���
ØáuA,K¡A�B�ýf8,P�A ⊂ B.

ÎÒzL«�

A ⊂ B⇔ ∀x ( x ∈ A→ x ∈ B) ∧ ∃x ( x ∈ A ∧ x /∈ B)

½A ⊂ B⇔ A ⊆ B ∧ A 6= B

XJAØ´B�ýf8,KP�A 6⊂ B.
~X,8Ü{a, b}´{a, b, c}�ýf8,�{a, b, c}Ú{b, c, d}Ñ
Ø´{a, b, c}�ýf8

back
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1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X

���888

½Â 3.4
Ø¹?Û���8Ü���8,P�∅.

�8�ÎÒzL«�

∅ = {x| x 6= x}

~X, A = {x|x ∈ R ∧ x2 + 2 = 0}´�§x2 + 2 = 0�¢ê)
8,Ï�T�§Ã¢ê),¤±A = ∅.
555¿¿¿µµµ∅ 6= {∅}.

back
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1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X

½n 3.1
éu?¿8ÜA,k
(1)∅ ⊆ A,��8´���¶(2)A ⊆ A.

yyy²²²µµµ(1)b�∅ ⊆ A�b, K���3����x, ¦x ∈
∅�x 6∈ A,Ï��8∅Ø�¹?Û��,¤±ù´Ø�U�.
�∅1�∅2Ñ´�8, dþã��, ∅1 ⊆ ∅2�∅2 ⊆ ∅1, �â
8Ü���½Â�∅1 = ∅2,¤±,�8´���.
(2)�âf8�½Â��,éu?¿8ÜA,kA ⊆ A.

back

lÑêÆ9ÙA^?�|, 2017c12� 213 / 839



lÑêÆ9ÙA^�Æ��

1nÙ 8ÜØ

3.28Üm�'X

3.28Üm�'X

½Â 3.5
¹kn����8Ü�n�8.

n�8Ü�km (m ≤ n)����f8�m�f8.
�½n�8Ü,XÛ¦Ñ§��Üf8Qº

~ 3.1
A = {1, 2, 3},òA�f8©aµ
0�f8,�Ò´�8,�k��µ∅¶
1�f8,=ü�8µ{1}, {2}, {3}¶
2�f8µ{1, 2}, {1, 3}, {2, 3}¶
3�f8µ{1, 2, 3}.

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

���, éun�8, §�m�f8kCm
n�, ¤±ØÓ�f8

oê´
C0

n + C1
n + C2

n + ,Cn
n = 2n .

½Â 3.6
�A, B´?¿ü�8Ü, dA½B¥����¤�8Ü, ¡�
8ÜA�B�¿8,P�A ∪ B.

A ∪ B = {x| x ∈ A ∨ x ∈ B}

~X, A = {1, 2, 4}, B = {2, 4, 5},K A ∪ B = {1, 2, 4, 5}.
back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

¿8�Vg�±í2.
�A1, A2, ,, An´?¿n�8Ü, Kùn�8Ü�¿�{P

�
n⋃

i=1
Ai,=

n⋃
i=1

Ai = A1 ∪ A2 ∪, ∪ An = {x| x ∈ A1 ∨ x ∈ A2 ∨, ∨ x ∈ An}

¿$���±í2�Ã¡õ�8Ü��¹:

∞⋃
i=1

Ai = A1 ∪ A2 ∪, ∪ An ∪,

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

���888

½Â 3.7
�A, B´?¿ü�8Ü,dQ3A¥q3B¥����¤�8
Ü,¡�8ÜA�B��8,P�A ∩ B.

A ∩ B = {x| x ∈ A ∧ x ∈ B}

XJü�8ÜA, B��8��8,K¡A, BØ��.
~X, A = {1, 2, 4}, B = {2, 4, 5}, C = {1, 3},
K A ∩ B = {2, 4}, B ∩ C = ∅,¤±BÚC´Ø���.

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

ííí222:
�A1, A2, ,, An´?¿n�8Ü, Kùn�8Ü���{P

�
n⋂

i=1
Ai,=

n⋂
i=1

Ai = A1 ∩ A2 ∩, ∩ An = {x| x ∈ A1 ∧ x ∈ A2 ∧, ∧ x ∈ An}

�$���±í2�Ã¡õ�8Ü��¹:

∞⋂
i=1

Ai = A1 ∩ A2 ∩, ∩ An ∩,

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

���éééÖÖÖ888

½Â 3.8
�A, B´?¿ü�8Ü,d�áu8ÜAØáuB�¤k�
��¤�8Ü, ¡�8ÜBéuA��éÖ8£½AÚB��
8¤,P�A− B.

A− B = {x| x ∈ A ∧ x /∈ B}

~X, A = {1, 2, 4}, B = {2, 4, 5},
K A− B = {1}, B− A = {5}.

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

ýýýéééÖÖÖ888

½Â 3.9
�E��8, A ⊆ E, K¡8ÜAéuE��éÖ8�A�ýé
Ö8,P�∼ A.

∼ A = E − A = {x| x ∈ E ∧ x /∈ A}

~X, E = {1, 2, 3, 4, 5}, A = {1, 2, 4}, B = {1, 2, 3, 4, 5},
C = ∅,
K ∼ A = {3, 5}, ∼ B = ∅, ∼ C = E.

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�
ééé¡¡¡���

½Â 3.10
�A, B´?¿ü�8Ü,dáu8ÜA�ØáuB½öáu8
ÜB�ØáuA�¤k���¤�8Ü, ¡�8ÜA�B�é
¡�,P�A⊕ B.

A⊕ B = {x| (x ∈ A ∧ x /∈ B) ∨ (x /∈ A ∧ x ∈ B)}
½A⊕ B = (A− B) ∪ (B− A)

~X, A = {a, b, c}, B = {b, d},K A⊕ B = {a, c, d}.
lé¡�½ÂN´wÑ

A⊕ B = (A ∪ B)− (A ∩ B)
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

�A, B, C�?¿n�8Ü,é¡�$�k±e5�:
£1¤A⊕ B = B⊕ A;
£2¤A⊕∅ = A;
£3¤A⊕ A = ∅;
£4¤A⊕ B = (A∩ ∼ B) ∪ (∼ A ∩ B);
£5¤(A⊕ B)⊕ C = A⊕ (B⊕ C);
£6¤A ∩ (B⊕ C) = (A ∩ B)⊕ (A ∩ C).

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�
888ÜÜÜ���$$$���ÆÆÆ
(1)������ÆÆÆ A ∪ A = A, A ∩ A = A.
(2)������ÆÆÆ A ∪ B = B ∪ A, A ∩ B = B ∩ A.
(3)(((ÜÜÜÆÆÆ (A ∪ B) ∪ C = A ∪ (B ∪ C),

(A ∩ B) ∩ C = A ∩ (B ∩ C).
(4)©©©���ÆÆÆ A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C),

A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C).
(5)áááÂÂÂÆÆÆ A ∪ (A ∩ B) = A, A ∩ (A ∪ B) = A.
(6)ÓÓÓ���ÆÆÆ A ∪∅ = A, A ∩ E = A.
(7)"""ÆÆÆ A ∪ E = E, A ∩∅ = ∅.
(8)üüü¥¥¥ÆÆÆ A∪ ∼ A = E.
(9)gggñññÆÆÆ A∩ ∼ A = ∅.

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

(10){{{ÖÖÖÆÆÆ ∼ ∅ = E, ∼ E = ∅.
(11)VVVÄÄÄ½½½ÆÆÆ ∼ (∼ A) = A.
(12)ÖÖÖ���===���ÆÆÆ A− B = A∩ ∼ B.
(13)���·������ÆÆÆ ∼ (A ∪ B) =∼ A∩ ∼ B,

∼ (A ∩ B) =∼ A∪ ∼ B;
A− (B ∪ C) = (A− B) ∩ (A− C),
A− (B ∩ C) = (A− B) ∪ (A− C).

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

y²8Ü�ª~^��{
£1¤Ü6úª��ü�{. y²�'�´�(¹$^Ü6
Ä���ªÚ8Ü$��5�.
Ä�g�: �P, Q�8Üúª, �â8Ü���½Â, �
yP = Q,�Iy P ⊆ Q ∧ Q ⊆ P�ý.
�Ò´�yéu?¿�xk

x ∈ P⇔ x ∈ Q.
£2¤ð���{. T�{�¢�Ò´|^8Ü$��5�
Ú®��8Üð�ª, r��8Ü^�����8Ü��,
l�¤y².

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

~ 3.2
|^��ü���{y²e�ð�ª:
£1¤©�Æ: A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C);
£2¤ü¥Æ: A∪ ∼ A = E;
£3¤�·��Æ: ∼ (A ∪ B) =∼ A∩ ∼ B.

yyy²²²£1¤éu?¿�x,
x ∈ A ∪ (B ∩ C)

⇔ x ∈ A ∨ x ∈ (B ∩ C)
⇔ x ∈ A ∨ (x ∈ B ∧ x ∈ C)
⇔ (x ∈ A ∨ x ∈ B) ∧ (x ∈ A ∨ x ∈ C)
⇔ x ∈ (A ∪ B) ∧ x ∈ (A ∪ C)
⇔ x ∈ (A ∪ B) ∩ (A ∪ C)
¤±, A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C).

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

£2¤éu?¿�x,
x ∈ A∪ ∼ A

⇔ x ∈ A ∨ x ∈∼ A
⇔ x ∈ A ∨ x /∈ A
⇔ x ∈ A ∨ ¬x ∈ A
⇔ 1
⇔ x ∈ E
¤±, A∪ ∼ A = E. back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

£3¤éu?¿�x,
x ∈∼ (A ∪ B)

⇔ x /∈ (A ∪ B)
⇔ (x /∈ A) ∧ (x /∈ B)
⇔ (x ∈∼ A) ∧ (x ∈∼ B)
⇔ x ∈ (∼ A∩ ∼ B)
¤±,∼ (A∪B) =∼ A∩ ∼ B. back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

~ 3.3
|^ð�����{y²áÂÆ

yyy²²² A ∪ (A ∩ B)
= (A ∩ E) ∪ (A ∩ B)
= A ∩ (E ∪ B)
= A ∩ E
= A

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

'u8Ü$�5���
�(J
£14¤A ∩ B ⊆ A, A ∩ B ⊆ B.
£15¤A ⊆ A ∪ B, B ⊆ A ∪ B.
£16¤A− B ⊆ A.
£17¤A ⊆ B⇔ A ∩ B = A⇔ A ∪ B = B⇔ A− B = ∅.

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

~ 3.4
y² A− (B− C) = (A− B) ∪ (A ∩ C)

yyy²²²�{�:éu?¿�x,
x ∈ A− (B− C)

⇔ x ∈ A ∧ x /∈ (B∩ ∼ C)
⇔ x ∈ A ∧ x ∈∼ (B∩ ∼ C)
⇔ x ∈ A ∧ x ∈ (∼ B ∪ C)
⇔ x ∈ A ∧ (x ∈∼ B ∨ x ∈ C)
⇔ x ∈ A ∧ (x /∈ B ∨ x ∈ C)
⇔ (x ∈ A ∧ x /∈ B) ∨ (x ∈ A ∧ x ∈ C)
⇔ x ∈ (A− B) ∪ (A ∩ C)
¤±, A− (B− C) = (A− B) ∪ (A ∩ C).

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

�{�: A− (B− C)
= A∩ ∼ (B∩ ∼ C)
= A ∩ (∼ B ∪ C)
= (A∩ ∼ B) ∪ (A ∩ C)
= (A− B) ∪ (A ∩ C)

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

~ 3.5
�8ÜA, B÷v^�A ∩ B = ∅, A ∪ B = E,y² A =∼ B.

yyy²²²A = A ∩ E
= A ∩ (B∪ ∼ B)
= (A ∩ B) ∪ (A∩ ∼ B)
= ∅ ∪ (A∩ ∼ B)
= (B∩ ∼ B) ∪ (A∩ ∼ B)
= (B ∪ A)∩ ∼ B
= E∩ ∼ B
=∼ B

back
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3.38Ü�$�

3.38Ü�$�

~ 3.6
z{e�8ÜL�ª.
£1¤(B− (A ∩ C)) ∪ (A ∩ B ∩ C);
£2¤((A ∪ B ∪ C) ∩ (A ∪ B))− ((A ∪ (B− C) ∩ A).

))): £1¤(B− (A ∩ C)) ∪ (A ∩ B ∩ C)
= (B∩ ∼ (A ∩ C)) ∪ (B ∩ (A ∩ C))
= B ∩ (∼ (A ∩ C) ∪ (A ∩ C))
= B ∩ E
= B

back
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1nÙ 8ÜØ

3.38Ü�$�

3.38Ü�$�

£2¤Ï�A ∪ B ⊆ A ∪ B ∪ C, A ⊆ A ∪ (B− C),Kk
((A ∪ B ∪ C) ∩ (A ∪ B))− ((A ∪ (B− C) ∩ A)
= (A ∪ B)− A
= (A ∪ B)∩ ∼ A
= (A∩ ∼ A) ∪ (B∩ ∼ A)
= ∅ ∪ (B∩ ∼ A)
= B− A

back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

���¹¹¹üüü½½½���nnn

½Â 3.11
�8ÜA = {a1, a2,,, an}, §kn�ØÓ��, K¡8ÜA�
Äê´n,P�CardA = n½|A| = n .

Äê´L«8Ü¥¤¹��õ��þ.
XJ8ÜA�Äê´n,ù�¡A�k�8.
w,,�8�Äê´0,=|∅| = 0.
XJAØ´k�8,K¡A�Ã�8.

back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

½n 3.2
£�¹ü½�n¤�A, B�k�8Ü,K

|A ∪ B| = |A|+ |B| − |A ∩ B|

�¹�ü½�n�¡�N½�n.

yyy²²²£1¤�A!BØ��,=A∩B = ∅�,k |A ∪ B| = |A|+ |B|.
£2¤�A ∩ B 6= ∅�,Ø��A ∩ B = {a1, a2,,, ak},
A = {a1, a2,,, ak, x1, x2,,, xn}, B = {a1, a2,,, ak, y1, y2,,, ym},
K|A|+ |B| − |A ∩ B| = n + k + m + k − k,
|A ∪ B| = n + m− k,
l, |A ∪ B| = |A|+ |B| − |A ∩ B|.
nþ¤ã,�� |A ∪ B| = |A|+ |B| − |A ∩ B|.

back
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3.4�¹ü½�n

3.4�¹ü½�n

~ 3.7
b�50¶�c¥k16¶´ó<, 21¶´Æ),Ù¥Q´ó<
q´Æ)��ck4¶, ¯QØ´ó<qØ´Æ)��c�
kA¶?

))): �E�50¶�c|¤�8Ü, A�ó<|¤�8Ü, B �
Æ)|¤�8Ü,K
|E| = 50, |A| = 16, |B| = 21, |A ∩ B| = 4
�â�¹ü½�n,k
|A ∪ B| = |A|+ |B| − |A ∩ B| = 16 + 21− 4 = 33
|E| − |A ∪ B| = 50− 33 = 17
¤±,QØ´ó<qØ´Æ)��c�k17¶.

back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

½n 3.3

£�¹ü½�n�í2¤A¥��äkn�5�������ê�

|A1 ∪ A2 ∪, ∪ An| =
n∑

i=1
|Ai| −

∑
1≤i<j≤n

|Ai ∩ Aj|+
∑

1≤i<j<k≤n
|Ai ∩ Aj ∩ Ak|

−,+ (−1)n+1 |A1 ∩ A2 ∩, ∩ An|

Ù¥, k�8A���äkn�ØÓ�5�P1, P2, ,, Pn. A¥äk5
�Pi���|¤�f8P�Ai, i = 1, 2,,, n; Ai ∩ Aj(i 6= j)L«A¥Ó�
äk5�PiÚPj���|¤�f8; Ai∩Aj∩Ak(i 6= j 6= k)L«A¥Ó�ä
k5�Pi, PjÚPk���|¤�f8;,; A1∩A2∩,∩AnL«A¥Ó�ä
k5�P1, P2,,, Pn���|¤�f8. back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

~ 3.8

�X´dl1�250���ê�¤�8Ü, X¥kõ����U
�2!3!7¥�?¿���Ø?

))): �A, B, C©OL«X¥U�2!3!7�Ø���ê�¤�8Ü,K
|A| =

⌊ 250
2

⌋
= 125, |B| =

⌊ 250
3

⌋
= 83, |C| =

⌊ 250
7

⌋
= 35,

|A ∩ B| =
⌊

250
2×3

⌋
= 41, |A ∩ C| =

⌊
250
2×7

⌋
= 17, |B ∩ C| =

⌊
250
3×7

⌋
= 11,

|A ∩ B ∩ C| =
⌊

250
2×3×7

⌋
= 5,

�â�¹ü½�n,k
|A ∪ B ∪ C| = |A|+ |B|+ |C| − |A ∩ B| − |A ∩ C| − |B ∩ C|+ |A ∩ B ∩ C|

= 125 + 83 + 35 − 41 − 17 − 11 + 5 = 179 ¤±, X¥U
�2!3!7¥�?¿���Ø���êk179�. back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

/Ï©¼ã)ûk�8Ü�Oê¯K.
Äk�â®�^�xÑ�A�©¼ã. ��/`, z�^5
�û½��8Ü,kõ�^5�,Òkõ��8Ü.XJvk
AÏ`², ?Ûü�8Ü��Ñx¤���. Ï~ln�8
Ü��8Wå,�âO��(JòêiÅÚW\¤k��x
«�. XJ�8�êi´���, �±��x. �âK8¥�
^�, �Ñ�A��§½�§|, )Ñ��ê=�¦�¤I
��(J.

back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

~ 3.9
330�Æ)¥k18�OÐÑW, 12�OÐ{â, 15�OÐN
�, 10�QOÐÑWqOÐN�, 8�QOÐ{âqOÐN
�, 11�QOÐÑWqOÐ{â, �k6�Æ)ùn«OÐ
Ñvk. Á¦ùn«OÐÑk�<ê.

))): �A, B, C©OL«OÐÑW!{â!N��Æ)�8
Ü.�n«OÐÑk�Æ)<ê�x,=OÐÑW�Æ)<ê
�y1, =OÐ{â�Æ)<ê�y2, =OÐN��Æ)<ê
�y3, KQOÐÑWqOÐN�, �ØOÐ{â�Æ)<ê
�10− x,QOÐ{âqOÐN�,�ØOÐÑW�Æ)<ê
�8 − x, QOÐÑWqOÐ{â, �ØOÐN��Æ)<ê
�11− x,

back
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1nÙ 8ÜØ

3.4�¹ü½�n

3.4�¹ü½�n

�âK¿,k


11− x + 10− x + x + y1 = 18
11− x + 8− x + x + y2 = 12
10− x + 8− x + x + y3 = 15
11− x + 10− x + 8− x + x + y1 + y2 + y3 + 6 = 30

)� x = 8, y1 = 5, y2 = 1, y3 = 5
¤±,n«OÐÑk�<ê�8<. back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

���888ÜÜÜ

½Â 3.12
�A���8Ü, dA�¤kf8����¤�8Ü, ¡
�A��8Ü,{¡�8,P�P(A)(½2A). ÎÒzL«�

P(A) = {x|x ⊆ A}
back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

~ 3.10
�A = ∅, B = {1, 3, 5}, C = {1, {2, 3}}. ¦A, BÚC��8.

))): 8ÜA = ∅,§�k0�f8∅,
¤±, P(A) = {∅}.
8ÜB�0�f8�: ∅;
1�f8�: {1}, {3}, {5};
2�f8�: {1, 3}, {1, 5}, {3, 5};
3�f8�: {1, 3, 5}.
¤±, P(B) = {∅, {1}, {3}, {5}, {1, 3}, {1, 5}, {3, 5}, {1, 3, 5}}.
Ón�¦, P(C) = {∅, {1}, {{2, 3}}, {1, {2, 3}}}.

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

~ 3.11
�|A| = n. ¦A��8P(A)¥¤�¹����ê.

):
A�vk���f8´�8∅f8,kC0

n �;
A�1f8kC1

n�;
...

A�nf8kCn
n�;

�|P(A)| = C0
n+C1

n+C2
n+,+Cn

n = 2n. back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

~ 3.12
�A, B�?¿8Ü,y²
£1¤A ⊆ B⇔ P(A) ⊆ P(B);
£2¤P(A) = P(B)⇔ A = B.

y²: (1)
�⇒m:
?�x, x ∈ P(A) ⇒ x ⊆ A ⇒ x ⊆ B ⇒ x ∈ P(B) ⇒ P(A) ⊆
P(B).
m⇒�:
A ∈ P(A) ⊆ P(B)⇒ A ∈ P(B)⇒ A ⊆ B.

(2)�â(1)�y. back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

(k�È

½Â 3.13
òü���xÚy£x�y�±�Ó����¤^�ék)
Ò(��±^�)Ò))å5, L«¤< x, y >, ����k
Sé,��Só. Ù¥x¡�kSé< x, y >�1���, y¡
�kSé< x, y >�1���.

½Â 3.14
eü�Sé�1����1���,1����1���©
O��,K¡ü�Sé��,ÄK¡�Ø��.

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

�â½Â,·�k

£1¤�x 6= y�, < x, y >6=< y, x >;
£2¤< x, y >=< u, v >�¿�^�´x = u�y = v.

Sé��2�|. aq/�±½Â3�|, · · · , n�|��, ù
pØ2Kã.

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

½Â 3.15
�A, B�?¿ü�8Ü, dA¥���1���, B¥���
1����¤kkSé�¤�8Ü¡�AÚB�(k�È,
P�A× B. AÚB�(k�ÈP�

A× B = {< x, y > |x ∈ A ∧ y ∈ B}

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

~X, A = {1, 2, 3}, B = {a, b},K

A×B = {< 1, a >,< 1, b >,< 2, a >,< 2, b >,< 3, a >,< 3, b >}
B×A = {< a, 1 >,< a, 2 >,< a, 3 >,< b, 1 >,< b, 2 >,< b, 3 >}
A× A = {< 1, 1 >,< 1, 2 >,< 1, 3 >,< 2, 1 >,< 2, 2 >,< 2, 3 >
,< 3, 1 >,< 3, 2 >,< 3, 3 >}
B× B = {< a, a >,< a, b >,< b, a >,< b, b >}

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

½Â 3.16
�A1, A2, · · · , An�?¿n�8Ü,¡8Ü

A1 × A2 × · · · × An = {< x1, x2, · · · , xn > |xi ∈ Ai, 1 ≤ i ≤ n}

�A1, A2, · · · , An�(k�È.

eA1 = A2 = · · · = An = A,KPA1 × A2 × · · · × An = An.
back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

�â(k�È�½Â,k
£1¤(k�¦È$�Ø÷v��Æ.=���¹eA× B 6=
B× A;
£2¤é?¿8ÜA, B,kA×∅ = ∅× B = ∅;
£3¤(k�È$�é¿Ú�$�÷v©�Æ,=

A× (B ∪ C) = (A× B) ∪ (A× C);
(B ∪ C)× A = (B× A) ∪ (C × A);
A× (B ∩ C) = (A× B) ∩ (A× C);
(B ∩ C)× A = (B× A) ∩ (C × A)

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

~ 3.13
�A, B, C�?¿8Ü,�ä±e·K´Ä�ý¿`²nd.
£1¤A× B = A× C⇒ B = C;
£2¤A− (B× C) = (A− B)× (B− C);
£3¤�38ÜA,¦�A ⊆ A× A.

): £1¤Ø�½�ý.
�A = ∅, B = {1}, C = {2}�, kA × B = A × C, �B 6= C.

back
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1nÙ 8ÜØ

3.5�8Ü�(k�¦È

3.5�8Ü�(k�¦È

£2¤Ø�½�ý.
�A = B = {1}, C = {2}�,kA− (B×C) = {1}−{< 1, 2 >
} = {1},
(A− B)× (B− C) = ∅× {1} = ∅

(3)�ý.
�A = ∅�, A ⊆ A× A¤á.

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

3.68Ü$��ÄêVg�*Ð

2Â¿8

½Â 3.17
�A���8Üx, dA¥¤k������¤�8Ü¡
�A�2Â¿8,P�∪A. ÎÒzL«�

∪A = {x|∃z( z ∈ A ∧ x ∈ z)}

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

3.68Ü$��ÄêVg�*Ð

~ 3.14
�A1 = {{a, b, d}, {c, d}, {d, e, f}}, A2 = {b, {c, d}}, A3 =
{{a, b}}, A4 = ∅,¦§��2Â¿8.

): ∪A1 = {a, b, c, d, e, f}
∪A2 = b ∪ {c, d}
∪A3 = {a, b}
∪A4 = ∅

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

3.68Ü$��ÄêVg�*Ð

2Â�8

½Â 3.18
�A�����8Üx, dA¥¤k���ú����¤�
8Ü¡�A�2Â�8,P�∩A. ÎÒzL«�

∩A = {x|∀z( z ∈ A → x ∈ z)}

éu~6.1¥�8Ü,k∩A1 = {d}, ∩A2 = b∩{c, d}, ∩A3 =
{a, b}. Ï�∩∅Ø´8Ü,§38ÜØ¥´vk¿Â�.

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

3.68Ü$��ÄêVg�*Ð

8Ü$��`k^S:
¡2Â¿!2Â�!�8!ýéÖ$���a$�, ¿!
�!�éÖ!é¡�$���a$�.
�a$�`ku�a$�; �a$��mUdm��^
S?1$�; �a$��md)Òû½$��k�^S,
õ�)Ò¿ü½Ã)ÒÜ©Ud��m�^S?1$�.

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

3.68Ü$��ÄêVg�*Ð

~ 3.15
�A = {{a, b}, {a, c}},O�∪ ∪ A, ∩ ∩ A, ∪ ∪ A− ∪ ∩A.

): ∪A = {a, b, c}
∩A = {a}
∪ ∪ A = a ∪ b ∪ c
∩ ∩ A = a
∪ ∩ A = a
∪ ∪ A− ∪ ∩A = (a ∪ b ∪ c)− a = (b ∪ c)− a

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

c¡ék�8�Äê�Ñ
²(�½Â"k�8A �Äê
Ò´A¥����ê"duÃ�8¥���vk�ê�V
g,�
�ÑÃ�8�Äê�½Â,k�
O�"

½Â 3.19

�A, B�8Ü, ek��5Kf , éuz��x ∈ A, ��(½
��y ∈ B, @o, Ò`f´A�B���NNN���, �xN��y, P
�y = f (x).

�xN��y�, y��x����, x��y�������. back
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3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

½Â 3.20

�f´A�B���N�, eé?¿�a ∈ A, b ∈ A , �a 6= b
�,kf (a) 6= f (b),K¡N�f´A�B���üüüNNN���,{¡üüü
���"

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð
8ÜA�8ÜB�N��´rN
8ÜA¥�z���Ñk
�. ¿vk`8ÜB¥�z���Ñk��. e¡�÷vù
«�¹�N���`{.

½Â 3.21

�f´A�B���N�, eéu?¿y ∈ B þ�3x ∈ A,
¦f (x) = y ,@o,Ò`f´A�B���÷÷÷NNN���,{¡÷÷÷���.

½Â 3.22

A�B���N�fQ´ü�q´÷��, ¡f´A�B�������
NNN���½������éééAAA.

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

~ 3.16

�A = {a1, a2, a3}, B = {1, 2, 3}, -φ(ai) = i, i = 1, 2, 3.
KA�B�m�éA5Kφ´��éA.�A1 = {a2},ÏA1´A
�ýf8, A�A1�mØ�3��éA.

ØJwÑ,��k�8ÜA´Ø�U�Ùýf8��éA�.
8ÜAØ´k�8��ÿ, ù�/Ø�U0�¹¬u)U
C.�e~. back
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3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

~ 3.17

�
N = {0, 1, 2, 3, 4, 5, 6, · · · },
Z = {· · · ,−3,−2,−1, 0, 1, 2, 3, · · · }.
½ÂN�Z�éA'Xφ:

N 0 1 2 3 4 5 6 7 · · ·
l l l l l l l l · · ·

Z 0 -1 1 2 -2 3 -3 4 · · ·

K��þãéA'Xφ¦N�Z´��éA�.

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

Uì��éA�½Â, eü�k�8ÜAÚB�m�3��
éA'X, ��§�k�Ó����ê, =�Ó�Äê. �
�, �ü�k�8Ük�Ó�Äê�, §��m��±ïá
��éA. Ïd�±`ü�k�8ÜÄê´Ä�Ó, Òw§
��m´Ä�±ïá��éA.

c¡ÆS
k�8Ü�ÄêÒ´8Ü¥����ê. �d,
�´vk²(Ã�8Ü�Äê´�o? du���Ã�8
ÜØÐrº,·�ké�
AÏ�Ã�8Ü�Äê�Ñ��
`{. back
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3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

g,ê8ÜNÚ¢ê8R�Äê�Ñ±e5½.

(1) g,ê8ÜN�ÄêP�ℵ0,=|N| = ℵ0.
(2) ¢ê8R�ÄêP�ℵ,=|R| = ℵ.

ℵ´FË5�, FË5i1L�1��i1. rℵÖ�C�
Å, ℵ0 Ö�C�Å".
��8ÜA�±�g,ê8Ü½ö¢ê8Üïá��éA
�,·�Ò`8ÜA�Äê�´ℵ0½öℵ. back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

3.68Ü$��ÄêVg�*Ð

l�2�¿Âþ`,k

½Â 3.23
éu?Û8ÜAÚB, e§��mUïá��éA, K¡8
ÜA�8ÜBk�Ó�Äê.

back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

��±òü�k�8Ü��ê�±'���ù�Vg?1
í2.

½Â 3.24
�A, B´ü�8Ü, bXA�B�,f8��éA, AØU
�B��éA,·�`A�Äê|A|�uB�Äê|B|,P�|A| <
|B|,½|B| > |A|.

ÎÒ|A| ≤ |B|�¹ÂL«|A| < |B|½ö|A| = |B|. back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

�;8ÜnØk±eü�Í¶�(Ø.

½n 3.4
�A�B��8Ü,Keã�¹Tk��¤á.
|A| < |B|,
|A| > |B|,
|A| = |B|.

½n 3.5
�A�B��8Ü,e|A| ≤ |B|�|B| ≤ |A|,K |A| = |B|.

ùü�(Øwþ�Ñ´@o�*, y²%�Ñ��§��
�. back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð
Ég,ê8Ü{1, 2, · · · , }éu,�Ñ/�ê80�Vg.

½Â 3.25
�´�g,ê8Nk�ÓÄê�8Ü¡��ê8. 8ÜA´
�ê8�,Ò¡8ÜA���´�ê�.

Ï�g,ê¤�¤�8ÜN´�±ü¤��Ã¡S�/ª
�,=

1, 2, 3, 4, 5, · · · , n, · · · .
Ïd?Û�ê8ÜM��½�±òÙü¤Ã¡S�/ª

a1, a2, a3, a4, a5, · · · , an, · · ·
��, e�Ã�8ÜM, §����ü¤þãS�/ª,
KM�½´�ê�. back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

'u�ê8kµ

½n 3.6
?¿Ã¡8ÜA,¹k��ê8.

y²: lA¥�Ñ����a1, ÏA´Ã¡�, ��±3A¥
�Ñ,���a2, �d���Ã¡8ÜA′ = {a1, a2, · · · }, 8
ÜA′��ê8�A ⊇ A′. back
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1nÙ 8ÜØ

3.68Ü$��ÄêVg�*Ð

1.6 8Ü$�ÚÄêVg�*Ð

½n 3.7
�ê8�Ã�f8�´��ê8.

y²: �k��ê8A = {a1, a2, a3, a4, · · · }, eA∗ ´A ��
�Ã¡f8, K¤káuA∗�a�eI��N�¤�8ÜN∗

´g,ê8ÜN ���f8,N �?�f8¥���Ñ�
UÙ�����ü¤��, �N∗ ´��ê8, lA∗ ´�
�ê8. y..

�kØ��ê8�(Ø, Xü��ê8�¿8´�ê8; �
ê��ê8�¿8�´�ê8��, ùpÒØ2UY?Ø

. back
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1oÙ ��'X

8¹

1 1�Ù ·KÜ6

2 1�Ù ¢cÜ6

3 1nÙ 8ÜØ

4 1oÙ ��'X

5 1ÊÙ ãØ

6 18ÙÐ�êØ

7 1ÔÙ �êXÚ

4.1Ä�Vg

4.2'X�$�

4.3'X�5�
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg

½Â 4.1
dSé|¤�8Ü(�)�8)¡���������'''XXX, {¡'''
XXX,'XÏ~^ÎÒRL«.

éu��'XR:
XJ< x, y >∈ R,P�xRy,Ö�x�yk'XR;
XJ< x, y >/∈ R§KP�xR/y,Ö�x�yvk'XR.

~ 4.1
R1 = {< 1, 2 >,< a, b >}§R2 = {< 1, 2 >, a, b}, KR1´
��'X, R2Ø´��'X. �â'X�P{k1R12, aR1b,
a�cvk'XR1 ��.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg

½Â 4.2
�½8ÜA�B, A × B�f8R��lA�B�'X. AO
�A = B�, A�A���'X{¡�Aþ�'X.

8Ü{x|∃y ∈ B, < x, y >∈ R}��'XR�ccc���,P�domR.

8Ü{y|∃x ∈ A, < x, y >∈ R}��'XR�������,P�rangeR.

R�c�Ú��¿8��R����,P�FLD.

lþãÎÒ�\{wÑµdomR ⊆ A, rangeR ⊆ B.
back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg

~ 4.2
A = {0, 1},B = {1, 2, 3},@o R1 = {< 0, 2 >}, R2 = A× B,
R3 = ∅, R4 = {< 0, 1 >}Ñ´lA �B���'X, R3

ÚR4Ó��´Aþ���'X.

~ 4.3
A = {1, 2, 3, 5}, B = {1, 2, 4}, H = {< 1, 2 >,
< 1, 4 >,< 2, 4 >,< 3, 4 >},¦µdomH, rangeH,FLDH.

): back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg
��8ÜAþ�A�'X'�AÏ, e¡�¦��
AÏ�
`{.
½Â 4.3
�½8ÜA:
�8Ü��Aþ����'''XXX.
8ÜA× AP�EA,��Aþ����'''XXX¶
8Ü{< x, x > |x ∈ A}P�IA,��Aþ�ððð���'''XXX.

~ 4.4
A = {1, 2},K

EA = {< 1, 1 >,< 1, 2 >,< 2, 1 >,< 2, 2 >},
IA = {< 1, 1 >,< 2, 2 >}.
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

~ 4.5
�A = {1, 2, 3, 4}, e¡�o�8ÜÑ´Aþ�'X, Á�Ñ
§����.
(1) R1 = {< x, y > | x, y ∈ A, x´y��ê}
(2) R2 = {< x, y > | x, y ∈ A, (x− y)2 ∈ A}
(3) R3 = {< x, y > | x, y ∈ A, x/y´�ê}
(4) R4 = {< x, y > | x, y ∈ A, x 6= y}

): back

lÑêÆ9ÙA^?�|, 2017c12� 279 / 839



lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg
�½��Sé,�±�âSé´Äáu,��L'X�8Ü
5�ä|¤Sé�ü���´Äk'X. Ïd, ^8ÜL«
'X, ´��Ø���{. ,	, �kL«'X�Ù¦�{,
=e¡ò�0��Ý
Úã��{. ØL, ù
'XI��
½���k�8Üþ�'X.e¡k0�^Ý
L«'X.
�A = {x1, x2, · · · , xn}, R´Aþ�'X.-

rij =

{
1 e< xi, xj >∈ R
0 e< xi, xj >/∈ R (i, j = 1, 2, · · · , n)

¡n�Ý
 MR =


r11 r12 · · · r1n

r21 r22 · · · r2n
...

...
...

...
rn1 rn2 · · · rnn

 �R�'''XXXÝÝÝ


.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg

~ 4.6
A = {1, 2, 3, 4}.
R = {< 1, 1 >,< 1, 2 >,< 2, 3 >,< 2, 4 >,< 3, 2 >}.
Á¦R�'XÝ
.

): Uì½Â, R�'XÝ
�MR =


1 1 0 0
0 0 1 1
0 1 0 0
0 0 0 0

 back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.1Ä�Vg

4.1 Ä�Vg
e¡´'X�ãL«�{.
�½8ÜA = {x1, x2, · · · , xn}, R´Aþ�'X.Uìe¡��
{x��ã:
^x1, x2, · · · , xnL«ã�n�(:. XJ< xi, xj >∈ R,Ò3ã
¥x�^lxi�xj�k���>, >�����xj. ù�ãP
�GR,Ò�R�'''XXXããã.
þ�~f¥, R�'Xã�

 

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

'XQ,´��AÏ�8Ü,�,�±k8Ü�9�$�.

~ 4.7
�A = {1, 2, 3, 4}, H = {< x, y > | x−y

2 ´�ê}ÚS = {<
x, y > | x−y

3 ´�ê}´Aþ�ü�'X. ¦H ∪ S,H ∩ S,H, S −
H,H − S,H ⊕ S.

): krþ¡^£ã�{L«�ü�'XHÚSC��Sé
�¤�8Ü�/ª:
H = {< 1, 1 >,< 1, 3 >,< 2, 2 >,< 2, 4 >,< 3, 3 >,<
3, 1 >,< 4, 4 >,< 4, 2 >}¶
S = {< 4, 1 >}. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.1 Ä�Vg

,�?1K8¥¤�¦�$�,k

H ∪ S = {< 1, 1 >,< 1, 3 >,< 2, 2 >,< 2, 4 >,< 3, 3 >,<
3, 1 >,< 4, 4 >,< 4, 2 >,< 4, 1 >}¶
H ∩ S = Φ
H = A × A − H = {< 1, 2 >,< 2, 1 >,< 2, 3 >,< 3, 2 >,<
3, 4 >,< 4, 3 >,< 1, 4 >,< 4, 1 >}¶
S− H = S = {< 4, 1 >}¶
H − S = H ¶
S⊕ H = H ∪ S.

§��,�´8ÜAþ�'X. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�
���¹e,e¡�(Ø�¤á.

½n 4.1
eRÚS´l8ÜA�8ÜB�ü�'X, KR�S�¿!�!
Ö!�E´A�B�'X.

½Â 4.4
�R´A�B�'X, S´B�C'X. A× C�f8Ü

{< a, c > |(a ∈ A) ∧ (c ∈ C) ∧ ∃b((b ∈ B) ∧ (< a, b >∈ R) ∧ (< b, c >∈ S))}

P�R ◦ S, ¡�'XR�S�EÜ'X, ùp/◦0 �±w�
EÜ$�Î.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�
�R´8ÜAþ�'X,5½:
R0�LIA;
R1�LR;
R2�LR ◦ R;
R3�LR2 ◦ R;
· · ·

Rn+1 = Rn ◦ R, n´g,ê.

~ 4.8
�A = {a, b}, B = {1, 2, 3, 4}, C = {5, 6, 7}
R = {< a, 1 >,< a, 2 >,< b, 3 >},
S = {< 2, 6 >,< 3, 7 >,< 4, 5 >}.
KR ◦ S = {< a, 6 >,< b, 7 >}, S ◦ R = ∅.
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

~ 4.9
�A = {1, 2, 3, 4}, Aþ�'X,
R = {< 1, 1 >,< 1, 2 >,< 2, 4 >},
S = {< 1, 4 >,< 2, 3 >,< 2, 4 >,< 3, 2 >},
¦R ◦ S, S ◦ R, R2, R3.

)))µµµ
R ◦ S = {< 1, 4 >,< 1, 3 >}, S ◦ R = {< 3, 4 >},
R2 = R ◦ R = {< 1, 1 >,< 1, 2 >,< 1, 4 >},
R3 = R2◦R = {< 1, 1 >,< 1, 2 >,< 1, 4 >}. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

~ 4.10
�RÚS´g,ê8ÜNþ�ü���'X,Ù½Â�

R = {< x, y > |(x ∈ N) ∧ (y ∈ N) ∧ (y = x2)},
S = {< x, y > |(x ∈ N) ∧ (y ∈ N) ∧ (y = x + 1)};

K

R ◦ S = {< x, y > |(x ∈ N) ∧ (y ∈ N) ∧ (y = x2 + 1)};
S ◦ R = {< x, y > |(x ∈ N) ∧ (y ∈ N) ∧ (y = (x + 1)2)}.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

e¡�(ØL²,'XEÜ$�÷v(ÜÆ.

½n 4.2
�R ⊆ A× B, S ⊆ B× C, T ⊆ C × D,K
(R ◦ S) ◦ T = R ◦ (S ◦ T).

íííØØØµ
�m, n��K�ê, R´8ÜAþ�'X.K
Rm ◦ Rn = Rm+n,
(Rm)n = Rmn. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

½n 4.3
�R ⊆ A× B, S ⊆ B× C,T ⊆ B× C,U ⊆ C × D,Kk
(1) R ◦ (S ∪ T) = (R ◦ S) ∪ (R ◦ T)

(2) (S ∪ T) ◦ U = (S ◦ U) ∪ (T ◦ U)

(3) R ◦ (S ∩ T) ⊆ (R ◦ S) ∩ (R ◦ T)

(4) (S ∩ T) ◦ U ⊆ (S ◦ U) ∩ (T ◦ U).

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

ü�'XEÜ±�/¤�'X�'XÝ
�ùü�'X�
Ý
�mkÛéX?
y3?ØEEEÜÜÜ'''XXX���'''XXXÝÝÝ


MR◦S�¦{.

MR◦S = MR ·MS = (dik)m×p,Ù¥dik =
n∨

j−1
(rij ∧ sjk)

/∨0L«Ü6\,5K�µ
1 ∨ 1 = 1, 1 ∨ 0 = 1, 0 ∨ 1 = 1, 0 ∨ 0 = 0.

/∧0L«Ü6¦,5K�µ
1 ∧ 1 = 1, 1 ∧ 0 = 1, 0 ∧ 1 = 1, 0 ∧ 0 = 0.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

MR =

(
1 1 0 0
0 0 1 0

)
, MS =


0 0 0
0 1 0
0 0 1
1 0 0

,

KMR◦S =

(
0 1 0
0 0 1

)
. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

½Â 4.5
�R´A�B�'X, B�A�'X

{< y, x > | < x, y >∈ R}

��R�___'''XXX,P�Rc½R−1.

d½Â�±wÑ:
R�_'XRc�'Xã´rR�'Xã¥k�l�����
�/¤�ã¶
Rc�'XÝ
´MR�=�Ý
.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

~ 4.11
ykg,ê8Üþ�'X
R = {< x, y > |(x ∈ N) ∧ (y ∈ N) ∧ (y = x + 1)}
@o
Rc = {< x, y > |(x ∈ N) ∧ (y ∈ N) ∧ (y = x− 1)}

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�
e¡´ü��9�_'X�(Ø,y²ë���.

½n 4.4
�R, SÑ´A�B���'X,Ke��ª¤áµ
(1) (Rc)c = R
(2) (R ∪ S)c = Rc ∪ Sc

(3) (R ∩ S)c = Rc ∩ Sc

(4) (A× B)c = B× A
(5) R = (A× B)− R
(6) (R)c = Rc

(7) (R− S)c = Rc − Sc.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.2'X�$�

4.2 'X�$�

½n 4.5
�R´A�B���'X, S´B�C���'X,
K(R ◦ S)c = Sc ◦ Rc.

Uì8Üþ'X�½Â, ØJwÑ, =¦�����êé�
�8Ü, Ùþ�'Xêþ�´éõ�. Ïdk7�]Ñ�

äääkkkAAAÏÏÏ555������'''XXX. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.3�
AÏ�'X

4.3 �
AÏ�'X

½Â 4.6
�R�½Â38ÜXþ�'X.
(1) e?¿x ∈ X, Ñk< x, x >∈ R, K¡Xþ���'XR
äkggg���555,{¡R´g��.

(2) é?¿x, y ∈ X,�< x, y >∈ R�,Òk< y, x >∈ R,K¡
8Ü'XRäkééé¡¡¡555,{¡R´é¡�.

(3) ?¿x, y, z ∈ X, �< x, y >∈ R, < y, z >∈ R�, Òk<
x, z >∈ R,K¡R3XþäkDDD444555,{¡R´D4�.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.3�
AÏ�'X

4.3 �
AÏ�'X

2�Ñü�AÏ�'X.

½Â 4.7
�R�½Â38ÜXþ�'X.
(1) eéu?¿�x ∈ X, Ñk< x, x >/∈ R, K¡'XRäk
���ggg���555,{¡R´�g��.

(2) XJé?¿�x, y ∈ X,�< x, y >∈ R, < y, x >∈ R,7k
x = y,K¡R3Xþäk���ééé¡¡¡555,{¡R´�é¡�.

I�5¿�´µ
/�g��0Ø´/g��0�éá¡.
/�é¡�0Ø´/é¡�0�éá¡.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.3�
AÏ�'X

4.3 �
AÏ�'X

~ 4.12
éu8ÜA = {1, 2},
Aþ�'XR = {< 1, 2 >}Ø´g��,´�g��.
Aþ�'XS = {< 1, 1 >,< 1, 2 >}Ø´g��,�Ø´�g
��. ù�'XÒ�±L²/�g��0Ø´/g��0
éá¡.

~ 4.13
éu8ÜA = {2, 3, 5, 7},
Aþ�'XR = {< 1, 2 >,< 2, 3 >,< 3, 2 >}, Ø´é¡�,
�Ø´�é¡�. ù�'XÒ�±L²/�é¡�0Ø´
/é¡�0éá¡.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.3�
AÏ�'X

4.3 �
AÏ�'X

~ 4.14
éu?¿�½�8ÜA,k
(a) 8ÜAþ�ð�'XIA´g��, é¡�, D4�, �Ø
´�g��¶

(b) ¢ê8ÜRþ�'X/60´g��, �é¡�ÚD4
�,�Ø´é¡�¶

(c) ²¡n�/þ���'X/∼=0´g��,é¡�,D4
�,�Ø´�g��¶

(d) ²¡n�/þ��q'X/∼0´g��,é¡�,D4
�,�Ø´�g��.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.4'X�4�

4.4 'X�4�

½Â 4.8
�R´8ÜAþ���'X,e�3,��'XR′÷ve�^
�µ

(1) R′´g��(é¡�,D4�)¶

(2) R′ ⊇ R¶
(3) e�kAþg��(é¡�,D4�)�'XR′′�¹R,K7
kR′′ ⊇ R′.

K¡R′�R�ggg���444���(ééé¡¡¡444���,DDD444444���), P�r(R)
(s(R), t(R)).

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.4'X�4�

4.4 'X�4�

��'XR�g�4�(é¡4�,D44�),�*þn)Ò
´�¹R�/��0�g�'X(é¡'X,D4'X).
e¡?Øéu�½�'X,XÛ¦§�n«4�? kl{ü
��¹`å.

½n 4.6
�R´8ÜAþ���'X,K
(1) eR´g��,Kr(R) = R¶
(2) eR´é¡�,Ks(R) = R¶
(3) eR´D4�,Kt(R) = R.

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.4'X�4�

4.4 'X�4�

�R´���'X�,ke¡�(Ø.

½n 4.7
�R´8ÜAþ���'X,K
(1) r(R) = R ∪ IA¶

(2) s(R) = R ∪ Rc¶

(3) t(R) =
∞⋃

i=1
Ri = R ∪ R2 ∪ R3 ∪ · · ·

back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.4'X�4�

4.4 'X�4�

~ 4.15
eA = {1, 2, 3}þ�'XR = {< 1, 2 >,< 2, 3 >,< 3, 1 >},
Á¦r(R)!(R)Út(R).
):
r(R) = {< 1, 1 >,< 1, 2 >,< 2, 2 >,< 2, 3 >,< 3, 1 >,< 3, 3 >}¶
s(R) = {< 1, 2 >,< 2, 1 >,< 2, 3 >,< 3, 2 >,< 3, 1 >,< 1, 3 >}¶
duR2 = {< 1, 3 >,< 2, 1 >,< 3, 2 >},
R3 = {< 1, 1 >,< 2, 2 >,< 3, 3 >},
R4 = R,
R5 = R2,
· · ·
���¹e,kR3n+1 = R, R3n+2 = R2, R3n = R3(n = 1, 2, · · · ).
�t(R) =

∞⋃
i=1

Ri = R ∪ R2 ∪ R3 = A× A .
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.4'X�4�

4.4 'X�4�

~ 4.15
eA = {1, 2, 3}þ�'XR = {< 1, 2 >,< 2, 3 >,< 3, 1 >},
Á¦r(R)!(R)Út(R).
):
r(R) = {< 1, 1 >,< 1, 2 >,< 2, 2 >,< 2, 3 >,< 3, 1 >,< 3, 3 >}¶
s(R) = {< 1, 2 >,< 2, 1 >,< 2, 3 >,< 3, 2 >,< 3, 1 >,< 1, 3 >}¶
duR2 = {< 1, 3 >,< 2, 1 >,< 3, 2 >},
R3 = {< 1, 1 >,< 2, 2 >,< 3, 3 >},
R4 = R,
R5 = R2,
· · ·
���¹e,kR3n+1 = R, R3n+2 = R2, R3n = R3(n = 1, 2, · · · ).
�t(R) =

∞⋃
i=1

Ri = R ∪ R2 ∪ R3 = A× A .
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.4'X�4�

4.4 'X�4�

O�t(R)�, 3��5`´�æ��, ��A´k�8Ü�,
O�Aþ'X�D44��±5�{ü
,we¡�(Ø.

½n 4.8
�8ÜA´k�8, |A| = n, R´Aþ�'X, K�3��êk,
¦�

t(R) = R ∪ R2 ∪ · · · ∪ Rk

ùpk ≤ n.

ù�½nL²,k�8Üþ'X�D44�ØI�¦Ã�õ
�8Ü�¿8. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.58Ü�y©ÚCX

4.5 8Ü�y©ÚCX

½Â 4.9
er����8ÜA©¤eZ���©¬���f8, ¦
�A¥z���áuÙ¥���©¬, ù
©¬��N�¤
�8Ü��A���CCCXXX. ?�A¥z���TÐáu�
�©¬�,d��CX��yyy©©©,�¡©y.

back
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1oÙ ��'X

4.58Ü�y©ÚCX

4.5 8Ü�y©ÚCX

þ¡�½Â�±)º�:

�½8ÜA 6= ∅, S = {A1,A2, · · · ,Am}, A1, A2, · · · , Am´A�

��f8, �
m⋃

i=1
Ai = A, K8ÜS��8ÜA�CX. ?�Ú,

eAi ∩ Aj = ∅(i 6= j, i, j = 1, 2, · · · ,m), @o, S ��A���
y©.

Uì½Â,y©�½´CX,�CXØ�½´y©. back
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1oÙ ��'X

4.58Ü�y©ÚCX

4.5 8Ü�y©ÚCX

~ 4.16
éu8ÜA = {a, b, c}, �Äe�dA�,
f8�¤�8
Üµ

D = {{a}, {b, c}},
G = {{a, b, c}},
E = {{a}, {b}, {c}},
S = {{a, b}, {b, c}},
F = {{a}, {a, c}},
Q = {{a}, {a, b}, {a, c}}.
Uì½Â, ��D, G, E, SÚQ´A�CX, D, GÚE´A �y
©. FØ´CX,g,Ø´y©. back
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1oÙ ��'X

4.58Ü�y©ÚCX

4.5 8Ü�y©ÚCX

~ 4.16
éu8ÜA = {a, b, c}, �Äe�dA�,
f8�¤�8
Üµ

D = {{a}, {b, c}},
G = {{a, b, c}},
E = {{a}, {b}, {c}},
S = {{a, b}, {b, c}},
F = {{a}, {a, c}},
Q = {{a}, {a, b}, {a, c}}.
Uì½Â, ��D, G, E, SÚQ´A�CX, D, GÚE´A �y
©. FØ´CX,g,Ø´y©. back
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1oÙ ��'X

4.58Ü�y©ÚCX

4.5 8Ü�y©ÚCX

½Â 4.10
�A = {A1,A2, · · · ,Am}, B = {B1,B2, · · · ,Bn} ´8ÜX�ü
�ØÓ�y©,¡8Ü

S = {Ai ∩ Bj | (Ai ∩ Bj 6= ∅, i = 1, 2, · · · ,m¶j = 1, 2, · · · , n)}

��A�B�������.

½n 4.9
�A = {A1,A2, · · · ,Am}, B = {B1,B2, · · · ,Bn} ´8ÜX�ü
�ØÓ�y©,KA�B���´8ÜX���y©.

back
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1oÙ ��'X

4.58Ü�y©ÚCX

4.5 8Ü�y©ÚCX

½Â 4.11
�½8ÜX�?¿ü�y©A = {A1,A2, · · · ,Am}�
B = {B1,B2, · · · ,Bn},eéz�AiþkBj¦�Ai ⊆ Bj,K¡y
©A�y©B�\\\[[[.

½n 4.10
?Ûü«y©���y©Ñ´��y©��«\[.

back

lÑêÆ9ÙA^?�|, 2017c12� 310 / 839



lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.6S'X

4.6 S'X

¢ê8Rþ��u�u'X/60´g��, �é¡�ÚD
4�. ü�¢ê�±'���,ùNy´�«ê�^SA5,
e¡Ò0�k'S��«'X.

½Â 4.12
�R´8ÜAþ�'X. eR´g��!�é¡�ÚD4�,
K¡R�Aþ�   SSS'''XXX, 8ÜAëÓÙþ� S'XR¤/
¤���|< A,R >�� S8.

back
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1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.17
¢ê8Rþ��u�u'X/60´ S'X. < R,≤>´ 
S8.

~ 4.18
��8ÜA¤kf8|¤�8ÜP(A)þ��¹'X/⊆0´
 S'X, < P(A),⊆>´ S8.

~ 4.19
�Z+´��ê8Ü, a, b ∈ Z+, ea�Øb, P�a | b, �Ø'
X/|0´Ø´Z+þ� S'X?

back
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1oÙ ��'X

4.6S'X

4.6 S'X

þ¡�Þ
A� S8. 8�, �
�B�*, ·�^Î
Ò4L« S'X(^ù�ÎÒ��Ï�±@�²��≤Ò
´��AÏ� S'X).ù� S8Ò�±�¤< A,4>�
�f.
éu S8A�ü���x, y, ex�yk S'X4, =x 4 y,
·�Ø�òdÎÒÖ¤/x�u�uy0, ?, ex �yØ�
�,K�±`x�uy½öy�ux. ØLI�5¿,ù�´/^
²��Ö{®. back
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1oÙ ��'X

4.6S'X

4.6 S'X

3x S'X�'Xã�, �
SN�±{z, e¡?Øù
�¯K.

½Â 4.13
�< A,4>´�� S8, ex, y ∈ A, x 4 y, x 6= y�vkÙ
§��z ∈ A÷vx 4 z 4 y,K¡��yXXX444��x.
-

COV(A) = {< x, y > |x, y ∈ A, yX4x}

¡COV(A)�< A,4>�XXX444'''XXX.

back
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1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.20
ykA = {1, 2, 3, 4, 6, 12}Ú S8< A, |>´ S8, ùp
/|0´�Ø'X.Á¦COV(A).

):
COV(A) = {< 1, 2 >,< 1, 3 >,< 2, 4 >,< 2, 6 >,
< 3, 6 >,< 4, 12 >,< 6, 12 >}. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.20
ykA = {1, 2, 3, 4, 6, 12}Ú S8< A, |>´ S8, ùp
/|0´�Ø'X.Á¦COV(A).

):
COV(A) = {< 1, 2 >,< 1, 3 >,< 2, 4 >,< 2, 6 >,
< 3, 6 >,< 4, 12 >,< 6, 12 >}. back
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lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.6S'X

4.6 S'X

|^X4'X�” 4 ”�MdãQ{üq�g�Ù. MMMdddããã
������ããã555KKK´µ

(1) ^���£½��:¤�L��¶
(2) XJx 4 y�x 6= y,Kò�Ly���:x3�Lx���
:�þ¡¶

(3) XJ< x, y >∈ COV(A),K3x�y�m^��ë�.
back

lÑêÆ9ÙA^?�|, 2017c12� 316 / 839



lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.21
A = {1, 2, 3, 4, 5, 6}, < A, |>, |´Aþ�,'X'X,Mdã
�µ

 

Á¯¦A�'Xã,I�Öþ@
k�>?

): back
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1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.22

�A = {2, 3, 6, 12, 24, 36}, |´Aþ��Ø'X, ¦ S8< A, |>�Md
ã.

)))µµµCOV(A) = {< 2, 6 >,< 3, 6 >,< 6, 12 >,< 12, 24 >,< 12, 36 >},
Mdã�µ

 

HasseãÙ¢Ò´ò S'X~5½Âe�'Xã�Kz�(:þ�
�>Ú�KduD4�)�>±9ü�k'X������3e>,
2�Kz^>�����ã. back
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1oÙ ��'X

4.6S'X

4.6 S'X

½Â 4.14
�< A, 4>� S8, B´A�f8, b ∈ B.
(1) e3B¥Ø�3'b�����,K¡b´B�444������.
(2) e3B¥Ø�3'b�����,K¡b´B�444������.
(3) eB¥�z�Ø�b��Ñ'b�,K¡b´B����������.
(4) eB¥�z�Ø�b��Ñ'b�,K¡b´B����������.

5¿þãVg��O:

8ÜB�����½�4��,uL5�7.
8ÜB�����½�4��,uL5�7.

back
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1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.23
A = {2, 3, 6, 12, 24, 36},�Ø/|0´Aþ� S'X,
Ak4��2, 3,k4��24, 36, Avk���Ú���.

éuA�f8B1 = {2, 3, 6, 12},
B1�4��´2, 3, B1vk���, B1�4��´12, 12�´
���.

éuA�f8B2 = {6, 12, 24}, B�4��Ú���Ñ´6,
B�4��Ú���Ñ´´24.

back
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1oÙ ��'X

4.6S'X

4.6 S'X

þ¡�~fL²4��½ö4��ÑØ´���,���Ú
���Ñ´���.
���¹e�k

½n 4.11
�< A,4>� S8, B´A�f8, eBk���(���),
K���(���)Ñ´���.

back
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1oÙ ��'X

4.6S'X

4.6 S'X

½Â 4.15
�< A,4>� S8, B´A���f8,
(1) eA¥�3��a,¦B¥�z���Ñ�u�ua,K¡a
�B�þ..

(2) eA¥�3��a,¦B¥�z���Ñ�u�ua,K¡a
�B�e..

(3) �C´B�¤kþ.�¤�8Ü, =C = {y |
y´B�þ.}, C����e�3,¡�B�þ(..

(4) �C´B�¤ke.�¤�8Ü, =C = {y |
y´B�e.}, C����e�3,¡�B�e(..

back
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1oÙ ��'X

4.6S'X

4.6 S'X

~ 4.24
�8ÜA = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11},  S8�<
A,4>MdãXeã¤«.

 ,
back
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1oÙ ��'X

4.6S'X

4.6 S'X

8ÜB1 = {1, 2, 3, 4, 5, 6, 7}�þ.k8, 9, 10, 11.

8ÜB2 = {8, 9, 10, 11}�e.k1, 2, 3, 4, 5, 6, 7.

2, 3, 4, 5ÑØ´8ÜB3 = {6, 7, 8, 9}�e..

8ÜB4 = {6, 7, 8, 9, 10, 11}�e(.´1.

B = {2, 3, 4, 5}�þ(.Ø�3.
back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

½Â 4.16
e8ÜAþ���'XR, Ó�äkg�5!é¡5ÚD4
5,K¡R´Aþ����ddd'''XXX.

~ 4.25
²¡þ¤kn�/|¤8Üþ�n�/�m��q'X´
�d'X.

back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

~ 4.26
�Z��ê8, m´�½���ê. ½ÂZþ���'
XR�µ

R = {(a, b) | a ≡ b (mod m)}

KR´Zþ��d'X.

): back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

~ 4.27
�A = {0, 1, 2, 3, 5, 6, 8}, R�Zþ��3�d'X,K
R = {< 0, 0 >,< 1, 1 >,< 2, 2 >,< 3, 3 >,< 5, 5 >,
< 6, 6 >,< 8, 8 >,< 0, 3 >,< 3, 0 >,< 0, 6 >,< 6, 0 >,
< 2, 5 >,< 5, 2 >,< 2, 8 >,< 8, 2 >,< 3, 6 >,< 6, 3 >,
< 5, 8 >,< 8, 5 >},
R�'XãXe.

 

back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

½Â 4.17
�R´��8ÜAþ��d'X,?�a ∈ A, A¥¤k�ak'X�
���¤�8Ü

[a]R = {x | xRa}

��d'XR(½�a��da,{P�[a].

~ 4.28
�ê8ÜZþ��3�d'X��dakµ
[0] = {· · · ,−6,−3, 0, 3, 6, · · · },¤k3��ê��ê.
[1] = {· · · ,−5,−2, 1, 4, 7, · · · },¤k3��ê��ê+1.
[2] = {· · · ,−4,−1, 2, 5, 8, · · · },¤k3��ê��ê+2.

back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

½n 4.12
�R´8ÜAþ��d'X,K
(1) é?¿a, b ∈ A,½ö[a] = [b]½ö[a] ∩ [b] = ∅¶
(2)

⋃
a∈A

[a] = A.

½n 4.13
�R´8ÜAþ��d'X.?�a, b ∈ A,k

aRb��=�[a]R = [b]R

back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

½Â 4.18
�R�8ÜXþ��d'X,¤k�da�¤�8Ü

{[a]R | a ∈ X}

��X'uR�ûûû888,P�X/R.

~ 4.29
�ê8ÜZþ��3��d'X�û8´

Z/R = {[0]R, [1]R, [2]R}.

back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

½n 4.14
8ÜXþ��d'XR, û½
X���y©, Ty©Ò´û
8X/R.

½n 4.15
8ÜXþ���y©(½X¥��m��«�d'X.

back
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1oÙ ��'X

4.7�d'X��da

4.7 �d'X��da

½n 4.16
�R1�R2Ñ´8ÜXþ��d'X,K

R1 = R2��=�X/R1 = X/R2.

~ 4.30
�X = {a, b, c, d, e},Á¦y©S = {{a, b}, {c}, {d, e}}
(½��d'X.

): back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

¼ê´��Ä��êÆVg, ùp·�r¼ê���«
AÏ�'X?1ïÄ, ~X, O�Å¥rÑ\ÑÑm�
'Xw¤´�«¼ê¶aq/, 3m'nØ!gÄÅn
ØÚ�O�5nØ�+�¥¼êÑkX9Ù2��A^.

back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

½Â 4.19
�X, Y´ü�8Ü, f´X�Y���'X,
(1) eé?�x ∈ X, Ñk���y ∈ Y, ¦�< x, y >∈ f , K
¡ f�X�Y�¼¼¼êêê,P�µf : X → Y.

(2) e< x, y >∈ f , y��x����,P�y = f (x), x�y���.¤
k��8ÜP�f (X),��¼êf����888.

(3) f : X → Y, X¡�¼êf�½½½ÂÂÂ���, P� domf , ¡�
8f (X)�¼êf�������,P�rangef , Y ¡�¼êf�������.

��´���f8. back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê
�X = {a, b, c}, Y = {0, 1}, X�Y�'X�k26 = 64�, �
�±��¼ê�'X�k23 = 8�,§�´µ

f0 = {< a, 0 >,< b, 0 >,< c, 0 >}
f1 = {< a, 0 >,< b, 0 >,< c, 1 >}
f2 = {< a, 0 >,< b, 1 >,< c, 0 >}
f3 = {< a, 0 >,< b, 1 >,< c, 1 >}
f4 = {< a, 1 >,< b, 0 >,< c, 0 >}
f5 = {< a, 1 >,< b, 0 >,< c, 1 >}
f6 = {< a, 1 >,< b, 1 >,< c, 0 >}
f7 = {< a, 1 >,< b, 1 >,< c, 1 >}

back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

½n 4.17
�|X| = m, |Y| = n,KlX�Y�õ�½Ânm�ØÓ�¼ê.

½Â 4.20
�f : X → Y,
(1) erangef = Y, K¡f�÷÷÷���¼¼¼êêê(Y¥�z���Ñ k
��).

(2) ∀x1, x2 ∈ X, ex1 6= x2, K f (x1) 6= f (x2), ¡f�üüü���¼¼¼
êêê(��ØÓ,K��ØÓ).

(3) e¼êfQ´÷�¼êq´ü�¼ê, K¡f�������NNN���
¼¼¼êêê.

back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

l��éA¼ê�½Â�±wÑ,ü�k�8Ü�m�´�
3��éA¼ê�{, Kü�8Ü�Äê7L�Ó, ��½
,.

�ke¡�(Ø:

½n 4.18
�A, B´k�8, f´A�B�¼ê,K:
f´ü�¼ê�,k|A| ≤ |B|.
f´÷�¼ê�,k|A| ≥ |B|.

back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

~ 4.31
�A = {0, 1, 2}, B = {0, 1}.

e f : f (0) = 0, f (1) = 0, f (2) = 0, Kf´A�B�¼ê, Ø´
ü�,Ø´÷�.

e g : g(0) = 0, g(1) = 0, g(2) = 1,Kg´A�B�¼ê,´÷
�,Ø´ü�.

back

lÑêÆ9ÙA^?�|, 2017c12� 338 / 839



lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.8¼ê

4.8 ¼ê

~ 4.32
�N´�K�ê8,é?¿n ∈ N,Á¯
(1)¼êf : N → N,Ù¥f (n) = n(mod3), f´�o¼ê?
(2)¼êg : N → N,Ù¥g(n) = b

√
nc, g´�o¼ê?

))):
(1) fØ´ü�¼ê,�Ø´÷�¼ê.
(2) gØ´ü�¼ê,´÷�¼ê. back

lÑêÆ9ÙA^?�|, 2017c12� 339 / 839



lÑêÆ9ÙA^�Æ��

1oÙ ��'X

4.8¼ê

4.8 ¼ê

~ 4.32
�N´�K�ê8,é?¿n ∈ N,Á¯
(1)¼êf : N → N,Ù¥f (n) = n(mod3), f´�o¼ê?
(2)¼êg : N → N,Ù¥g(n) = b

√
nc, g´�o¼ê?

))):
(1) fØ´ü�¼ê,�Ø´÷�¼ê.
(2) gØ´ü�¼ê,´÷�¼ê. back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

c¡·�Q²ò8ÜX�Y�'XR¥�Sé��� �?
1��½Â
R�_'XRc, Rc´Y�X�'X.
éu¼êf5`, ØU{ü/^��ÙSé^S��{½Â
_¼êf c, ù´Ï��¼êf : X → Y���=´Y���ý
f8�(fØ´÷�¼ê), ù�Y¥�,
��Ø¬k�, ù
ØÎÜ¼ê��¦. ,	, e¼êf : X → YØ´ü�¼ê,
{ü/òf¥�Sé6�L5¬��Y¥�,�����é
Aü�ØÓ�êé,ù��¼ê�½ÂØÎ.

²Lù
©Û���, ��¼ê���éA¼ê�, ò
¼ê¥Sé��� �?1���½Â,	��¼ê.
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

½Â 4.21
�f�X�Y���éA¼ê, rf¥�SéÑ6�L5¤(
½�Y �X�'X��¼êf�_¼ê,P�f−1.

½n 4.19
�f : X → Y´����éA¼ê, @of c : Y → X�´��
éA¼ê.

~ 4.33
�A = {1, 2, 3}, B = {a, b, c}, f = {< 1, a >,< 2, c >,<
3, b >}´A�B ���éA¼ê, f�_'Xf c = {< a, 1 >
,< c, 2 >,< b, 3 >}´B�A���éA¼ê.
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4.8¼ê

4.8 ¼ê

e¡�Äü�¼ê�EÜ¯K.

½Â 4.22
�f : X → Y, g : W → Z,ef (X) ⊆ W,K¡

{< x, z >| ∃y(y ∈ Y) ∧ (< x, y >∈ f ) ∧ (< y, z >∈ g)}

���f�g�EEEÜÜÜ¼¼¼êêê,P�g ◦ f .

5¿f�g�EÜ¼êP�g ◦ f ,Ø´f ◦ g,Ì�´�Ä�¼ê
¥²~ògCþ�3¼êÎÒ�m>. ◦�EÜ$�Î.
f�g�EÜ¼êg ◦ f´ò��xN��g(f (x)),=(g ◦ f )(x) =
g(f (x)). back
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1oÙ ��'X

4.8¼ê

4.8 ¼ê

½n 4.20
¼ê�EÜ$�÷v(ÜÆ.

~ 4.34
�X = {1, 2, 3}, Y = {p, q}, Z = {a, b},
f = {< 1, p >,< 2, p >,< 3, q >},
g = {< p, b >,< q, b >},¦g ◦ f .

)))µµµg◦f = {< 1, b >,< 2, b >,< 3, b >}. back
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~ 4.35
�R´¢ê8,ke¡n�R�R�¼êµ
f (x) = x + 2, g(x) = x− 2, h(x) = 3x.
¦f ◦ g, g ◦ f , f ◦ f , (f ◦ h) ◦ g.

)))
(f ◦ g)(x) = f (g(x)) = f (x− 2) = x− 2 + 2 = x,
(g ◦ f )(x) = g(f (x)) = g(x + 2) = x + 2− 2 = x,
(f ◦ f )(x) = f (f (x)) = f (x + 2) = (x + 2) + 2 = x + 4,
(f ◦ h) ◦ g(x) = f (h(g(x))) = f (h(x− 2)) = f (3(x− 2))
= 3(x−2)+2 = 3x−4. back
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4.8¼ê

4.8 ¼ê

½n 4.21
eg ◦ f´��EÜ¼ê,
(1) XJgÚf�÷�¼ê,Kg ◦ f�÷�¼ê.
(2) XJgÚf�ü�¼ê,Kg ◦ f�ü�¼ê.
(3) XJgÚf���N�¼ê,Kg ◦ f���N�¼ê.

½n 4.22
�f : X → Y´��N�¼ê,K
(1) f ◦ IX = IY ◦ f = f¶
(2) (f−1)−1 = f¶
(3) f−1 ◦ f = IX, f ◦ f−1 = IY
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4.8¼ê

4.8 ¼ê

Ù¥IX, IY©O´8ÜXÚYþ�ððð���¼¼¼êêê£££===ððð���'''XXX¤¤¤.

½n 4.23
�f : X → Y, g : Y → ZÑ´V�¼ê,K (g◦ f )−1 = f−1◦g−1.

þã(Ø��y²,ë���. back
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8¹

1 1�Ù ·KÜ6

2 1�Ù ¢cÜ6

3 1nÙ 8ÜØ

4 1oÙ ��'X

5 1ÊÙ ãØ

6 18ÙÐ�êØ

7 1ÔÙ �êXÚ

5.1eZãØ²;¯K

5.2ã�Ä�Vg9Ý
L«

5.3´�ëÏÝ

5.4î.ã�M��îã

5.5�Üã���

5.6²¡ã

5.7ä
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ãØ´±ã�ïÄé��êÆ©|"ãØ¥�ã��´�

:±9ë�ù
:���oN"Ï~^:�L¯Ô§^
ë�ü:���L¯Ôm�'X"~X§I[^:L«§
k	�'X�I[^�ë��Lùü�I[�:§u´
.�I�m�	�'XÒ���ã/£ãÑ5
"^ó²
6§ã5£ã,�ó§¥�óS�m�k�'X§^�ä
ã5£ã,ÏÕXÚ¥�ÏÕÕ�m&ED4'X§^m
'>´ã5£ãIC¥���>´��ë�'X��"¯¢
þ§?Û���¹
,«��'X�XÚÑ�±^ã/5
�["ïÄã�Ä�VgÚ5�!ã�nØ9ÙA^�¤

ãØ�Ì�SN"
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xxxZZZddd���ÔÔÔxxx¯̄̄KKK

 

ÀÊ°¬�xZd�¢ uÊX��£Pregel¤à�üW§
à¥k���§¢½�à�©|Ú�©¤
o�Ü©§�
Ü©ÏL7�x*d�Ï§Xã¤«"T¢�Ø¬U�3(
ÏF7¢ÑÚ"u´�)
ù���¯KµloÜ©º/
?�¬Ñu§U�o��´�U��z�x²L�g�=
�g�£Ñu:" back
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5.1eZãØ²;¯K

5.1 eZãØ²;¯K

oooÚÚÚ¯̄̄KKK
oÚ¯K´��Í¶�êÆ½nµXJ3²¡þyÑ�

���k�«�§@o�±Øõu^o«ôÚ5�ù

«�/Ú§¦�zü���«�/�ôÚÑØ��"
oÚ¯Kq¡oÚß�!oÚ½n§´.n�êÆß
���"��õV±5§êÆ[��y²ù^½n�¦
M�§¤Ú?�Vg��{e-
ÿÀÆ�ãØ�)�!
uÐ"1976 c§pZd.C��£K.Appel¤Ú»Åe.M�
£W.Haken¤/Ï>fO�ÅÄg�������y²§
oÚ¯K�ªu¤�oÚ½n" back
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���iii...¯̄̄KKK
dU©Æ[M�î£WilliamRowanHamilton¤JÑ§3�
�./ã�ä¥§Ïé�^l�½�å:��½�ª:
÷åTÐ²L¤kÙ¦¢½�g�´»"�äHamilton�
i.¯K´Äk)§�8c���vkk���{"
ù��ÏÓ�Ñy
±ã�óä�)ûÙ§+�¥�

¯K�¤J"1847 c�I��F¿Å£G.R.Kirchoff¤
òä�VgÚnØA^uó§Eâ�>�ä�§|�ï
Ä"1857c=I�p4£A.Cayley¤�Õá/JÑ
ä�
Vg§¿A^ukÅzÜÔ�©f(��ïÄ¥"1936c
:ß|�êÆ[xZ�£D.Konig¤�Ñ
1��ãØ;Í
5k�ã�Ã�ã�nØ6"
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5.1 eZãØ²;¯K

²²²¡¡¡ãããÚÚÚ<<<MMM>>>´́́���������OOO
1936c±�§du)�+n!�¯!�Ï$Ñ!O�
ÅÚÏÕ�ä��¡��þ¯K�Ñy§��r?

ãØ�uÐ"AO´>fO�Å��þA^§¦�5
�¯K�¦)¤��U"¢S¯KX>�ä!�Ï�
ä!>´�O!êâ(�±9�¬�Æ¥�¯K¤�
9��ã/Ñ´éE,�§I�O�Å��Ïâk�
U?1©ÛÚ)û"8cãØ3Ôn!zÆ!$ÊÆ!
O�Å�Æ!>fÆ!&EØ!��Ø!�änØ!
�¬�Æ9²L+n�A�¤kÆ�+�ÑkA^"
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5.1 eZãØ²;¯K

²²²¡¡¡ãããÚÚÚ<<<MMM>>>´́́���������OOO
²¡ã´�¦·�rãUx3²¡þ§¦�Ø´!:�/
�ØUk>���ã"<M>´�£PrintedCircuitBoard¤
<M>´�§3�OÚ�E<M>´��§Äk�)û
�¯K´�½���½�>´ã´ÄU<M3Ó���
þ¦��Øu)á´ºe�±§N��ÑäN�Ù��
Yºò�<M�>´ãw¤´��Ã�{üëÏãG§Ù
¥º:�L>f��§>�L��§u´þã¯K8(�
�½G ´Ä´²¡ã"²¡ã��ä¯K§3êÆþ®d
Å=êÆ[¥.÷ÅdÄ£Kuratowski¤u1930c)û"
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5.1 eZãØ²;¯K

$$$ÑÑÑ���äää
gl�F¿Å$^ãØl¯>´�ä�(�©Û±5§�
änØ�ïÄÚA^Ò�5�2�"AO´CA�c5§
>´�ä!$Ñ�ä!ÏÕ�ä��ó§ÚA^���'
��KÉ�
pÝ�À"$Ñ�ä�¢S¿Â´/ÀÔ
l�/s£¤§ÏLk��Nþ�$Ñ�´£k�>¤9
eZ¥=Õ§��8�/t£®¤0ùa�/����."
�½$Ñ�ä§�¦N�¦3ü �mS$Ñþ��"
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ÏÏÏÕÕÕ���äää
>{�ä!O�Å�ä!+n&EXÚ!��êâ�
ä!Õ1êâ�ä!m'�ä��"ù
�ä�Ä�
�¦´�ä¥�^rU
¯�S�/D4&E§Ø�
)��Ú�æ§Ó�¦ïEÚ�o�ä¤I¤^$"
ÏÕ�ä¥����N¯K´�ä�ÿÀ(�"ÏÕ
�ä���Ä6þÚ��¯K!�ä���5�¯K"
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5.1 eZãØ²;¯K

������äää���AAA^̂̂
cMè£MÅù?è¤3ÏÕXÚ¥§~^�?�5L
«iÎ"�duiÎÑy�ªÇØ��±9�
����
Ï§UÄ^Ø����?�êL«ØÓ�iÎ§¦DÑ�
&E¤^�oè�¦�U�Qº�´Ø���?è�Y�
?èÚÈè�5
(J"Huffman u1952 cJÑ�«?è
�{§T�{���âiÎÑyVÇ5�EÉiÞ�²þ
�Ý�á�èi§ù�?èÒ��Huffman?è£k��¡
�¿Åù?è¤"
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5.1 eZãØ²;¯K

���ááá´́́¯̄̄KKK
e�ä¥�z^>Ñk��ê�£�Ý!¤�!�m
�¤§KéÑü!:£Ï~´!:Úª!:)�mo�
Ú���´»Ò´�á´¯K"�á´¯K�^5)û+
´Á�!�´SC!�«ÙÛÚ���#�¢S¯K"
�á´¯K���;.A^´3´dìþ§´dìU^�
á´�{ÀJÏ�¯$�C´"
�á´¯K�,��;.A^´^3gÌ�Ê¥"
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5.2ã�Ä�Vg9Ý
L«

5.2 ã�Ä�Vg9Ý
L«

½Â 5.1
��ãããG´����|G =< V(G),E(G) >§Ù¥V(G)´
��k����8Ü§¡�º:8§Ù��¡�(((:::½ººº
:::§Ï~^vL«º:¶E(G)´��±º:é���§¿�
���E�8Ü§Ù��¡�>>>"

eE(G)´�ÜdÃSé�¤§¡G =< V(G),E(G) >�ÃÃÃ
���ããã§ÃSé(u, v)éAëXº:uÚº:vÃ�>"eE(G)
´�ÜdkSé�¤§¡G =< V(G),E(G) >�kkk���ããã§
kSé< u, v >éAlº:u�º:v�k�>"eE(G)´d
ÃSéÚkSé�Ó�¤§¡G =< V(G),E(G) > �···ÜÜÜ
ããã"
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5.2ã�Ä�Vg9Ý
L«

5.2 ã�Ä�Vg9Ý
L«

~~rV(G)ÚE(G)©O{P�VÚE§Ï~^
G =< V,E >L«ã§k�{ü^ãGL«ãG =< V,E >"
Ã�ã§k�ã§·ÜãÚ¡�ããã"
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L«

5.2 ã�Ä�Vg9Ý
L«

½Â 5.2
ãG�(:ê¡�G����§n�(:�ã¡�n���ããã"
~^eL«>§Xe =< v1, v2 > L«e´�^lv1�v2 �k
�>"

�âã�ù«½Â§éN´|^ã/5L«ã"ã/�L
«�{äk�*5§�±�Ï·�
)ã�5�"3ã�
ã/L«¥§z�(:^����:L«§z^>^�^
©O±(:vÚu�à:�é�L«"±�^ã/5��L
«ã"
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ã£a¤´Ã�ã§ã£b¤´k�ã§ã£c¤´·Ü
ã"
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��ã�ã/L«{�UØ´���"L«(:��:Ú
L«>��§§�� �´vk¢S¿Â�"Ïd§éu
Ó��ã§�UxÑéõL¡Ø���ã/5"þã´Ó
��ã��«x{ §�¡¬ù�§ù��ã´p�Ó�
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L«

5.2 ã�Ä�Vg9Ý
L«

½Â 5.3
ee = (u, v)½e =< u, v >´ãG��^>§K¡(:uÚv´
���������§¿�¡>e©O�uÚv'''ééé"e
e =< u, v > ´k�>§¡uÚv´>e�©©©:::ÚÚÚªªª:::§e
ãG�ü^>e1Úe2 Ñ�Ó��(:'é§¡e1 Úe2 ´���
������"

3ã�½Â¥§E(G)XJkE��§½Sé�����
�Ó§KãG´��õõõããã"3õã¥§�Ó�é(:
'é�ü^½ü^±þ�>½E(G)¥�ÓSééA�>¡
�²²²111>>>§'éÓ��(:��^>¡����½ggg£££´́́"v
k²1>Ú��ã¡�{{{üüüããã" back
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½Â 5.4
3��ã¥Ø�?Û(:����(:§¡����ááá:::§
�d�á:�¤�ã�"""ããã§=d���á:�¤�ã�
²²²���ããã §eã¥�º:8V = ∅§¡Tã����ããã"òõ
ã�²1>��±�^>§�K�§Ò�±����{ü
ã"ù����{üã¡��5ã�ÄÄÄããã"3ïÄ,
ã
Ø¯K§XëÏ§:XÚ§:Õá8§M�îãÚ²¡5
¯K����ÄéA�ÄãÒ1
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L«

{üãG =< V,E >¥ez�é(:mÑk>�ë§K¡T
ã�������ããã"kn �(:�Ã���ãP�Kn"zé(:
�m�k>é(�{ük�ã¡�kkk���������ããã"n�(:
���ã�>ê� n(n−1)

2 "

½Â 5.5
ãG¥(:v�ÝêdG(v)´G¥�v'é�>�ê8§{¡
�ÝÝÝ§P�d(v)" z��3O�Ý���ü^>"ék�
ã§º:v��>�ª:�gê�v�\\\ÝÝÝ§P�d−(v)§º
:v��>�©:�gê�v�ÑÑÑÝÝÝ§P�d+(v)"
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5.2ã�Ä�Vg9Ý
L«

5.2 ã�Ä�Vg9Ý
L«
- ∆(G) = max{d(v)|v ∈ V(G)},δ(G) = min{d(v)|v ∈ V(G)}
©O¡�ãG�������ÝÝÝÚ������ÝÝÝ§{P�µ∆§δ"
1736cî.�ÑºÃ½n§´ãØ�Ä�½n"

½n 5.1
z��ã(:Ýê�oÚ�u>ê�ü�"

duz^k�>3O�\ÝÚÑÝ���O��g§¤±
kXe½nµ

½n 5.2
3?¿k�ã¥§¤k(:\Ý�Ú�u¤k(:ÑÝ�
Ú§Ñ�u>ê"
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½Â 5.6
�G =< V,E >ÚG′ =< V ′,E′ >´ü�ã§e÷vV ′ ⊆
V�E′ ⊆ E§K¡G′´G �fffããã"AO/§�V ′ = V �§
¡G′´G�)))¤¤¤fffããã¶�V ′ ⊂ V½E′ ⊂ E �§¡G′´G�ýýý
fffããã¶�V ′ = V �E′ = E½E′ = ∅�§¡G′´G �²²²���fff
ããã¶é?¿u ∈ V ′, v ∈ V ′§e(u, v) ∈ G7k(u, v) ∈ G′§½
>< u, v >∈ G7k< u, v >∈ G′§¡G′´G����ÑÑÑfffããã"
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½Â 5.7
�G =< V,E >�n�Ã�{üã§-
E = {(u, v)|u ∈ V ∧ v ∈ V ∧ u 6= v∧ < u, v >/∈ E}
¡G =< V,E >�G�ÖÖÖããã"

w,§ãG�´ãG�Öã§¡§�p�Öã"ã£a¤�
ã£b¤p�Öã§ã£c¤�ã£d¤p�Öã"

 

back

lÑêÆ9ÙA^?�|, 2017c12� 369 / 839



lÑêÆ9ÙA^�Æ��

1ÊÙ ãØ

5.2ã�Ä�Vg9Ý
L«

5.2 ã�Ä�Vg9Ý
L«
��ã�ã/L«Ø�½´���§�kéõL¡þw5
q�ØÓ�ã%�±kX4��qã/L«§ù
ã�m
��O=3u(:Ú>�¶¡��É§l��'X�¿
Âþw§§���þÑ´���§�±r§�w¤´Ó�
�ã�ØÓLy/ª§ùÒ´ã�Ó�Vg"Ó��ãk
Ó��5�§�±��Ó�aã5ïÄ"

½Â 5.8
�G =< V,E >ÚG

′
=< V

′
,E
′
>´ü�ã§XJ�3V�

ϕ : V → V
′
§¦�

(u, v) ∈ E ⇔ (ϕ(u), ϕ(v)) ∈ E
′

½< u, v >∈ E ⇔< ϕ(u), ϕ(v) >∈ E
′
§K¡ãGÚãG

′
ÓÓÓ

���§¿P��G ∼= G
′
"
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½Â 5.9
�G =< V,E >´�n�ã§�EÝ
A = (aij)n×n§Ù¥§

aij =

{
1 < vi, vj >∈ E½(vi, vj) ∈ E½(vj, vi) ∈ E
0 < vi, vj >/∈ E�(vi, vj) /∈ E

K¡A�k�ãG�������ÝÝÝ
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Ã�ã���Ý
´�é¡
§1i 1���ÚT�(
:vi�Ý"k�ã���Ý
��Øé¡§1i1���Ú
´(:vi�ÑÝ§1j����Ú´(:vj �\Ý"
�ã���Ý
Xm¤«"

 

A =


1 1 1 0
0 0 0 1
0 1 0 0
0 0 0 0
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�Ã�ãG = (V,E)§V = {v1, v2, · · · , vn}§
E = {e1, e2, · · · , em}§-mij �º:vi�>ej�'égê§K
¡M = (mij)n×m �ÃÃÃ���ãããG���'''éééÝÝÝ


§P�M(G)"

�k�ãG = (V,E)¥Ã�§V = {v1, v2, · · · , vn}§
E = {e1, e2, · · · , em}§-

mij =


1 vi�ej�©:
0 vi�ejØ'é
−1 vi�ej�ª:

K¡M = (mij)n×m�kkk���ãããG���'''éééÝÝÝ


§P�M(G)"
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ãG1ÚG2�'éÝ
©O´µ

M1 =


1 1 0 0
1 1 1 0
0 0 0 1
0 0 1 1

§M2 =


1 −1 0 0 0
−1 1 1 0 0
0 0 0 −1 1
0 0 −1 1 −1
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Ã�ã£½k�ã¤G =< V,E >¥���(:Ú>��O
S�p = v0e1v1e2v2, · · · , ekvk§¡�G ��^då:v0�ª
:vk�´́́£££½½½kkk���´́́¤¤¤§ùpé¤k�1 6 i 6 k§>ei�å
:´vi−1§ª:´vi§>�ê8k´´��Ý"

�å:Úª:�Ó�§ù^´¡�£££´́́"e�^´¥¤
k�>þØ�Ó§ù^´¡�,,,"e�^´¥¤k�
(:þØÓ§ù^´¡�ÏÏÏ ´́́"4�Ï´§=Øv0 =
vk	§Ù{�(:þØ�Ó�´§Ò¡����½£££´́́" �
Ý�Ûê��¡�ÛÛÛ���§�Ý�óê��¡�óóó���"
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ã¥v2fv4gv3bv5av2ev1´�Ý�5�´§v2fv4gv3bv5av2´�Ý
�4�£´§ù�^´�´,§�v2fv4gv3bv5av2ev1Ø´Ï
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�G =< V,E >´�n�Ã�ã§�EÝ

P = (pij)n×n§Ù¥§

pij =

{
1 lvi�vj�3�^´§½i=j
0 lvi�vjØ�3´§

¡Ý
P�������555ÝÝÝ


"
XJ´k�ã§Kò´U�k�´=�"
¦��5Ý
�^Warshell�{" back
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ã£a¤Úã£b¤���5Ý
©O�µ

P1 =


1 1 1 1 0 0
1 1 1 1 0 0
1 1 1 1 0 0
1 1 1 1 0 0
0 0 0 0 1 1
0 0 0 0 1 1

§P2 =


1 1 1 1 0 0
1 1 1 1 0 0
1 1 1 1 0 0
1 1 1 1 0 0
1 1 1 1 1 1
0 0 0 0 0 1
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3��äkn�(:�ã¥§XJl(:u�(:v�3�^
´§Kl(:u�(:v�3�^Øõun-1^>�´"

íííØØØ3äkn�(:��¥§el(:vj�(:vk �3�^
´§K�3�^l(:vj�(:vkØõun^>�´"
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3��äkn�(:�ã¥§XJl(:u�g��3�^
£´§Kl(:u�g��3�^Øõun^>�£´"

3��Ã�ãG¥§(:uÚv�me�3�^´§K¡(
:uÚv3G¥´ëëëÏÏÏ�"3k�ã¥§(:u�vk�^k
��´§K¡u �v´k�ëÏ�§½¡�u��uv§P
�u→ v"k�ëÏ5q¡�������555"
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v1
v4

v3

v5

(b)
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v2
v3

v4

v5

(a)
v6

 

ã¥v1!v2!v3!v4*dÑ´ëÏ�§�v1�v5ØëÏ"
£b¤¥v1��v4§�v4 Ø��v1"
3��Ã�ã¥§ëÏ���«'X÷vg�5§é¡5
ÚD45§ëÏ���«'X´�d'X"
3��k�ã¥§ëÏ���«'X�÷vg�5ÚD4
5§Øä�é¡5§¤±§Ø´�d'X"
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éAuÃ�ãëÏ'X§�3XãG�(:8V���y
©V1,V2, · · · ,Vk§¦�G¥?Ûü�(:uÚvëÏ��=
�uÚváuÓ��©¬Vi(1 6 i 6 k)§ù�y©Ò´º:
8V'uº:�m�ëÏ'X���«�d'X����
da"¡�ÑfãG(Vi)�G���ëëëÏÏÏ©©©|||"ëÏ©|
´G�4�ëÏfã"ãG�ëëëÏÏÏ©©©|||êêêP�ω(G)"

Ã�ã¥?Û�:Ñ´ëÏ�ã(�k��ëÏ©|)¡
�ëëëÏÏÏããã§ëÏ©|ê�u1�ã¡��ëÏã"þ�
�ã£a¤¥k��ëÏ©|§V1 = {v1, v2, v3, v4}§V2 =
{v5, v6}§§Ø´�ëÏã"
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�G =< V,E >´ Ã � ã § e � 3V ′ ⊆ V§
¦ω(G − V ′) > ω(G)§�éu?¿�V ′′ ⊂ V ′§þ
kω(G−V ′′) = ω(G)§K¡V ′´G���:::���888¶AO/§
�v´G�:�8�§¡:v´G����:::"
�G =< V,E >´ Ã � ã § e � 3E′ ⊆ E§
¦ω(G − E′) > ω(G)§�éu?¿�E′′ ⊂ E′§þ
kω(G − E′′) = ω(E)§K¡E′´G���>>>���888£{¡�
8¤"AO/§�e ´G�>�8�§¡>e´G� ���>>>½
xxx"
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v2

v3

v4 v6
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ã¥{v3, v4}´��:�8§{v1, v3, v4}
Ø´��:�8"v5´�:"w,§��ãKnvk:�
8§§�ëÏ5U´�Ð�"
E′ = {(v1, v2), (v1, v3), (v1, v4)}´��>�8§�
E′′ = {(v1, v2), (v1, v3), (v1, v4), (v2, v4)}Ø´��>�8"
>(v5, v6)´�>"
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�ãG´Ã�ëÏã§K¡
κ(G) = min{|V ′||V ′�G�:�8}�G�:::ëëëÏÏÏÝÝÝ§κ(G)k
�{P�κ§qe
κ(G) > k(k > 1)§K¡G�këÏã"

:ëÏÝ´dëÏãG�)���ëÏfã§½dKn�
)��(:�fã¤I�í�����(:�ê8§w
,§κ(Kn) = n− 1"�ëÏã�:ëÏÝ�0"
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�ãG´Ã�ëÏã§K¡

λ(G) = min{|E′||E′�G�>�8}
�G�>>>ëëëÏÏÏÝÝÝ§λ(G)k�{P�λ§qe
λ(G) > r(r > 1)§K¡G�r>ëÏã" c���ã:ëÏ
ÝÚ>ëÏÝÑ´1">ëÏÝ´dëÏãG�)���ë
Ïfã¤I�í�����>�ê8"

½n 5.5
éu?ÛãG§�kκ(G) 6 λ(G) 6 δ(G)"
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{ük�ãG =< V,E >¥§?¿�é(:m§��k��
(:�,��(:´���§K¡ù�ã�üüüýýýëëëÏÏÏããã"
XJéuãG¥�?¿ü�(:üö�m´p����§
K¡ù�ã�rrrëëëÏÏÏããã"XJ3ãG¥Ñ���§ò§w
¤´Ã�ã§ã´ëÏ�§K¡Tk�ã�fffëëëÏÏÏããã§f
ëÏã{¡�ëÏã"

lc¡�½Â�±wÑ§rëÏã7´üýëÏ�§üý
ëÏ7´fëÏ�"§��_·KÑØý"
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ã¥£a¤´rëÏã§£b¤´ üýëÏã§£c¤´ f
ëÏã"
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��k�ã´rëÏ�§��=�G¥k��£´§§�
��¹z�(:�g"
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��k�ã´ü�ëÏ�§��=�G¥k��²Lz�
(:���g�Ï´"
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�uÚv´ãG¥�ü�(:§eu�v�3´§¡u�v�
m��á�´���u�v�m�ååålll§P��d(u, v)"
eu�vvk´§5½d(u, v) =∞"

3?nk'ã�¢S¯K�§  k���3§'Xúp
ê§$¤§¢½§<�ê±9Ed�"��ù��¡����
���"
�ãG =< V,E >§éG�z�^>e§�½��ê�W(e)§
¡�>e��§rù��ã¡�������ããã§P�
G =< V,E,W >"��ãk��¡D�ã½�ä"
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�½�K��ãG =< V,E,W >9º:uÚv§¦lº
:u�v��á´��{¡����ááá´́́¯̄̄KKK"

ØJwÑ§XJv0v1v2, · · · , vk´lu = v0�v = vk��á
´§Kéz��t(1 6 t 6 i − 1)§v0v1v2, · · · , vt§�´u =
v0�v = vt��á´"ù��`5�n"
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â�`5�n§E.W.Dijkstra1959c�Ñ
�á´�{"
�{�Ñlå:s�z�:��á´»"O�L§¥§D�
z��º:v��IÒl(v) = (l1(v), l2(v))"IÒ©[ÈIÒ
Ú��IÒ"3v�[ÈIÒl(v)¥§l2(v)´l
s �v�ål§l1(v)´ls�v��á´»þv�c��º:"
�l(v)´��IÒ�§l1(v)Úl2(v)©O´ls²L[ÈIÒ�
I:�v��Ý�á´»þv�c��º:Úù^´»��
Ý"
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DijkstraIIIÒÒÒ{{{
Ñ\µ��ãG =< V,E,W >Ús ∈ V§Ù¥
|V| = n,∀e ∈ E,W(e) > 0
ÑÑµs�G¥z�º:��á´»9ål
1.-l(s) ← (s, 0), l(v) ← (s,+∞)(v ∈ V − s), i ← 1, l(s)´[
ÈIÒ§Ù{IÒþ���IÒ§u← s¶
2.for�u'é���IÒ�º:v¶
3.if l2(u)+W(u, v) < l2(v) then-l(v)← (u, l2(u)+W(u, v))¶
4.O�l2(t) = min{l2(v)|v ∈ V�k��IÒ}§rl(t)U�[
ÈIÒ¶
5.if i < n then-u← t, i← i + 1=2¶
O�(å�§éz��º:u, d(s, u) = l2(u)§|^l1(u)
lum©£�é�lu�v��á´»"
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E.W.Dijkstra��á´�{�UO��½å©:�ª:��
á´§XJ�O�?¿�:m��á´§ù��{Òk"
�
"
Robert W.Floyd31962céÑ
��kn�!:�\�ëÏ
ã¥?¿�:m�áål��{"
Floyd�{ÏL¦n�n�Ý
D(1), · · · ,D(k−1),D(k), · · · ,D(n)

5O���n!:\�ã��áålÝ
§���D(n)B
´?Û�:m��á´Ý
§�A/�±��n�n�´»
£�Ý
R(1), · · · ,R(k−1),R(k), · · · ,R(n) "
Ý
D(k)L«Ý
¥?¿�é!:m��á´»�§Ý

R(k)�AL«?¿�é!:m��á´»£�Ý
§T´
»þ���?Ò!:Ø�uk" back

lÑêÆ9ÙA^?�|, 2017c12� 395 / 839



lÑêÆ9ÙA^�Æ��

1ÊÙ ãØ

5.3´�ëÏÝ

5.3 ´�ëÏÝ

-
d(0)

ij = wij

r(0)ij =

{
i if wij 6=∞
∞ ÄK

é1 6 k 6 n

O�
d(k)

ij = min{d(k−1)
ij , d(k−1)

ik + d(k−1)
kj }

r(k)ij =

{
k d(k−1)

ij > d(k−1)
ik + d(k−1)

kj

r(k−1)
ij ÄK

l½Â��§Ý
R¥rij��´lvi�vj��á´»þ;
�vi����:�SÒ§l�±£�vi�vj��á´»"
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^Dijkstra�{¦ã£a¤¥:s�Ù§�:��áål"

d�{�Ñ��á´»Xeã£b¤¤«§s�v6�´»
´sv2v4v5v6½sv2v1v4v5v6§�áål�7"

 

backlÑêÆ9ÙA^?�|, 2017c12� 397 / 839



lÑêÆ9ÙA^�Æ��

1ÊÙ ãØ

5.4î.ã�M��îã

5.4 î.ã�M��îã

î.31736c)ûÍ¶�xZd�ÔxJK¥§ïá
î
.ãa�35���nØ"ãØ�ïÄ�{���?\

êÆ�2�+�"

½Â 5.20
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½n 5.8
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½n 5.9
Ã�ãG´�î.ã��=�GëÏ�Tkü�ÛÝº:"
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éu�ä��ã´Ø´M�îã§�8c��§�vké
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������f^�^k��´l��më�å5¶
1�Ú§3d1�Ú���ã¥§éz�(:u§ò 
uue¡������U£XJ�3¤����f§3Ó
�Y²�þ�����(:¥m(:���(:�m�
f§±daí"
XJ´Ü�§kr�ä?n¤��ä§2�Xe?nµ�
m��ä¥m>ä���>ä��mfä?n"
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1ÊÙ ãØ

5.7ä

5.7 ä

eã¥£a¤´��4�ä§£B¤´¥m=zL§§£C¤
´§=z¤�2�ä"

 

back
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1ÊÙ ãØ

5.7ä

5.7 ä

½n 5.25
� k � �m� ä § Ù ä � ê �t§ © { : ê �i§
K(m− 1)i = t − 1"

~ 5.5
�k30Ì�§[�^��>��§¯I^õ�¬äko
«������"

) òo�äz�©{:w�´äko������§ä
�w�>�§K(4 − 1)i > 30 − 1§i = 10§¤±I�10¬
äko������"

back
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1ÊÙ ãØ

5.7ä

5.7 ä

½Â 5.36
3�ä¥§��(:�Ï´�Ý§Ò´lä��d(:�
Ï´¥�>ê"·�r©{:�Ï´�Ý¡�SSSÜÜÜÏÏÏ´́́���
ÝÝÝ§ä��Ï´�Ý¡�			ÜÜÜÏÏÏ´́́���ÝÝÝ"

½n 5.26
e����äkn�©{:§�SÜÏ´�ÝoÚ�I§	
ÜÏ´�ÝoÚ�E§KE = I + 2n"

back
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1ÊÙ ãØ

5.7ä

5.7 ä

��ä����A^Ò´�`ä¯K"

½Â 5.37
�k����ä§�kt¡ä�§©O��
w1,w2, · · · ,wt§T��ä¡�������������äää"

3����ä¥§e���wi�ä�§ÙÏ´�Ý�L(wi)§

·�rw(T) =
t∑

i=1
wiL(wi)¡�T����ä��"3¤k

��w1,w2, · · · ,wt���ä¥§é���¦w(T)���@
�ä§¡����`̀̀äää"
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1ÊÙ ãØ

5.7ä

5.7 ä
be�½�|�w1,w2, · · · ,wt§�E���`ä§·��
^e¡���½nµ

½n 5.27
�T���w1 6 w2 6, · · · ,6 wt ��`ä§K

£1¤���w1§w2�ä�´73"
£2¤±ä��vw1§vw2�f�©{:§ÙÏ´�Ý��"

½n 5.28
�T���w1 6 w2 6, · · · ,6 wt ��`ä§eò±�
�w1§w2�ä���f�©{:U���w1 + w2 �ä�§
����#äT ′§KT ′�´�`ä"
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1ÊÙ ãØ

5.7ä

5.7 ä

�âþ¡ü�½n§�¦���kt����`ä§�{
z�¦���kt − 1����`ä§q�{z�¦�
��t − 2 ����`ä§�daí"äN��{´µ
ÄkéÑü�����§��w1 Úw2§,�ét − 1�
�w1 + w2,w3, · · · ,wt¦����`ä§¿�òù��`
ä�(:vw1+w2©�)¤ü��fv1Úv2§�daí"d¡
�Huffman�{"

~ 5.6
��|��1,1,2,3,3,4,5,5§¦�A��`ä"

back
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5.7ä

5.7 ä

��ä�,��A^§Ò´cMè¯K"
3�ålÏÕ¥§~~^0Ú1�iÎG��=©i1Dx
&E§�´dui1¦^�ª�§ÝØÓ§�
~�&
Eþ§<�F"^�á�S�L«ª�¦^�i1"�
¦^ØÓ�Ý�S�L«i1�§·���Ä�,��
¯K´XÛé�Â�iÎG?1Èèº�{��Ò´¦^
d0Ú1|¤�2�cMè"

back
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1ÊÙ ãØ

5.7ä

5.7 ä

½Â 5.38
�½��d0Ú1|¤�S�8Ü§evk��S�´,�
�S��cM§TS�8Ü¡�2���cccMMMèèè§{¡�cccMMM
èèè"

~X000, 001, 01, 10´cMè§1, 0001, 000ÒØ´cMè"
back

lÑêÆ9ÙA^?�|, 2017c12� 448 / 839



lÑêÆ9ÙA^�Æ��

1ÊÙ ãØ

5.7ä

5.7 ä

½n 5.29
?Û����ä�ä��éA��cMè"

½n 5.30
?Û��cMèÑéA����ä�ä�"

back
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18ÙÐ�êØ

8¹

1 1�Ù ·KÜ6

2 1�Ù ¢cÜ6

3 1nÙ 8ÜØ

4 1oÙ ��'X

5 1ÊÙ ãØ

6 18ÙÐ�êØ

7 1ÔÙ �êXÚ

6.1�êÚØ{

6.2�ê

6.3�ê

6.4��ú�êÚ��ú�ê

6.5Ó{

6.6�{X

6.7 EULER¼êO�

6.8�gÓ{�§

6.9�{½n

6.10��

6.11�ê��â

6.12��3�èÆ¥�A^
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18ÙÐ�êØ

6.1�ê

6.1 �êÚØ{

�Ù0�Ð�êØ�k'�£, �)Ó{! �{X! �{
½nÚ�ê�â,��0���3�èÆ¥�A^.

kl�
Ä�Ä�Vgm©.
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18ÙÐ�êØ

6.2�ê

6.2 �ê

Ð�êØ¥����ê�Nõ5�Ñ���½m�/�9
�Ø5, �Ø5´Ð�êØ�Ä:, ÏdùÙ· �Äk?
Ø�Ø5�Ä�nØ.·���, ggg,,,êêê½ö������êêê��´
ê1, 2 · · · ,, ���êêê��´ê 0, ±1, ±2, · · · . �N�ê�8
ÜP�Z,�N��ê½g,ê�8ÜP� Z+.
w,, é?¿a, b ∈ Z, ka + b, a − b, ab ∈ Z, =Z'u\!
~!¦´µ4�,��3a, b ∈ Z,¦�a/b /∈ Z. Ïd·�I
��Ä�Ø, =ïÄ�o�ÿa/b ∈ Z. �d, ·�Ú\e¡
�Vg. back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

½Â 6.1
�a, b ∈ Z, �b 6= 0. XJ�3q ∈ Z, ¦�a = bq, K¡b���
ØØØa,P�b|a. d�, b��a�ÏÏÏêêê, a��b����êêê.

XJbØU�Øa,K^PÒb 6 |aL«.
é?¿�êa, w,1|a, =1´?¿�ê�Ïê; �a 6= 0�,
ka|0Úa|a, =´?¿�ê��ê, ?¿�"�ê´g��
Ïê�´g���ê.
XJ���ê´2��ê, ·�¡§�óóóêêê; ÄK¡§�ÛÛÛ
êêê.
Ï����"ê�Ïê�ýé�Ø�uTê���ýé�,
¤±?��"ê�Ïê�kk�õ�.

back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

d�Ø�½Â,·�ØJy²e¡ù
Ä�5�.

·K 6.1
�a, b, c ∈ Z.
(1)XJc|b, b|a,@oc|a.
(2)XJb|a, c 6= 0,@ocb|ca.
(3)XJc|a, c|b@oé?¿m, n ∈ Z,kc|ma + nb.
(4)XJb|a, a|b@oa = b½a = −b.

Ï�|a|Ú a�¤kÏêÑ�Ó,¤±·�?ØÏê��±�
Ò��ê5?Ø. back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

e¡´�Ø�Ä�½n, �¡����{{{ØØØ{{{, §´Ð�êØ�
y²¥�Ä�!�~^óä.

½n 6.1

�a, b ∈ Z,�b 6= 0,K�3���q, r ∈ Z,¦�

a = bq + r, 0 ≤ r < |b|. (6.1)

back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

yyy²²²�Ä�êS�

· · · , ,−2|b|,−|b|, 0, |b|, 2|b|, · · · ,

Ka73þãS��,��ü��m. Ø�b½

q|b| ≤ a < (q + 1)|b|

u´0 ≤ a − q|b| < |b|, -r = a − q|b|, K0 ≤ r < |b|, Ïd,
�b > 0�,ka = bq + r;�b < 0�,ka = b(−q) + r. ù�,
·�y²
qÚr��35.
e¡y²q, r���5. b��3,	�|q′, r′ ∈ Z¦�(6.1)
ª¤á,= a = bq′+r′, 0 ≤ r′ < |b|,Kk back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

−|b| < r − r′ = b(q′ − q) < |b|

Ïdb(q′ − q) = 0, lr − r′ = 0, =q′ = q, r′ = r¤±��
5¤á.
~X, �a = 17, b = 5�, 17 = 5 × 3 + 2, ù�q = 3, r = 2;
a = −17, b = 5�,−17 = 5× (−4)+3,ù�q = −4, r = 3.

back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

½Â 6.2
¡(6.1)ª¥�q�^bØa�Ñ�ØØØ������ûûû, ¡r�^b Øa �
�����������KKK{{{êêê,�{¡�{{{êêê,~P�〈a〉b½a mod b.

5: 3Ø�Úå· �, 〈a〉b¥�b~Ñ�Ø�. ��Bå�,
±�Ø�AO`², ·� ob½Øêb±9ÏêÑ�u".

back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

3�!���,·��Ñ{ê�A�Ä�5�.

½n 6.2

�a1, a2, b ∈ Z,�b > 0K
(1) 〈a1 + a2〉 = 〈〈a1〉+ 〈a2〉〉
(2) 〈a1 − a2〉 = 〈〈a1〉 − 〈a2〉〉
(3) 〈a1a2〉 = 〈〈a1〉〈a2〉〉

back
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18ÙÐ�êØ

6.2�ê

6.2 �ê

yyy²²² (1)∼(3)�y²aq,ùp=y²(1). �a1 = bq1 + 〈a1〉,
a2 = bq2 + 〈a2〉, 〈a1〉+ 〈a2〉 = bq3 + 〈〈a1〉+ 〈a2〉〉,u´

a1 + a2 = b(q1 + q2) + 〈a1〉+ 〈a2〉
= b(q1 + q2 + q3) + 〈〈a1〉+ 〈a2〉〉

Ïd〈a1+a2〉 = 〈〈a1〉+〈a2〉〉,¤±äó (1)¤á. back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

3��ê¥, 1�U�§���Ø. ?Û�u1��êÑ��
U�1Ú§���Ø.

½Â 6.3
XJ��êa�u1��U�1Ú§gC�Ø, K¡a´�ê.
XJa�u1�Ø´�ê,K¡a´Üê. �ê�¡��ê.

X2, 11��ê, 6�Üê.
�ê3êØ¥kX4Ù��/ , ±�eÃAOJ«, �
êo´���ê. back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

½Â 6.4
e��êak�Ïêb,bq´�ê,K¡b�a��Ïê½�
Ïf.

X12 = 3× 4,Ù¥3´12��Ïê,4Ø´.

·K 6.2
p��ê, a, b, c, d��ê.

(1)XJp|ab,@op|a½p|b;
(2)XJd > 1, d|p,kd = p;
(3) a´�u1�Üê��=�a = bc,Ù¥1 < b, c < a;
(4)ea�Üê,K�3�êp,¦�p|a. =Üê7k�êÏf.

back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

y²µùp=y²(4). -a = d1d2 · · · dk. Ø��d1´Ù¥�
��. ed1Ø´�ê, K�3e1 > 1, e2 > 1, d1 = e1e2, Ïd,
e1 Úe2�´a��Ïê, ù�d1���5gñ. Ïd, d1´�
ê. y..
�âþã·K, ?Û�u1��ê, �o´�ê, �o�±©
)¤�ê�¦È. L²�ê´�¤�ê�“Ä���”. u´
ke¡�½n. back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

½n 6.3

(�âÄ�½n)��êa > 1,KaU���©)�

a = p1p2 · · · pn

Ù¥pi(1 ≤ i ≤ n)´÷vp1 ≤ p2 ≤ · · · ≤ pn��ê.

back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

yyy²²² ·�ky²©)��35. XJa´�ê, �p1 = a=
�. XJa ´Üê, Kak�u1 ���Ïê, P�p1, Ù��
ê. �a = p1q2, XJq2´�ê, �p2 = q2; ÄK, ��p2�q2

��u1���Ïê,�q2 = p2q3. Ón,��âq3�p3,�g
e�, �p4, · · · , pi, · · · , Ï�a > q2 > q3 > · · · , ¤±TL§
7ª�.b�31nÚª�,Kdpi��{,ka = p1p2 · · · pn,
�´�p1 ≤ p2 ≤ · · · ≤ pn.

back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

e¡y²©)���5. b��3�u1��ê, T�êk
ü�ØÓ�©),Ø�b�a´ù«ê¥����. �

a = p1p2 · · · pn = q1q2 · · · qm

Ù¥pi(1 ≤ i ≤ n)´÷vp1 ≤ p2 ≤ · · · ≤ pn��ê, qi(1 ≤
i ≤ m)´÷vq1 ≤ q2 ≤ · · · ≤ qm��ê, Kkp1 6= q1, Ä
KaØ´���kü�ØÓ©)���ê. Ï�p1|q1q2 · · · qm,
�3qi(i > 1), ¦�p1|qi, Ï�qi´�ê, ¤±p1 = qi. ù
�qi = p1 ≥ q1,Ón�±��q1 ≥ p1,Ïdp1 = q1,gñ. �
÷v�¦�©)´���.

back
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6.3�ê

6.3 �ê

XJr�âÄ�½n¥a = p1p2 · · · pnp�Ó��ê8¥å
5,Ò���

a = pα1
1 pα2

2 · · · p
αk
k (6.2)

ùpαi(1 ≤ i ≤ k), p1 < p2 < · · · < pk. ª(6.2)��a�IIIOOO
©©©)))ªªª.
~X, 72�IO©)ª´23×32, 100�IO©)ª´22×52.

back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

d�âÄ�½ná=��e¡�íØ.

íØ 6.1
é?���êa?1�Ïf©), a = pr1

1 pr2
2 · · · p

rk
k , Kak

(r1 + 1)(r2 + 1) · · · (rk + 1) =
k∏

i=1
(ri + 1)��Ïf.

~ 6.1
(1) 20328kõ���Ïf?
(2)20!��?�L«¥l�$ êåkõ��ëY�0.

back
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18ÙÐ�êØ

6.3�ê

6.3 �ê

)µ(1) 20328 = 23 × 3 × 7 × 112, díØ�20328�Ïf�
ê4× 2× 2× 3 = 48�.
(2) �I¦20!¹kõ��Ïf2. Ø�L20¹kÏf2�
ê(=�óê)k2, 4 = 22, 6 = 2 × 3, 8 = 23, 10 = 2 × 5,
12 = 22 × 3, 14 = 2 × 7, 16 = 24, 18 = 2 × 32, 20 = 22 × 5.
�20!¹k18(1 + 2 + 1 + 3 + 1 + 2 + 1 + 4 + 1 + 2 = 18)�Ï
f2, l20!��?�L«¥l�$ êåk18�ëY�0.

back
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6.3�ê

6.3 �ê

�ê3êØ¥�/ �~�,k7�é�ê�?�Ú�?
Ø.

·K 6.3
(1)?Û�u1�Üêa7k��Ø�L

√
a��Ïê;

(2)�êkÃ��.

y²µ(1)^Üêa�±L«¤eZ��ê�È,á=�y.
(2)�y{. b��kk���ê,��p1, p2, · · · , pn,-m =
p1p2 · · · pn + 1, Ï�m 'z���êÑ�, ¤±m´Üê, ù
�mk���êÏfpi,�âpi | m,�±�Ñpi | 1,ù´�g
ñ. back
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6.3�ê

6.3 �ê

d·K�±�ä�ê´Ä��ê.

~ 6.2
�ä127Ú133´Ä´�ê.

)µ2, 3, 5, 7, 11´�u�u
√

127Ú
√

133�¤k�ê. Ï
�2 - 127, 3 - 127, 5 - 127, 7 - 127, 11 - 127. ¤±127��ê.
Ï�7|133,¤±133�Üê. back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

½Â 6.5
�a1, a2, · · · , an´Ø��"��ê, d´�"�ê, n ≥ 2.
ed|ai, 1 ≤ i ≤ n, K�êd´a1, a2, · · · , an�úÏf½ú�
ê. ¤kú�ê¥���@��,¡�a1, a2, · · · , an���ú
�ê. P�(a1, a2, · · · , an).

e(a1, a2, · · · , an) = 1,¡a1, a2, · · · , an´p��. back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

½Â 6.6
�a1, a2, · · · , anÚmÑ´��ê, n ≥ 2. eai|m, 1 ≤ i ≤ n,K
¡m´a1, a2, · · · , an�ú�ê. ¤k�"ú�ê¥���@
��,¡�a1, a2, · · · , an���ú�ê. P�[a1, a2, · · · , an]

éu��êa, w,k (0, a) = a, (1, a) = 1, [1, a] = a.
back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

�â½Â,��ú�êÚ��ú�êkeã5�µ
1 ea|m, b|m,K[a, b]|m;
2 ed|a, d|b,Kd|(a, b);
3 ea = qb + r,Ù¥a, b, q, rÑ´�ê,K(a, b) = (b, r).
y²µ(1) PM = [a, b], �m = qM + r, 0 ≤ r < M, da|m,
a|M��a|r, Ón, b|, =r´aÚb�ú�ê, er 6= 0, KM ≤
r,ù�0 ≤ r < MØ�Î,7kr = 0,lM|m.
(2) PD = (a, b), -m = [d,D]. em = D, Kkd|D, (Ø¤
á. ÄKm > D, 5¿�d|a,D|a, d(1), �m|a. Ónm|b,
=m´aÚb�úÏf, m > D, ù�D´���Ø�Î.

back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

(3) �Iy²a!b�úÏfÚb!r�úÏf�Ó=�. �d
´ a � b �úÏf, =d|a, d|b. 5¿�r = a − qb, Kkd|r.
l, d|b�d|r,=d�´b�r�úÏf. ����,�d´b�r
�úÏf, =d|b�d|r. 5¿�, a = qb + r, �kd|a. l,
d|a, d|b,=d�´a�b�úÏf.

�âþã5�, e!0���ú�ê���ú�ê��{.
back
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6.4 ��ú�êÚ��ú�ê

���{{{���µ|^�ê��Ïf©){

a = pr1
1 pr2

2 · · · p
rk
k , b = ps1

1 ps2
2 · · · p

sk
k

Ù¥p1, p2, · · · , pk´ØÓ��ê, r1, r2, · · · , rk, s1, s2, · · · , sk´
�K�ê. K

(a, b) = pmin(r1,s1)
1 pmin(r2,s2)

2 · · · pmin(rk,sk)
k

[a, b] = pmax(r1,s1)
1 pmax(r2,s2)

2 · · · pmax(rk,sk)
k

back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

~ 6.3
¦84Ú600���ú�êÚ��ú�ê.

)µé84Ú600?1�Ïf©),�

84 = 22 × 3× 7, 600 = 23 × 3× 52

ò§�Ñ�¤84 = 22× 31× 50× 71, 600 = 23× 31× 52× 70.
¤±

(84, 600) = 22 × 31 × 50 × 70 = 12

Ú
[84, 600] = 23 × 31 × 52 × 71 = 4200

back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê
���{{{���µ�a, b��ê, b 6= 0. ��{Ø{, a = q1b + r2, 0 ≤
r2 < |b|. er2 > 0, ébÚr2��{Ø{, �b = q2r2 + r3, 0 ≤
r3 < r2. EþãL§, du|b| > r2 > r3 > · · · ≥ 0, �3k
¦�rk+1 = 0. u´k

a = q1b + r2, 1 ≤ r2 < |b|
b = q2r2 + r3, 1 ≤ r3 < r2

r2 = q3r3 + r4, 1 ≤ r4 < r3
...

rk−2 = qk−1rk−1 + rk, 1 ≤ rk < rk−1

rk−1 = qkrk.

Kk(a, b) = (b, r2) = (r2, r3) = · · · = (rk−1, rk) = rk. back
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6.4 ��ú�êÚ��ú�ê

d{¡�îAp�(Euclid)�{. q¡Î=�Ø{.

~ 6.4
^îAp��{¦126�27���ú�ê.

)µ126 = 4 × 27 + 18, 27 = 1 × 18 + 9, 18 = 2 × 9, ¤
±(126, 27) = 9.
�âþã~f,��9 = 27−18×1 = 27−1×(126−4×27) =
−1× 126 + 5× 27.

ùL«(126, 27)´126Ú27��5|Ü, ù�(Øäk��
5. back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

½n 6.4
e(a, b) = d,K�3x, y ∈ Z,¦�xa + yb = d.

y²Ñ.
þãxa + yb = d,�¡�d´a, b��5|Ü.

X(168, 300) = 12, 12 = 9× 168− 5× 300.
back
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6.4 ��ú�êÚ��ú�ê

�!��2?Ø�eü�êp���
5�.
1 a�bp��¿©7�^�µ�3 x, y ∈ Z,¦ax+by = 1.
2 ea|c, b|c,�a�bp�,Kab|c.
y²µ(1)ky7�5. ea, bp�,=(a, b) = 1,�âcã(
Ø,�3x, y ∈ Z,kax+by = 1. back
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6.4��ú�êÚ��ú�ê

6.4 ��ú�êÚ��ú�ê

2y¿©5. �ax + by = 1, x, y ∈ Z, q�d > 0´aÚb�ú
Ïf,Kd|xa + by,=d|1. ¤±d = 1.

(2) a, bp�,�3x, y ∈ Z,kax + by = 1. Kkaxc + byc = c.
qda|xa, b|c,��ab|axc,Ónab|byc. u´kab|(axc + byc),
=ab|c. back
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6.5Ó{

6.5 Ó{

^���½�ê�Ø¤k�ê,k�Ó{ê��ê|¤��
a, �ò�N�ê©¤k��a, �±lùk��aíÿ�
ê8Ü�A5.

½Â 6.7
�a, b ∈ Z, m´����ê, XJ^m©O�ØaÚb, ¤�
{ê�Ó, K¡aÚb'u�mÓÓÓ{{{, ^ÎÒa ≡ b (mod m)L
«; XJ{êØÓ, K¡aÚb 'u�mØØØÓÓÓ{{{, ^ÎÒa 6≡ b
(mod m)L«.

back
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6.5Ó{

6.5 Ó{
�â½ÂN´��: a ≡ b (mod m)⇔�3�êk, ¦�a =
b + km.
Ó{�Ï~���aq, ´Zþ��d'X, =÷ve¡�
5�.

·K 6.4

�a, b, c ∈ Z, m´?¿��ê,K�mÓ{´Zþ��d'X,
=e�5�¤á.
(1) a ≡ a(mod m).
(2)XJa ≡ b(mod m),@ob ≡ a(mod m).
(3)XJa ≡ b(mod m), b ≡ c(mod m),@oa ≡ c(mod m).

yyy²²²: y²Ñ.
back
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6.5Ó{

6.5 Ó{

½n 6.5

�a, b, c, d ∈ Z, m´?¿��ê.
(1)ea ≡ b(mod m),@oac ≡ bc(mod m).
(2)ea ≡ b(mod m), c ≡ d(mod m),K(a + c) ≡ (b + d)(mod m).
(3)ea ≡ b(mod m), c ≡ d(mod m),@o ac ≡ bd(mod m).
(4)ea ≡ b(mod m),Ké?¿��ên,kan ≡ bn(mod m).

back
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6.5Ó{

6.5 Ó{

yyy²²²: (1) XJa ≡ b(mod m), Kkm|a − b, Ïdkm|(a −
b)c,=m|ac− bc,¤±ac ≡ bc(mod m).

(2)da ≡ b( mod m), c ≡ d( mod m)�, m|(a−b)�m|(c−d),
¤±m|(a− b + c− d),=m|(a + c)− (b + d),u´k(a + c) ≡
(b + d)(mod m).

(3)db��m|(a− b), m|(c− d),Ïdm|(a− b)c + b(c− d),
=m|(ac−bd),¤±ac ≡ bd( mod m). back
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6.5Ó{

6.5 Ó{
(4) én^8B{. �n = 1�, (Øw,¤á. b�(Ø
én = k(≥ 1)�¤á, =ak ≡ bk(mod m). K�n = k + 1�,
d(3)kaak ≡ bbk(mod m),=ak+1 ≡ bk+1(mod m). Ïdé?
¿��ên,Ñkan ≡ bn(mod m).

e¡�íØ´�.

íØ 6.2

XJa ≡ b(mod m),@oé?¿�Xêõ�ª

f (x) = rkxk + · · ·+ r1x + r0, ri ∈ Z, 0 ≤ i ≤ k

kf (a) ≡ f (b)(mod m).
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6.5 Ó{

½n 6.6

y²:
(1)XJa ≡ b(mod m),��êd|m,@oa ≡ b(mod d).
(2)XJac = bc(mod m),Ka ≡ b(mod m/(c,m)).

yyy²²²: (1) da ≡ b(mod m)�, m|(a − b). Ï�d|m, ¤
±d|(a− b),�a ≡ b(mod d).
(2) -d = (c,m). dac = bc(mod m)�, �3k ∈ Z, ¦
�ac− bc = km,u´k(a− b) c

d = k m
d . qÏ�d = (c,m),¤

±( c
d ,

m
d ) = 1. lkm

d |(a− b) , =a ≡ b(mod m/d), �(Ø
¤á.

back
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6.6�{X

6.6 �{X

�mÓ{´Zþ��d'X,T'Xò�N�êy©�m��
da, ·�^ZmL«�N�da|¤�8Ü. ~X, �3Ó{
�3��daXeµ

{· · · ,−6,−3, 0, 3, 6, · · · },
{· · · ,−5,−2, 1, 4, 7, · · · },
{· · · ,−4,−1, 2, 5, 8, · · · }.

Ó��da¥���äk�Ó�{ê, z��da¥�
��k�Ó�{êr, ùpr = 0, 1, 2. ^[r] L«T�da.
-Z3 = {[0], [1], [2]}. k���^{êL«�da,3ù«P
Òe, Z3 = {0, 1, 2}.

back
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6.6�{X

6.6 �{X

½Â 6.8
�S ⊆ Z,XJ?¿�êÑ�S¥�Ð����'u�mÓ{,
K¡S´�m������������{{{XXX(½{¡����{{{XXX).

Ï�?��ê^m�Ø������K{ê7½´0, 1, 2,
· · · , m − 1 ¥�,�ê, =?��ê'u�m7½�0, 1, 2,
· · · , m − 1 ¥,�êÓ{, ù�S = {0, 1, 2, · · · ,m − 1}´
�m������{X, T���{X¡�IIIOOO���{{{XXX, P
�Zm. �m����{XTÐkm���. back
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6.6�{X

6.6 �{X

e¡�½n�Ñ
8ÜS ⊆ Z´���{X�¿�^�.

½n 6.7

�S = {a1, a2, · · · , ak} ⊆ Z, KS´�m������{X�
¿�^��
(1) k = m.
(2)�i 6= j�, ai 6≡ aj(mod m).

back
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6.6�{X

6.6 �{X

yyy²²²: ⇒: �S´�m������{X, d½Â�|S| = m.
Ï�?Û�êÑ��S¥����Ó{, g,S¥�z��
��U�S¥�����Ó{, S¥����g�Ó{, ¤
±S¥�ØÓ��'u�mØÓ{,7�5¤á.
⇐: �k = m, �S¥?¿ü���'u�mþØÓ{, @
oS¥z���ÑáuZm¥ØÓ��da, u´?¿�êÑ
�S¥�Ð����'u�mÓ{,�â½Â, S´�m���
���{aX.

back
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6.6�{X

6.6 �{X

þã½nL², ?¿m��mpØÓ{�ê�¤�m���
���{X.

l���½����{X,·��±¦^e¡�½n�E#
����{X.

back
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6.6�{X

6.6 �{X

½n 6.8

�S = {a1, a2, · · · , am}´�m������{X, (k,m) = 1,
KS′ = {ka1 + b, ka2 + b, · · · , kam + b}�´�m������
{X,ùpb´?¿�ê.

yyy²²²: �Iy²: �i 6= j�, kai + b 6= kaj + b(mod m) =
�. e¡^�y{. b�kai + b ≡ kaj + b(mod m), @o7
,kkai ≡ kaj(mod m), =m|k(ai − aj). Ï�(k,m) = 1, ¤
±m|ai − aj,=ai ≡ aj(mod m),ù�S´�m������{
Xgñ,Ïd½n¤á.

back
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6.6�{X

6.6 �{X

~ 6.5
�m´�óê, {a1, a2, · · · , am}Ú{b1, b2, · · · , bm}Ñ´�m�
���{X,Áy

{a1 + b1, a2 + b2, · · · , am + bm}

Ø´�m����{X.

yyy²²²: Ï�{a1, a2, · · · , am}´�m����{X,¤±
m∑

i=1

ai ≡
m∑

i=1

i =
m(m + 1)

2
≡ m

2
(mod m)

back
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6.6�{X

6.6 �{X

Ónk
m∑

i=1

bi ≡
m
2

(mod m)

XJ{a1 + b1, a2 + b2, · · · , am + bm}�´�m����{X,
KÓn�k

m∑
i=1

(ai + bi) ≡
m
2

(mod m)

back
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6.6�{X

6.6 �{X

�´

m∑
i=1

(ai + bi) =
m∑

i=1

ai +
m∑

i=1

bi ≡
m
2

+
m
2

= m ≡ 0(mod m)

¤±m
2 ≡ 0( mod m),gñ. �{a1+b1, a2+b2, · · · , am+bm}Ø

´�m����{X.
back
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6.6�{X

6.6 �{X

3�m������{XS¥,k�ê�mp�,k�ê�mØ
p�,¤k�mp��ê�¤�8Ü¡��m���QQQ������
{{{XXX,ÓnkIIIOOOQQQ������{{{XXX.
Ï�1�?ÛêÑp�,¤±?¿��êÑkQ��{X.�
¯Q��{X¥����ê,�I¦ÑIOQ��{X¥�
���ê=�, î.^φ(m)L«�m�Q��{X¤¹��
��ê. �ó�,é?¿��êm, φ(m)L«¤kØ�um�
�mp����ê��ê, ù����¼êφ: N → N ¡�
îîî...¼¼¼êêê.
d½Â��, w,φ(1) = φ(2) = 1, φ(3) = φ(4) = 2, φ(5) =
4, · · · . ��/,e��êm´�ê,Kφ(m) = m−1;em´Ü
ê,Kφ(m) < m−1. back
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6.6�{X

6.6 �{X

����{Xaq,·�kXe�½��8Ü´Ä´Q��
{X�(Ø.

½n 6.9

�S = {a1, a2, · · · , ak} ⊆ Z, KS´�m���Q��{X�
¿�^�´
(1) k = φ(m)
(2)�i 6= j�, ai 6≡ aj(mod m)
(3)é?¿ai ∈ S,Ñk(ai,m) = 1

yyy²²²: 7�5d½Â=�.
back
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6.6�{X

6.6 �{X

e¡�Äl¿©5. Ï�ai 6≡ aj(mod m),¤±S¥�k�êá
uZm� k �ØÓ��da, qÏ�k = φ(m)±9S¥z��
�Ñ�mp�, ¤±a1, a2, · · · , ak ´�m ����{X¥¤
k�mp��ê,ÏdS´�m�Q��{X.

?¿φ(m)��mp��üü'u�m ØÓ{�ê�¤�m
���Q��{X.

back
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6.6�{X

6.6 �{X

l��Q��{X,��±�),��Q��{X.

½n 6.10

�S = {a1, a2, · · · , aφ(m)}´�m���Q��{X, (k,m) =
1,KS′ = {ka1, ka2, · · · , kaφ(m)}�´�m���Q��{X.

yyy²²²: Ï��i 6= j�, ai 6≡ aj(mod m), q(k,m) = 1, ¤
±kai 6≡ kaj(mod m). ,	, é?¿kai ∈ S′, Ï�(k,m) =
1Ú(ai,m) = 1,¤±(kai,m) = 1,u´, S′ ´�m���Q�
�{X,½n¤á.

back
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6.6�{X

6.6 �{X

e¡´��¡�î.½n���(Ø, kX�©2��A
^.

½n 6.11

(îîî...(Euler)½½½nnn) �a ∈ Z, m´��ê, XJ(a,m) = 1, @
o

aφ(m) ≡ 1(mod m)

yyy²²²: �S = {a1, a2, · · · , aφ(m)}�m���Q��{X,
KS′ = {aa1, aa2, · · · , aaφ(m)}�´�m���Q��{X. S′

¥?�êTÐ�S���ê'u�mÓ{,u´k back
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6.6�{X

6.6 �{X

aφ(m)

φ(m)∏
i=1

ai =

φ(m)∏
i=1

(aai) ≡
φ(m)∏
i=1

ai(mod m) (6.3)

=m|(aφ(m)− 1)
φ(m)∏
i=1

ai. ,��¡,dQ��{X½Â�,é¤

k1 ≤ i ≤ φ(m), Ñk(ai,m) = 1, ¤±

(
φ(m)∏
i=1

ai,m

)
= 1, l

m|aφ(m)−1,=aφ(m) ≡ 1( mod m),�½n¤á. back
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6.6�{X

6.6 �{X
~X, �a = 5, m = 6�, w,k(5, 6) = 1, φ(6) = 2, O�
�5φ(6) = 52 ≡ 1(mod 6),�î.½n(Ø��.
î.½n��«AÏ�/´m = p,ùpp´�ê. d�φ(p) =
p− 1,�\(6.3)ª=�e¡�Fermat(Fermat)½n.

½n 6.12

((Fermat))½½½nnnXJa ∈ Z, p´�ê,K

ap ≡ a(mod p)

AO/,ep - a,K

ap−1 ≡ a(mod p).
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6.6�{X

6.6 �{X

yyy²²²: ep|a, Kap ≡ a(mod p)w,¤á. p - a, Kk(p, a) =
1, u´dî.½n�, ap−1 = aφ(p) ≡ 1(mod p), =ap−1 ≡
a(mod p), ^a ¦TÓ{ªü>=�ap ≡ a(mod p). ùÒy
²
½n.
þ¡½n`, XJp´�ê, @oé?¿��êa, Ñkap ≡
a(mod p). Ïd, e�3�êb, ¦�bn 6≡ b(mod n), @on
7½Ø´�ê. ~X, 63Ø´�ê, Ï�263 = (26)10 × 23 ≡
23 6≡ 2(mod 63).
��5¿�´, ù«�½n´Üê��{ØI�én?1©
).

back
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6.6�{X

6.6 �{X

~ 6.6
¦3301 (mod 11) =?

)))dFermat½n�, 310 ≡ 1(mod 11),¤±

3301 = (310)30 × 3 ≡ 3(mod 11)

u´3301 (mod 11) = 3. back
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6.7 EULER¼êO�

6.7 EULER¼êO�

éu��êm, �¦φ(m), �â½ÂI�u�1�mz��ê
´Ä�m p�, ù«�{´'�Ñ��. ~X, m ≈ 103, ¬
Ñ¤Nõ�m. ém ≈ 10100 ùo��ê, KA�´Ø�U
�. �!?ØO�î.¼êφ(m)����{,±9�î.¼
ê�O��{.

e¡�½n�O�φ(m)Jø
Ä:.
back
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6.7 EULER¼êO�

6.7 EULER¼êO�

½n 6.13

(1)XJp´�ê�α ≥ 1,K

φ(pα) = pα − pα−1 (6.4)

(2)XJ(a, b) = 1,@o

φ(ab) = φ(a)φ(b) (6.5)

back

lÑêÆ9ÙA^?�|, 2017c12� 508 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.7 EULER¼êO�

6.7 EULER¼êO�
yyy²²²: (1) �Ä�pα����{XS = {1, 2, · · · , pα}, 3S¥
�pαØp��ê�kp��ê,=

p, 2p, · · · , pα−1p

ù
êo�kpα−1�, Ù{pα − pα−1�êÑ´�pαp��,
Ïdpα�Q��{X¹kpα − pα−1 ���,�φ(pα) = pα −
pα−1.
(2) �Sa = {x1, x2, · · · , xφ(a)}ÚSb = {y1, y2, · · · , yφ(b)}©O´
�aÚ�b�Q��{X.�8Ü

Sab = {bxi + ayj|1 ≤ i ≤ φ(a), 1 ≤ j ≤ φ(b)}

back
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6.7 EULER¼êO�

6.7 EULER¼êO�

ebxi +ayj = bxi′+ayj′,ùp1 ≤ i, i′ ≤ φ(a)Ú1 ≤ j, j′ ≤ φ(b),
í�xi ≡ xi′ (mod )Úyj ≡ yj′ (mod b). dd��8ÜSab¥
¹kφ(a)φ(b)�ê. �y(6.5)ª, �Iy²Sab´ab���Q
��{X=�,e¡©nÚ5y²:.
kySab¥?¿ü�ê'u�abþØÓ{. �bxi + ayj, bxi′ +
ayj′ ∈ Sab, bxi + ayj 6= bxi′ + ayj′, Kxi 6≡ xi′ (mod ) Úyj 6≡ yj′

(mod b)����¤á. XJbxi + ayj ≡ bxi′ + ayj′(mod ab),
@o7kbxi + ayj ≡ bxi′ + ayj′(mod a), u´bxi ≡ bxi′(mod
a). Ï�(a, b) = 1, ¤±xi ≡ xi′(mod a). Ón��yi ≡ yi′

(mod b), ù´��gñ. ÏdSab¥?¿ü�ê'u�ab´
ØÓ{�.

back
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6.7 EULER¼êO�

6.7 EULER¼êO�

2ySab¥?�êÑ�abp�. é?¿�bxi + ayj ∈ Sab, Ï
�(xi, a) = 1, (b, a) = 1,¤±(bxi, a) = 1,�(bxi +ayj, a) = 1.
Ónk(bxi + ayj, b) = 1. u´(bxi + ayj, ab) = 1, ùL²Sab

¥?�êÑ�abp�.
back
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6.7 EULER¼êO�

6.7 EULER¼êO�

��y?��abp��êÑ�Sab¥,�ê'u�abÓ{.
b��êc�abp�, =(c, ab) = 1. Ï�(a, b) = 1, ¤±
�3x0, y0 ∈ Z, ¦�bx0 + ay0 = 1, u´bcx0 + acy0 = c.
-x = cx0, y = cy0, Kkbx + ay = c. Ï�(c, ab) = 1,
¤±(c, a) = 1, =(bx + ay, a) = 1, �(bx, a) = 1, lk
(x, a) = 1. Ïd�3xi ∈ Sa, ¦�x ≡ xi(mod a). Ón, �
3yj ∈ Sb, ¦�y ≡ yj(mod b). Ïdkbx ≡ bxi(mod ab),
ay ≡ ayj(mod ab),=c ≡ (bxi + ayj)(mod ab). ù`²�abp
��êÑ�Sab¥,�ê'u�abÓ{.
nþ��, Sab´ab���Q��{X,�(6.5)¤á.

back
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6.7 EULER¼êO�

6.7 EULER¼êO�

k
þ¡ù
(J,·�éN´��O�φ(m)���úª.

½n 6.14

�m�IO©)�m = pα1
1 pα2

2 · · · p
αk
k ,K

φ(m) = m
(

1− 1
p1

)(
1− 1

p2

)
· · ·
(

1− 1
pk

)
(6.6)

back
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6.7 EULER¼êO�

6.7 EULER¼êO�

yyy²²²: d(6.5)ªÚ(6.4)ª,k

φ(m) = φ(pα1
1 pα2

2 · · · p
αk
k )

= φ(pα1
1 )φ(pα2

2 ) · · ·φ(pαk
k )

= (pα1
1 − pα1−1

1 )(pα2
2 − pα2−1

2 ) · · · (pαk
k − pαk−1

k )

= pα1
1 pα2

2 · · · p
αk
k

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(

1− 1
pk

)
= m

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(

1− 1
pk

)
¤±½n¤á.

back
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6.7 EULER¼êO�

6.7 EULER¼êO�

~X, φ(300) = φ(22×3×52) = 300
(
1− 1

2

) (
1− 1

3

) (
1− 1

5

)
=

80. rúª(6.6)��C/,��

φ(m) = pα1−1
1 pα2−1

2 · · · pαk−1
k (p1 − 1)(p2 − 1) · · · (pk − 1)

��ò(6.6)ª�¤

φ(m) = m ·
∏
p|m

(
1− 1

p

)

ùpp´�ê.
Ï��m > 2�, m½ök2k(k ≥ 2)Ïf½ök�u2��ê
Ïf,¤±φ(m)o´óê. back
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6.7 EULER¼êO�

6.7 EULER¼êO�

ü�êa, bp��, φ(ab)´φ(a) �φ(b)�¦È, e¡?Ø�
��¹.

½n 6.15

(1)�(a, b) = d,@o

φ(ab) = φ(a)φ(b)
d

φ(d)

(2)XJa|b,@oφ(a)|φ(b).

back
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6.7 EULER¼êO�

6.7 EULER¼êO�
yyy²²²:

φ(ab)

ab
=
∏
p|ab

(
1− 1

p

)

=

∏
p|a

(
1− 1

p

)
·
∏
p|b

(
1− 1

p

)
∏

p|(a,b)

(
1− 1

p

)
=

φ(a)
a ·

φ(b)
b

φ(d)
d

=
1

ab
φ(a)φ(b)

d
φ(d)

Ïd, φ(ab) = φ(a)φ(b) d
φ(d) .
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6.7 EULER¼êO�
(2)Ï�a|b,��b = ac, (a, c) = e,Kd(1)�,

φ(b)

φ(a)
=

ac ·
∏
p|ac

(
1− 1

p

)
a ·
∏
p|a

(
1− 1

p

)

=

c ·
∏
p|a

(
1− 1

p

)
·
∏
p| c

e

(
1− 1

p

)
∏
p|a

(
1− 1

p

)
= e · c

e
·
∏
p| c

e

(
1− 1

p

)
= e · φ

(c
e

)
´�ê.

Ïdφ(a)|φ(b),½n¤á.
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6.7 EULER¼êO�

♣N5: Ï�(a, c) = e,��e = pk1
1 pk2

2 · · · p
kt
t , a = epkt+1

t+1 · · · pkn
n ,

c = epkn+1
n+1 · · · pkm

m , ùp�piÑ´�ê. ù�ac��N�êÏ
f´

p1, p2, · · · , pt, pt+1, · · · , pn, pn+1 · · · , pm

ù
�êÏf�Ò´a��êÏfÚ c
e��êÏf. u´(2)�

y²L§¥�12��Ò¤á. ♣ back
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6.8�gÓ{�§

6.8 �gÓ{�§
�êÆ¥,²~��)�§�¯K.3Ó{nØ¥,�kÓ{
�§ù��`{.

½Â 6.9
�f (x) = anxn + an−1xn−1 + · · · + a1x + a0, Ù¥ai ∈ Z, i =
0, 1, · · · , n. K¡

f (x) ≡ 0(mod m) (6.7)

����m���������ÓÓÓ{{{���§§§. XJm - an,Kn¡��§(6.7)�ggg
êêê. XJx0÷vf (x0) ≡ 0(mod m), @o¤k÷vx ≡ x0(mod
m)�xÑ÷vf (x) ≡ 0(mod m),·�¡��§(6.7)�)))½���.
e�§(6.7)�ü�)'u�mpØÓ{,@o¡§�´Ø�
Ó�).

back
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6.8�gÓ{�§

6.8 �gÓ{�§

�â½Â, ò�m�IO�{X¥�z����\(6.7)ª=
�(½§�¤k), Ïd, )Ó{�§��5`')��¿
Âe��§N´. ~X)x5 +2x4 +x3 +2x2−2x +3 ≡ 0( mod
7), ·��Ir�7�IO�{X¥���0, 1, 2, 3, 4, 5, 6�
\��, l�±��§��Ü)�x ≡ 1, 5, 6(mod 7). �
\{´¦)Ó{�§�Ä��{, �éu�ê����/,
O�þé�. ,	, ·�AT5¿�k
Ó{�§vk),
Xx2 ≡ 3(mod 10). ù�éN´n), Ï�.¾kNõÊÏ
�§�vk(¢ê)),Xx2 = −1.

back
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6.8�gÓ{�§

6.8 �gÓ{�§

�!ò?Ø�gÓ{�ª�úª),=?Ø���gÓ{�
§´Äk), kõ��ØÓ�), XÛ^úª�Ñ§�¤k
)�¯K.
·�k?Ø���gÓ{�§�¦)¯K. ���gÓ{
�§���/ª´ax ≡ b(mod m), Ù¥a, b,m ∈ Z, m >
0�m - a. e¡©(a,m) = 1Ú(a,m) > 1 ü«�¹5?Ø§
�).
♣555: �m|a�,��a = km,u´�§C�kmx ≡ b (mod m).
N´wÑ, eb´m ��ê, K?Û�êÑ´�§�); eb
Ø´m��ê, K�§Ã). Ïd, ���¹e, ÑÄk�
¦m - a,,	,Q,�¦m - a,¤±m > 1. ♣

back
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6.8�gÓ{�§

6.8 �gÓ{�§

½n 6.16

�(a,m) = 1, @o���gÓ{�§ax ≡ b(mod m)k�=
k��)x ≡ baφ(m)−1(mod m).

yyy²²²: dî.½n�, aφ(m) ≡ 1(mod m), u´a(baφ(m)−1) ≡
b (mod m), ù`²x ≡ baφ(m)−1(mod m)´Ó{�§ax ≡
b(mod m)�).
éu�§�?¿ü�)x1Úx2, Ï�ax1 ≡ b(mod m), ax2 ≡
b(mod m),¤±a(x1 − x2) ≡ 0(mod m),(a,m) = 1,�x1 ≡
x2(mod m),�§�)��.

back
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6.8 �gÓ{�§

~ 6.7
)Ó{�§3x ≡ 7(mod 80).

)))Ï�(3, 80) = 1,¤±3x ≡ 7(mod 80)k��).

φ(80) = φ(24 × 5) = φ(24)φ(5) = (24 − 23)× 4 = 32

�d½n6.16�,T��)�

x ≡ 7×3φ(80)−1 ≡ 7×331 ≡ 7×33×(34)7 ≡ 7×33 ≡ 29(mod 80),

=x ≡ 29(mod 80).
back
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6.8�gÓ{�§

6.8 �gÓ{�§
éu���/,·�ke¡�½n.

½n 6.17

�(a,m) = d. Kk±e(Ø:
(1)���gÓ{�§

ax ≡ b(mod m) (6.8)

k)��=�d|b.
(2)e�§(6.8)k),KTkd�)

x ≡ x0 + k
m
d

(mod m), k = 0, 1, 2, · · · , d − 1

Ù¥x0´�§(6.8)���A).
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6.8�gÓ{�§

6.8 �gÓ{�§

yyy²²²: ky½n�1�Ü©.
⇒. ��§(6.8)k). �3x0, k ∈ Z, ¦�ax0 = b + km. Ï
�(a,m) = d,¤±d|a, d|m,u´d|b.
⇐. �d|b. d(a,m) = d, ��( a

d ,
m
d ) = 1, �â½n 6.16�,

Ó{�§
a
d

x ≡ b
d

(
mod

m
d

)
(6.9)

k��), ��x ≡ x0(mod m
d ). ´�x ≡ x0(mod m)´�

§(6.8)�).
1�Ü©y�. back
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6.8�gÓ{�§

6.8 �gÓ{�§

2y½n�1�Ü©.
��§(6.8)k)x0,dc¡�(Ø�d|b,ù�(6.9)ªk¿Â,
w,x0´�§(6.9)�). ,	,�§(6.8)�)´�§(6.9)�
), �§(6.9)�)�´�§(6.8)�). u´)�§(6.8)Ò=
z�)�§(6.9)
. I�5¿�´, �§(6.8)Ú�§(6.9)�
�ØÓ,�§(6.9)��m

d�Ó�)Ø�½Ò´�§(6.8)�m�
Ó�).

back
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6.8�gÓ{�§

6.8 �gÓ{�§
��§(6.9)���)�x ≡ x0(mod m

d ). x1´�§(6.8)�?
¿��). Ï�x1�´�§(6.9)�), d�§(6.9))���
5�,

x1 ≡ x0

(
mod

m
d

)
ù�x1 = x0 + k · m

d ,ùpk´�ê. ùÒ´`�§(6.8)�?¿
)Ñäkx1 = x0 + k · m

dù«/ª,ØJ�yù«/ª�?Û
ê�´�§(6.8)�). Ïd,��3¤k/Xx0 + k m

d�ê¥
éÑ¤k�mØÓ�ê=�,ù
ê´

x0, x0 +
m
d
, · · · , x0 + (d − 1)

m
d

§�Ò´�§(6.8)�¤k).
back
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6.8�gÓ{�§

6.8 �gÓ{�§

~ 6.8
)Ó{�§9x ≡ 21(mod 240).

))): Ï�(9, 240) = 3|21,¤±9x ≡ 21(mod 240)k3�).c
¡�~f®²��3x ≡ 7(mod 80)���)x ≡ 29(mod 80),
l§�Ñ�§��Ü)�

x ≡ 29(mod 240),

x ≡ 29 + 80 = 109(mod 240),

x ≡ 29 + 2× 80 = 189(mod 240).

back
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6.9�{½n

6.9 �{½n

½n 6.18

(�{½n) �m1,m2, · · · ,mk´k�üüp����ê, m = m1m2 · · ·mk,
Mi = m/mi, 1 ≤ i ≤ k,@oÓ{�§|

x ≡ b1 (mod m1)
x ≡ b2 (mod m2)

...
x ≡ bk (mod mk)

k��)

x ≡
k∑

i=1

biMiM′i (mod m)

Ù¥M′i÷vMiM′i ≡ 1(mod mi).
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6.9�{½n

6.9 �{½n
yyy²²²: éui = 1, 2, · · · , k, duMi = M/mi, =Mi´Ø�mi

¤kÙ§mj�¦È, ¤±(Mi,mi) = 1, ��3�êM′i ´�
§Mix ≡ 1 (mod mi)�). =MiM′i ≡ 1 (mod mi),u´biMiM′i ≡
bi (mod mi). 3k��\��

∑k
i=1 biMiM′i¥, �kbiMiM′iù

���bi�mi��. Ù{�k − 1��z��Ñ´mi��ê,
l�0�mi ��. ¤±k

k∑
i=1

biMiM′i ≡ bi (mod mi)

Ïd, x =
∑k

i=1 biMiM′i´��Ó{�§|�), Ï�m´mi

��ê, ØJ�y�x�mÓ{�?Û���êyÑ´�§|
�), back
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6.9�{½n

6.9 �{½n
=÷v

y ≡
k∑

i=1

biMiM′i (mod m)

��êy���§|�).
��y²)���5. �x1, x2Ñ´Ó{�§|�). Ké¤
k�i(1 ≤ i ≤ n)k

x1 ≡ x2 (mod mi)

¤±x1 ≡ x2 (mod [m1,m2, · · · ,mk]). Ï�m1,m2, · · · ,mk´ü
üp��,¤±[m1,m2, · · · ,mk] = m1m2 · · ·mk,u´k

x1 ≡ x2 (mod m)

��§�)��.
back
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6.9�{½n

6.9 �{½n

~ 6.9
)Ó{�§| 

x ≡ 2(mod 3),
x ≡ 1(mod 5),
x ≡ 6(mod 7).

back
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6.9�{½n

6.9 �{½n

))) ��|^¥I�{½n¦). ùpm1 = 3,m2 = 5,m3 =
7,m = 105,M1 = 35,M2 = 21,M3 = 15. ©O)Ó{�§

35M′1 ≡ 1(mod 3), 21M′2 ≡ 1(mod 5), 15M′3 ≡ 1(mod 7)

�

M′1 ≡ 2(mod 3),M′2 ≡ 1(mod 5),M′3 ≡ 1(mod 7)

u´Ó{�§|�)�

x ≡ 2×35×2+1×21×1+6×15×1(mod 105) ≡ 41(mod 105)

back
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6.10��

6.10 ��

�n���ê, �âî.½n, éu?¿���np���
êa´,Ñk

aφ(n) ≡ 1 (mod n)

ù`², �§ax ≡ 1 (mod n)k��ê). Ï, �3���
����ê´TÓ{�§�). e¡éù«�����ê
�Ñ��½Â.

½Â 6.10

��êaÚ��ênp�. ¦�ax ≡ 1 (mod n)¤á����
��êx¡�a�n��ê½ögê,P�ordna.

back

lÑêÆ9ÙA^?�|, 2017c12� 535 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.10��

6.10 ��

5:
��êØ{, �a = kn + r, Ka ≡ r (mod n), du(n, r) =
(a, n) = 1, ¤±r��3�ngê�Vg, ¿�ordna = ordnr,
ù�·���Ä¦1 ≤ a < nù��a�gê=�. back
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6.10��

6.10 ��

~ 6.10

éÑ2�7��ê.
): ÏLO�uyµ

21 ≡ 2(mod7), 22 ≡ 4(mod7), 23 ≡ 1(mod7).

Ïdkord72 = 3.
aq/,�
é�3�7��ê,�XeO�µ

31 ≡ 3(mod7), 32 ≡ 2(mod7), 33 ≡ 6(mod7),

34 ≡ 4(mod7), 35 ≡ 5(mod7), 36 ≡ 1(mod7).

·���ord73 = 6.
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6.10��

6.10 ��

�
é�Ó{ªax ≡ 1 (mod n)��Ü),I�e¡�½n.

½n 6.19

��êaÚnp��n > 0,@o��êx´Ó{�§

ax ≡ 1 (mod n)

���)��=�ordna|x.

back
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6.10��

6.10 ��
yyy²²²: (⇐). ���êx÷vordna|x, x = k · ordna,Ù¥k��
�ê,·�kµ

ax = ak·ordna = (aordna)k ≡ 1 (mod n)

`²x´�§���).
(⇒)���êx÷vax ≡ 1 (mod n),^�{Ø{P�µ

x = q · ordna + r, 0 ≤ r < ordna

u´
ax = aq·ordna+r = (aordna)qar ≡ ar (mod n)

®�ax ≡ 1 (mod n),¤±ar ≡ 1 (mod n). lØ�ª0 ≤ r <
ordna Úordna´¦�aordna ≡ 1 (mod n) ¤á������
ê,��r = 0,ù�, x = q·ordna,=ordna|x. back
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18ÙÐ�êØ

6.10��

6.10 ��

~ 6.11

(½x = 10Úx = 15´Ä´�§2x ≡ 1(mod7)�).

))): c¡�~f�ord72 = 3. Ï�3 - 10, 3 | 15, ¤±x = 10
Ø´2x ≡ 1(mod7)�), x = 15´2x ≡ 1(mod7)�).

½n 6.20

e�êa�np��n > 0,@oordna|φ(n).

yyy²²²: Ï�(a, n) = 1,dî.½n��aφ(n) ≡ 1 (mod n),u
´ordna|φ(n).

back
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18ÙÐ�êØ

6.10��

6.10 ��

l½n(6.20),��ordna´φ(n)�Ïf. ùÒL²,3φ(n)�
Ïf¥¦ordna=�.

~ 6.12

O�7�9�gê.

Äk5¿�φ(9) = 6. Ï�6��Ïf�k1, 2, 3Ú6, �â½
n6.20,��ord97´1, 2, 3Ú6��.d����yXe:

71 ≡ 7(mod9), 72 ≡ 4(mod9), 73 ≡ 1(mod9)

�ord97 = 3.
back
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18ÙÐ�êØ

6.10��

6.10 ��

e¡�Qã�½néu�¡�
(Ø�?Ø�~��.

½n 6.21

e�êa���ênp�,@oai ≡ aj (mod n),��=�i ≡ j
(mod ordna),Ù¥iÚj´�K�ê.

yyy²²²: (⇐)�i ≡ j (mod ordna), 0 ≤ j ≤ i. Ki = j + k · ordna,
Ù¥k´���K�ê. Ï�aordna ≡ 1 (mod n),u´

ai = aj+k·ordna = (aordna)kaj ≡ aj (mod n)

back
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18ÙÐ�êØ

6.10��

6.10 ��

(⇒)�ai ≡ aj (mod n),Ø�i ≥ j. u´n|(ai−aj),=n|aj(ai−j−
1), Ï�(a, n) = 1, ¤±(aj, n) = 1, ù�Bkn|(ai−j − 1), �
Ò´ai−j ≡ 1 (mod n). u´, ordna|(i− j),½ö�d/`

i ≡ j(mod ordna).

back
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18ÙÐ�êØ

6.10��

6.10 ��

~ 6.13

y²: 35 ≡ 311 (mod 14), 39 6≡ 320 (mod 14).
): -a = 3, n = 14. ��(a, n) = 1, φ(14) = 6.
®�ord143|φ(14), ¤±3��14��êord143�U´1, 2,
3Ú 6Ù¥��,²L�yord143 = 6,qÏ�

5 ≡ 11 (mod 6), 9 6≡ 20 (mod 6)

u´�â½n(6.21),B�

35 ≡ 311 (mod 14), 39 6≡ 320 (mod 14)

back

lÑêÆ9ÙA^?�|, 2017c12� 544 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.10��

6.10 ��

²Lc¡�?Ø,·���,éu?Û���np���êa,
Ñkordna|φ(n). g,kù��¯K:éu?Û��ên,´Ä
�3�êa,¦�a��n��ê��,=ordna = φ(n)?
kéù��ê���½Â.

½Â 6.11

��êa���ê�ênp�.eordna = φ(n),K¡a´�n�
��������.

back
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6.10��

6.10 ��

~ 6.14

c¡~6.10®²¦�ord73 = 6 = φ(7). U½Â, 3´�7�����. Ï
LO���ord75 = 6,�5�´�7�����.

e¡�~f6.15`²,¿�¤k�êÑk��.

~ 6.15

y²�8vk��.
y²: U½Â, ��ê���Ø�LTê��Têp�, 5¿�¤k
'8���8p���ê�k1, 3, 5, 7,¿�

ord81 = 1, ord83 = ord85 = ord87 = 2

§�ÑØ�uφ(8) = 4,�8vk��.

back
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18ÙÐ�êØ

6.10��

6.10 ��
���^å��Ò´e¡�½n.

½n 6.22

�rÚ��ênp�.er´�n�����,@oe��ê

r1, r2, · · · , rφ(n)

�¤
�n�Q��{X.

yyy²²²: �
y²��r�cφ(n)���¤�n�Q��{X, Uì�nQ
��{X�½Â, �Iy²§�Ñ�np��?Ûü�ÑØ´�nÓ{
�=�. Äk, Ï�(r, n) = 1, ¤±é?¿��êkk(rk, n) = 1. u´
ùφ(n)�êÑ�np�. Ùg, 2y²§�¥?Ûü�ÑØ´�nÓ{�.
Ï�éu1 ≤ i ≤ φ(n)91 ≤ j ≤ φ(n),e

ri ≡ rj (mod n)

back
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18ÙÐ�êØ

6.10��

6.10 ��

�â½n6.21, ��i ≡ j (mod φ(n)), u´φ(n) | (i − j), l
ki− j = 0. Ïd

r1, r2, · · · , rφ(n)

¥?Ûü�ÑØ´�nÓ{�, lùr�ê�¤�n���
Q��{X.

back
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18ÙÐ�êØ

6.10��

6.10 ��

�,�êk���,��Ï~Ø���.�
y²ù�(Ø,
ky²e¡�½n.

½n 6.23

��êa���ênp��ordna = t. Ké?Û����êu,
k

ordn(au) = t/(t, u)

yyy²²²: Äk5¿�Ï�a�np�, ¤±au��np�. -s =
ordn(au), v = (t, u),�t = t1v, u = u1v. ��(t1, u1) = 1. Ï�
t1 = t/(t, u), �
y²ordn(au) = t1, ��y²s|t1 Út1|sÒ�
±
.

back
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18ÙÐ�êØ

6.10��

6.10 ��

k5y², s|t1. duordn(a) = t, u´at ≡ 1 (mod n). 
(au)t1 = (au1v)t/v = (at)u1 ≡ 1 (mod n). ¤±s|t1.
25y²t1|s. Ï�s´au�gê,¤±

(au)s = aus ≡ 1 (mod n)

�a�gêt|us. =t1v|u1vs, u´t1|u1s. du(t1, u1) = 1, �
�t1|s.
±þ©Oy²
s|t1Út1|s,¤±s = t1 = t/v = t/(t, u).

back
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6.10��

6.10 ��

~ 6.16

®²��, ord7 3 = 6,��ord7 34 = 6/(6, 4) = 6/2 = 3.

íØ 6.3

�r´�n���, Ù¥n´���u1��ê, @oru´�n�
������=�(u, φ(n)) = 1.

yyy²²²: Ï�

ordnru =
ordnr

(u, ordnr)
=

φ(n)

(u, φ(n))

�ordnru = φ(n)(=ru´�n�����)��=�(u, φ(n)) =
1. back
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18ÙÐ�êØ

6.10��

6.10 ��

~ 6.17

XJ��ênk����, @o§��kφ(φ(n))�ØÓ��
�.

yyy²²²: �r´�n�����. @o, �â½n 6.22, ��r1,
r2, · · · , rφ(n)�¤
�n���Q��{X. éu�n�?¿
����a , Ï�a�np�, ¤±a�r1, r2, · · · , rφ(n)¥,�
��n��. ù�, �éÑ�n�¤k��, ��3r1, r2, · · · ,
rφ(n)¥éÑ=�.ru´�n�����=�(u, φ(n)) = 1. Ï
�kφ(φ(n))�ù��u,�A/�Òkφ(φ(n))��n���.

back
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6.10��

6.10 ��

~ 6.18

�y2´�11�����.

))): ´�φ(11) = 10,¿�

21 ≡ 2 (mod 11), 22 ≡ 4 (mod 11), 23 ≡ 8 (mod 11),
24 ≡ 5 (mod 11), 25 ≡ 10 (mod 11), 26 ≡ 9 (mod 11),
27 ≡ 7 (mod 11), 28 ≡ 3 (mod 11), 29 ≡ 6 (mod 11),
210 ≡ 1 (mod 11).

Uì�11���½Â��, 2´�11�����.
back
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18ÙÐ�êØ

6.10��

6.10 ��

~ 6.19

éÑ�11�¤k��.

))): Ï�φ(11) = 10, φ(φ(11)) = 4. ¤±�11�k4�Ø
Ó���. ÏL~6.18�2´�11���. ¤±, ¤k���
Ñ�±l21, 22, 23, 24, 25, 26, 27, 28, 29, 210¥éÑ5. ä
NÒ´3ù
ê¥]ÑÙ��10p��ê, �Ò´21, 23,
27, 29. qÏ�21 ≡ 2 (mod 11), 23 ≡ 8 (mod 11), 27 ≡ 7
(mod 11), 29 ≡ 6 (mod 11), 21 ≡ 2 (mod 11). ù�, 2, 6, 7, 8
Ò´�11��ÜØÓ{���.

back
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18ÙÐ�êØ

6.10��

6.10 ��
ÏLc¡�?Ø, ·�uyk���êk��, k�vk�
�.y3m©?Ø���½���ê´Äk���¯K.
·�ky²z���êÑk����.

½Â 6.12

b�f (x)´��gê�"��Xêõ�ª. e

f (c) ≡ 0 (mod m)

K¡�êc´f (x)����m��.

ØJ�y, ec´��f (x)�m��, Kéz��/Xkm +
c��ê, �Ò´z��c�mÓ{��ê, �´f (x)�m��.

back
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18ÙÐ�êØ

6.10��

6.10 ��

~ 6.20

�y:
(1) x ≡ 2 (mod 7)Úx ≡ 4 (mod 7)´õ�ªf (x) = x2 + x + 1
ü��7��.
(2)õ�ªf (x) = x2 + 2vk�5��.

))): (1) ©Oò2Ú4�\�§f (x) = x2 + x + 1��21Ú7,
§�Ñ´7��ê, Uì½Â2Ú4´õ�ªf (x) = x2 + x +
1��7��. ?x ≡ 2 (mod 7)Úx ≡ 4 (mod 7)Ñ´õ�
ªf (x) = x2+x+1�7��. back
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18ÙÐ�êØ

6.10��

6.10 ��
(2) Ï��êc´õ�ªf (x) = x2 + 2�5��, ��=�
�c�5Ó{�ê´õ�ªf (x) = x2 + 2 �5��, ù��
I�y0, 1, 2, 3, 4ÑØ´õ�ªf (x) = x2 + 2�5��B�,
©O�\�y=�. ùpÑ�.

~ 6.21

Fermat½n`, ��êpp��?Û�êaÑkaφ(p) ≡ 1
(mod p),�Ò´ap−1 − 1 ≡ 0 (mod p). Ï�1, 2, · · · , p− 1z
�Ñ�pp�, ¤±1, 2, · · · , p − 1Ñ÷v�§xp−1 − 1 ≡ 0
(mod p), �ÒÑ´õ�ªf (x) = xp−1 − 1�p��. Ïd,
x ≡ 1 (mod p), x ≡ 2 (mod p), · · · , x ≡ p − 1 (mod p)�
´õ�ªf (x) = xp−1 − 1��p��.

back
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18ÙÐ�êØ

6.10��

6.10 ��

éu�½��êp,�o��õ�ª�3�p��?Tõ�ª
�p�kõ�? e¡�(Ø´��'uõ�ª�p���
��½n.

½n 6.24

�p´�ê,

f (x) = anxn + an−1xn−1 + · · ·+ a1x1 + a0

´��gê�n(n ≥ 1),Ä�XêanØU�p�Ø��Xêõ
�ª. @of (x)�õkn��pØÓ{��.

back
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18ÙÐ�êØ

6.10��

6.10 ��
yyy²²²: ^êÆ8B{5y²ù�½n.
�n = 1�, f (x) = a1x + a0, p - a1. I�y²f (x)�õk��
�pØÓ��.¯¢þ, Ï�p - a1, ¤±(a1, p) = 1. ù�, �
3ü��êu, v¦�

a1u + pv = 1

�ª�üàÓ�¦±−a0¿�n��

a1(−ua0) + a0 + (−a0pv) = 0

u´a1(−ua0) + a0 + (−a0pv) ≡ a1(−ua0) + a0 ≡ 0 (mod p).
ù��§f (x) ≡ 0 (mod p)k��)x ≡ (−ua0) (mod p).
2�x ≡ x1 (mod p) Ú x ≡ x2 (mod p)´�§a1x + a0 ≡ 0
(mod p)�ü�). back
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18ÙÐ�êØ

6.10��

6.10 ��

u´ a1x1 + a0 ≡ 0 (mod p)Úa1x2 + a0 ≡ 0 (mod p), ù
�B�a1(x1 − x2) ≡ 0 (mod p), =p|a1(x1 − x2). Ï�p -
a1, �p|x1 − x2, �Ò´x1 ≡ x2 (mod p), ¤±�§f (x) ≡ 0
(mod p)�)��,ù��Òy²
�§�õk��).
�½négê�n − 1�õ�ª¤á. -f (x)´��gê
�n�Ä�XêØ�p �Ø�õ�ª. ef (x)kn + 1��pØ
Ó{��, P�c0, c1, · · · , cn, Kf (ck) ≡ 0 (mod p), k =
0, 1, 2, · · · , n. -

f (x)− f (c0) = an(xn − cn
0) + an−1(xn−1 − cn−1

0 ) + · · ·+ a1(x− c0)

= (x− c0)g(x)

back
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18ÙÐ�êØ

6.10��

6.10 ��

ùpg(x)´��Ä�Xê�an(�pp�)�gê�n − 1�õ
�ª. e¡ò�y²c1, · · · , cnÑ´g(x)�pØÓ{��. ¯
¢þ, Ï�c0, c1, · · · , cnÑ´f (x)�pØÓ{��, ���k =
1, 2, · · · , n�, kf (ck) ≡ 0 (mod p)Úf (c0) ≡ 0 (mod p), Ï


f (ck)− f (c0) = (ck − c0)g(ck) ≡ 0 (mod p)

Ï�ck − c0 6≡ 0 (mod p),¤±g(ck) ≡ 0 (mod p). ùL«g
ê�n − 1�Ä�XêØU�p�Ø�õ�ªg(x)kn��pØ
Ó��,ù�8Bb��gñ. ¤±f (x)��pØÓ{���
�êØ¬�Ln,y�. back
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18ÙÐ�êØ

6.10��

6.10 ��

½n 6.25

b�p��ê�d´p − 1�Ïf. @oõ�ªxd − 1Tkd�
�pØÓ{��.

yyy²²²: �âK¿,�p− 1 = de. @ok

xp−1 − 1 = (xd)e − 1

= (xd − 1)(xd(e−1) + xd(e−2) + · · ·+ xd + 1)

= (xd − 1)g(x)

back
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18ÙÐ�êØ

6.10��

6.10 ��

dFermat½n�, xφ(p)−1 = xp−1−1k=kp−1��pØÓ{
��. éu?Û��xp−1 − 1��p��α, kp|(αd − 1)g(α),
Ï�p ´�ê, ½öp|(αd − 1), =α´xp−1 − 1�p��; ½
öp|g(α), =α´g(x) ��p��. Ï��ö�p���ê�
ÚÒ´xp−1 − 1��p����êp − 1, lg(x)´��gê
�d(e − 1) = p − d − 1 �Ä��pp��õ�ª, ��Ù
�pØÓ{���õkp−d−1,aq/, xd−1�pØÓ{�
���ê�õ´d,��ö�Ú�p− 1,¤±õ�ªxd − 17
Lkd ��pØÓ{��.

back
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18ÙÐ�êØ

6.10��

6.10 ��

½n6.20w�·�, ea�np�, Kordna�½´φ(n)�Ïf.
y34n�u���êp, Ï��up���ê1, 2, · · · , p −
1Ñ�pp�, ¤±ùp − 1ê¥�z��ê��ê´φ(p) =
(p− 1)�Ïf.

y3�¯K´: �½p − 1�Ïfd, 1, 2, · · · , p − 1¥kvk
±d��ê�ê?

½n 6.26

�p´���ê���êd´p − 1�Ïf, @o, �up��
�ê1, 2, · · · , p− 1¥�p��d�ê��ê�õ´φ(d).

back
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18ÙÐ�êØ

6.10��

6.10 ��

yyy²²²: éu�½�p− 1��Ïfd,-F(d)L«�up���
ê¥�p���d�ê��ê.
1�«�¹: F(d) = 0. w,kF(d) ≤ φ(d).
1�«�¹: F(d) 6= 0. ù��3���p���d��êa,
=ordpa = d. Ï�d´���¦�ad ≡ 1 (mod p)���ê,
�d��ê

a, a2, · · · , ad

back
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18ÙÐ�êØ

6.10��

6.10 ��

´�pØÓ{�, �Ï´þ¡�d��ê¥XJkü�´
�pÓ{�, KÙéA�ü��ê��´d��ê, ùw,
´Ø�U�. éu?Ûk(1 ≤ k ≤ d), du(ak)d = (ad)k ≡ 1
(mod p). ¤±d�êa, a2, · · · , ad´xd − 1�p�d���´Ù
¤k��. 5¿��p ��d�ê��ê´F(d), ù
ê¥
�z���´xd − 1�p��, Ïz��TÐ�a, a2, · · · ,
adùd�ê¥�,���pÓ{, @o�p���d�F(d)�ê
��3ùd�ê¥Ïé=�.®�ak gê´ d

(k,d) ,a, a2, · · · ,
ad ��¥TÐkφ(d) �k÷v(k, d) = 1, ¤±a, a2, · · · , ad

TÐkφ(d)����gê�d, lkφ(d)��p��d ��
�.d�, F(d) = φ(d).
nÜ±þü«�¹,·�kF(d) ≤ φ(d),y�. back
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18ÙÐ�êØ

6.10��

6.10 ��

½n 6.27

�n�����ê,@o

n =
∑
d|n

φ(d)

yyy²²²: -A´1, 2, · · · , nùn��ê|¤8Ü.y3é8ÜA¥
�n��ê?1©a: ?�m ∈ A, e(m, n) = d, K-máu
8ÜCd. =m ∈ Cd��=�(m, n) = d½ö(m/d, n/d) = 1.
¤±, Cd aÒ´dØ�Ln��n���úÏf´d��ê
|¤�, ½ö�d/`CdaÒ´dØ�Ln/d�Ún/dp
���ê|¤�, l8ÜCd¥����êÒ´φ(n/d).

back
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18ÙÐ�êØ

6.10��

6.10 ��

du1�n�ù
�ê¥�z���½áuÙ¥���a
��Uáu��a,ù�¤ka¹k��ê�ê�Ú�n,�

n =
∑
d|n

φ(n/d)

Ï��dH{n�¤k�Ïf�, n/d�H{¤kn��Ïf,
l

n =
∑
d|n

φ(n/d) =
∑
d|n

φ(d)

½ny�.
back
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6.10��

6.10 ��

~ 6.22

�n = 18, d´n���Ïf. éu�êm, 1 ≤ m ≤ 18, m ∈ Cd��=
�(m, 18) = d, ~Xd = 1�, 1, 2, · · · , 18¥¤k�18p��ê�¤8
ÜC1; �d = 2�, 1, 2, · · · , 18¥¤k�18���úÏf�2�ê�¤8
ÜC2,��. ÏLO�,��

C1 = {1, 5, 7, 11, 13, 17}, C6 = {6, 12},
C2 = {2, 4, 8, 10, 14, 16}, C9 = {9},
C3 = {3, 15, }, C8 = {18}.

·�w�, d = 1, 2, 3, 6, 9, 18, Cda�¹φ(18/d)��ê,¿�k

18 = φ(18) + φ(9) + φ(6) + φ(3) + φ(2) + φ(1).

back
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18ÙÐ�êØ

6.10��

6.10 ��
y3?�Ú?ØF(d)Úφ(d)�'X.

½n 6.28

�p´���ê, ��êd´p − 1���Ïf, @o�p�
�d�ØÓ{��ê��ê�φ(d).

yyy²²²: dFermat½n,��1, 2, · · · , p− 1¥�?Û��êÑ
´�§xp−1 ≡ 1 (mod p)�), eÙ¥,�ê�gê´d, �
â½n6.20, d´φ(p) = p−1�Ïf. 31, 2, · · · , p−1ù
ê
¥]Ñ�p���d�¤kê|¤8ÜFd,¿�^F(d)L«8
ÜFd¥����ê. Uìù«P{,ed′ 6= d´p−1�,��
ØÓud�Ïf, Ï���ê�gêØ�UQ´dq´d′, u
´Fd∩Fd′ = φ, back
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18ÙÐ�êØ

6.10��

6.10 ��
ù�

p− 1 =
∑
d|p−1

F(d)

Ï��â½n6.27,��

p− 1 =
∑
d|p−1

φ(d)

¤± ∑
d|p−1

F(d) =
∑
d|p−1

φ(d) (6.10)

u´F(d) = φ(d).
back
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6.10��

6.10 ��

½n 6.29

z��êpÑk��.

yyy²²²: ®�p´���ê,�p−1�Ïfp−1,�â½n6.28,
���3φ(p− 1)��p���p− 1�ØÓ{��ê,w,ù

ê¥�z��Ñ´��, ùÒy²
z��êpÑ�3�
������kφ(p− 1)�.

�Y�ó�´(½�3���Ù§��ê. back
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6.10��

6.10 ��

�
y²z�Û�êp��pα(α ≥ 2)Ñk��. ky²z�
Û�êp�²�k��.

½n 6.30

�p´��Û�ê. er´p���,Kr½r + p´p2���,�
Ò´`p2k��.

yyy²²²: ®�r´�p�����,u´ordpr = φ(p) = p− 1. Ï
�(r, p) = 1, ¤±(r, p2) = 1, u´r�p2�gêordp2 r �3,
�-n = ordp2 r. back
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6.10��

6.10 ��

ù�
rn ≡ 1 (mod p2)

�p2Ó{�ü�ê��½�pÓ{,�k

rn ≡ 1(mod p)

Ï�p − 1 = ordp r|n, ,��¡, n = ordp2 rÚrφ(p
2) ≡ 1

(mod p2)(î.½n), 2Ï�n|φ
(
p2
)
, φ(p2) = p(p − 1),

=n|p(p − 1). qdup − 1|n, ��n = q(p − 1), ù�q(p −
1)|p(p − 1), íÑq|p, lq = 1½öq = p, �Ò´n = p − 1
½ön = p(p− 1). e¡©�¹?1?Ø.

back
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6.10��

6.10 ��

�n = p(p − 1) �, =ordp2r = φ
(
p2
)
, ù�, r´�p2 ���

��.
�n = p− 1�,

rp−1 ≡ 1(mod p2) (6.11)

-s = r + p. dus ≡ r(mod p), s�´�p�����. Uì
c¡�y²aq/�±��, ordp2 s�p− 1½p(p− 1). ·�
òÏLy²ordp2 s = p− 1´�Ø�,�Ò����ordp2 s =
p(p − 1). �
y²ordp2 s 6= p − 1, Äk|^��ª½n

back
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6.10��

6.10 ��

sp−1 = (r + p)p−1 = rp−1 + (p− 1)rp−2p +

(
p− 1

2

)
rp−3p2 + · · ·+ pp−1

≡ rp−1 + (p− 1)prp−2(mod p2).

Ïd,|^úª6.11,�±��

sp−1 ≡ 1 + (p− 1)prp−2 ≡ 1− prp−2(mod p2)

u´
sp−1 − 1 ≡ −prp−2 (mod p2)

·�`
sp−1 6≡ 1(mod p2)

eØ,, Ksp−1 ≡ 1 (mod p2), u´p2|prp−2, íÑp|rp−2, lp|r. ùw
,�(p, r) = 1�gñ. ù�,duordp2 s 6= p− 1,��ordp2 s = p(p− 1) =
φ
(
p2
)
. d�, s = r + p´�p2�����,y�.

back
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6.10��

6.10 ��

~ 6.23

�â~6.10,��r = 3´�êp = 7����.l½n6.30�
y²L§�±��, r = 3 �72��êord723 = 7 − 1 = 6 ½
öord723 = 7(7− 1) = 42. �Ï

rp−1 = 36 6≡ 1(mod 49)

7kord493 = 42. Ïd, 3�´p2 = 49�����.

back
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6.10��

6.10 ��

e¡½n`²
z�Û�ê�?¿g�Ñk��.

½n 6.31

�p´��Û�ê. er´�p2���, Ké?¿�k ≥ 3, r�
´�pk���.

yyy²²²: ®�pk��, ��a´p���, u´a + p�´�p �
��.Ï��aØ´�p2����, a+p�½��p2���.¤
±o´�3���êr, rQ´�p�����, q´�p2��
���.Ï�ordp2r = φ(p2) = p(p−1) > p−1,�âgê��
�5��, back

lÑêÆ9ÙA^?�|, 2017c12� 578 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.10��

6.10 ��

rp−1 6≡ 1 (mod p2)

��|^êÆ8B{,·�ò¬y²ù���r,é¤k��
�êk ≥ 2Ñ÷v

rpk−2(p−1) 6≡ 1 (mod pk) (6.12)

back

lÑêÆ9ÙA^?�|, 2017c12� 579 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.10��

6.10 ��

e¡k3ù�(6.12)ª¤á�Ä:þ5y²r�´�pk��
���. -n = ordpkr. Kn|φ(pk). Ï φ(pk) = pk−1(p − 1),
=n|pk−1(p − 1). dordpkr�½Â��, rn ≡ 1 (mod pk), l
rn ≡ 1 (mod p). u´ordpr = φ(p) = p − 1�±�Øn,
=p− 1|n,ù�lp− 1|nÚn|pk−1(p− 1),��n = pt(p− 1),
Ù¥t´��÷v0 ≤ t ≤ k − 1��ê. �±äó: t = k − 1.
Ø,, 0 ≤ t ≤ k − 2. Ï�

rpk−2(p−1) =
(

rpt(p−1)
)pk−2−t

≡ (rn)pk−2−t ≡ 1(mod pk)

back
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18ÙÐ�êØ

6.10��

6.10 ��

ù�(6.12)gñ. Ïd, ordpkr = pk−1(p− 1) = φ(pk). ¤±r�
´�pk�����.
^êÆ8B{y²���e�(6.12)ª.
k = 2��/����âr´p2����Ñrp−1 6≡ 1(mod p2).
�(Øé�êk ≥ 2¤á,=

rpk−2(p−1)) 6≡ 1(mod pk) (6.13)

back
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18ÙÐ�êØ

6.10��

6.10 ��

5y²k + 1��ÿ¤á. d(r, p) = 1��(r, pk−1) = 1. �â
î.½n��,

rφ(p
k−1) = rpk−2(p−1) ≡ 1(mod pk−1)

Ïd,�3���êd,÷v

rpk−2(p−1) = 1 + dpk−1 (6.14)

d(6.13)ª, ��p - d. (6.14)ª�ü>Ó��pg�, ��
back
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6.10��

6.10 ��

rpk−1(p−1) = (1 + dpk−1)p

= 1 + p(dpk−1) +

(
p
2

)
(dpk−1)2 + · · ·+

(
dpk−1)p

≡ 1 + dpk (mod pk+1)

dp - d, ��pk+1 - dpk, pk+1|rpk−1p−1 − 1 − dpk, ¤±pk+1 -
rpk−1p−1 − 1,½ö

rpk−1p−1 6≡ 1(mod pk+1)

ù�Ò´k + 1��ÿ¤á, �â8B{�n, (6.12)ª�y.
back
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18ÙÐ�êØ

6.10��

6.10 ��

�d,·�y²


íØ 6.4

?¿���êt,�3�pt���.

~ 6.24

c¡~6.10`²3´�7Ú�72���.Ïd,é¤k��êt,
3�´�7t ���.

back
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6.10��

6.10 ��
Û�ê�����¹®²?Ø�
. y35?Ø�ê2��ù
aê����¯K. ØJ�y1Ú3©O´2Ú22 = 4���, 
é2α(α ≥ 3), �¹Ò��ØÓ
. e¡ò¬y²ù
êØ�3�
�.

½n 6.32

�a´��Ûê, k´���ê, k ≥ 3. @o,

aφ(2
k)/2 = a2k−2 ≡ 1 (mod 2k)

yyy²²²: ^êÆ8B{y²ù�(Ø. �k = 3�, I��ya2 ≡ 1
(mod 8)¤á. ù´Ï�a�Ûê,��a = 2b + 1, b��ê. k

a2 = (2b + 1)2 = 4b2 + 4b + 1 = 4b(b + 1) + 1

back
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18ÙÐ�êØ

6.10��

6.10 ��
Ï�bÚb + 1¥k��óê,�k8|4b(b + 1),l8 | a2 − 1,=

a2 ≡ 1 (mod 8) (6.15)

8Bb�k�¤á,�Ò´

a2k−2 ≡ 1 (mod 2k)

u´�3�êd÷v

a2k−2
= 1 + d · 2k (6.16)

(6.16)�ª�ü>²��

a2k−1
= 1 + d2k+1 + d222k

¤±
a2k−1 ≡ 1 (mod 2k+1)

ù`²k + 1�¤á,8B�y.
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18ÙÐ�êØ

6.10��

6.10 ��

íØ 6.5

�k ≥ 3��ê,K2kvk��.

yyy²²²: �y²2kvk��, �â���½Â, I��yz�
��2k p���êÑØ´��, �2kp���ê�kÛ
ê, �I��yz�ÛêÑØ´��=�. ¯¢þ, �a´?
¿��Ûê,éu?¿�k ≥ 3,Ï�

aφ(2
k)/2 ≡ 1 (mod 2k)

ù�, a�gêord2ka���φ(2k)
2 (< φ(2k)). �Ò�ÑaØ¬

´2k���,ùÒy²
2k (k ≥ 3)vk��.
�,�k ≥ 3�, 2kvk��,�´%�3k���φ(2k)/2�
ê. back
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18ÙÐ�êØ

6.10��

6.10 ��

½n 6.33

b�k ≥ 3´���ê,Kk

ord2k 5 = φ(2k)/2 = 2k−2

yyy²²²: d½n6.32,�k ≥ 3�,k

52k−2 ≡ 1 (mod 2k)

Ï�, ord2k 5|2k−2. Ïd,XJy²ord2k 5 - 2k−3,Ò¬��

ord2k 5 = 2k−2 = φ(2k)/2

�
y²ord2k 5 - 2k−3,e¡ò¬^êÆ8B{5y²ék ≥ 3k

52k−3 ≡ 1 + 2k−1 (mod 2k)

back
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18ÙÐ�êØ

6.10��

6.10 ��
�k = 3�,k

5 ≡ 1 + 4 (mod 8)

b�k�¤á,=
52k−3

≡ 1 + 2k−1 (mod 2k)

@o,�3����êd÷veª

52k−3
= (1 + 2k−1) + d · 2k

ü>Ó�²��

52k−2
= (1 + 2k−1)2 + 2(1 + 2k−1) · d · 2k + (d · 2k)2

5¿��Òm>��ü�Ñk2k+1Ïf,u´

52k−2
≡ (1 + 2k−1)2 = 1 + 2k + 22k−2 ≡ 1 + 2k (mod 2k+1)

¤±(Øéuk + 1��¹¤á. Ïd·�y²
�k ≥ 3k

52k−3
≡ 1 + 2k−1 (mod 2k)

Ï�1 + 2k−1 6≡ 1( (mod 2k), ¤±52k−3 6≡ 1 (mod 2k), ¤±ord2k 5 - 2k−3, Ïdord2k 5 =
2k−2 = φ(2k)/2,y�.

back
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18ÙÐ�êØ

6.10��

6.10 ��
e¡´c¡�?Ø���o(.
n = pα(p´�ê, α ≥ 1)����¹:
(1)�p�Û�ê�, pαk��;
(2) �p�ó�êê(p = 2). eα = 1½α = 2, nk��, Ä
KnÃ��.
ù�,��ê�ù«ê����¹Ñ�Ù
.

e¡?ØØ´�ê���ê´Ä�3���¯K,�Ò´�
±�ü�½�õ��ê�Ø��ê���¹. ·�ò¬y
²: Ø´�ê��%�3�����ê, fÐ´Û�ê��
���ê.

küØKvk���ê. w±e(Ø.
back
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6.10��

6.10 ��

½n 6.34

e��ênØ´���ê��½öØ´���ê���2�,
KnØ�3��.

yyy²²²: ���ênØ´���ê���Ø´��Û�ê��
�2�,Knk��Ïf©)Xeµ

n = pt1
1 pt2

2 · · · p
tm
m

ù�©)ª��kü�,¤±m ≥ 2,XJp1,p2, · · · , pm k�
�´2, �-p1 = 2, @ot1 ≥ 2. t2 ≥ 1, · · · , tm ≥ 1, ���
êr�np�,=(r, n) = 1,¤±

(
r, ptk

k

)
= 1, 1 ≤ k ≤ m. �â

î.½n,�� back
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18ÙÐ�êØ

6.10��

6.10 ��

rφ(p
tk
k ) ≡ 1 (mod ptk

k )

^UL«φ(pt1
1 ), φ(pt2

2 ), · · · , φ(ptm
m )���ú�ê,�Ò´

U = [φ
(
pt1

1

)
, φ(pt2

2 ), · · · , φ(ptm
m )]

duφ(pti
i ) | U,��i = 1, 2, · · · ,mk

rU ≡ 1(mod pti
i ).

5¿�pt1
1 , p

t2
2 , · · · , ptm

müüp�,k

rU ≡ 1 (mod n)

ùÒ´`k
ordnr ≤ U

back
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18ÙÐ�êØ

6.10��

6.10 ��

�âü�p��ê¦È�î.¼ê�´ü��ê�gî.
��¦È,��

φ(n) = φ(pt1
1 pt2

2 · · · p
tm
m ) = φ(pt1

1 )φ(pt2
2 ) · · ·φ(ptm

m )

Ï��k = 1, 2, · · · ,m�,kφ(ptk
k ) = ptk−1

k (pk − 1)Ñ´2��
ê,�U ≤ 1

2φ(n),Q,�3��'φ(n)��êU ¦�

rU ≡ 1 (mod n)

L²r�gêØ�U´φ(n), �Ò´rØ¬´n���, nvk
��. back
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18ÙÐ�êØ

6.10��

6.10 ��

ÏLc¡�?Ø, ®²r¤�*	�é����/Xn =
2pt��ê, ùpp´��Û�ê, t´����ê. e¡y²
¤kù«/ª��êÑk��.

½n 6.35

/X2pt��êÑ�3��. ùpp�Û�ê, t´��ê. ¯
¢þ, er´pt���,K,�r´Ûê�, r´2pt���;�r´
óê�, r + pt ´2pt���.

back
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6.10��

6.10 ��

yyy²²²: ®�pt´k���,�r�Ù¥��,u´

rφ(p
t) ≡ 1(mod pt)

Ï�φ(2pt) = φ(2)φ(pt) = φ(pt),u´,

rφ(2pt) ≡ 1 (mod pt) (6.17)

e¡·�©r´ÛêÚr´óê5?Ø.
(1)�r´Ûê�. rφ(2pt) − 1kóêÏfr − 1,u´

rφ(2pt) ≡ 1 (mod 2) (6.18)

back
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18ÙÐ�êØ

6.10��

6.10 ��

úª(6.17)Úúª(6.18)¥�ü��ptÚ2´p��,��

rφ(2pt) ≡ 1 (mod 2pt) (6.19)

Ï�φ(2pt) = φ(pt), r´�pt�����, ¤±vk'φ(2pt)
���ê÷vúª(6.19). ùÒy²
r´2pt�����.
(2) �r´óê�. r + pt´Ûê, Ï�(r + pt)φ(2pt) − 1´ó
êr + pt − 1��ê,g,�´2��ê,¤±

(r + pt)φ(2pt) ≡ 1 (mod 2) (6.20)

back
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18ÙÐ�êØ

6.10��

6.10 ��

lr´óê��(r, pt) = 1, Ïd(r + pt, pt) = 1, qφ(2pt) =
φ(pt),dî.½n,

(r + pt)φ(2pt) ≡ 1(mod pt) (6.21)

(Ü(6.20)ªÚ6.21ª,��,

(r + pt)φ(2pt) ≡ 1(mod 2pt) (6.22)

5¿�r + pt´pt�����, �vk'φ(2pt)���gê÷
vúª(6.22). Ïd, r+pt´�2pt�����. back
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18ÙÐ�êØ

6.10��

6.10 ��

~ 6.25

�â~6.24, é¤k���êt, 3´�7t���. du3´Û
ê, �â½n6.35, ��3´�2 · 7t���. ~X, �t = 1,
3´14�����.

aq/,é¤k���êt, 2´�5t�����.Ï�2 + 5t´
Ûê, ��, é¤k���êt, 2 + 5t�2 · 5t�����. ~
X,�t = 2,K27´50�����.

back
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6.11�ê��â

3.10 �ê��â
�!0�N�|^��?1�â$�.
�r´�m�����,®�e��ê

r, r2, · · · , rφ(m)

�¤�m���Q��{X.Ïd,ea´���mp���ê,K�3�������êx,
1 ≤ x ≤ φ(m),¦�

rx ≡ a (mod m)

ùÒÚÑ
e¡�½Â.

½Â 6.13

�r´��êm���,�êa�mp�.¦�Ó{ª

rx ≡ a (mod m)

¤á�����êx, 1 ≤ x ≤ φ(m), ��aé�m�±r�.��ê(½��lÑéê). e
Px = indra,@o

rindra ≡ a (mod m).

back
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6.11�ê��â

6.11 �ê��â

Uì½Â6.13, ex´aé�m�±r�.��ê, x = indra w
,�mk'. �ê�P{¥vkNym´Ï�m´��¯k
�½�ê.
�a, bÑ�mp��a ≡ b (mod m), @orindra ≡ a ≡ b ≡
rindrb (mod m). ù�

indra ≡ indrb (mod φ(m))

qÏ�, 1 ≤ indra, indrb ≤ φ(m), ¤±7kindra = indrb, ù
Ò´`�m��ê��ê�Ó. back
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6.11�ê��â

6.11 �ê��â

~ 6.26

m = 7�, φ(7) = 6. ®�3´�7�����, ��31, 32, 33,
34, 35, 36´�7���Q��{X,Ï�

31 ≡ 3 (mod 7), 32 ≡ 2 (mod 7), 33 ≡ 6 (mod 7),
34 ≡ 4 (mod 7), 35 ≡ 5 (mod 7), 36 ≡ 1 (mod 7).

Ïd,é�7k

ind31 = 6, ind32 = 2, ind33 = 1,
ind34 = 4, ind35 = 5, ind36 = 3.

back
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6.11�ê��â

6.11 �ê��â

~ 6.27

�m = 7,Ï�5´�7�����,��51, 52, 53, 54, 55, 56´
�7���Q��{X,Ï�

51 ≡ 5 (mod 7), 52 ≡ 4 (mod 7), 53 ≡ 6 (mod 7),
54 ≡ 2 (mod 7), 55 ≡ 3 (mod 7), 56 ≡ 1 (mod 7).

Ïd,é�7k

ind51 = 6, ind52 = 4, ind53 = 5,
ind54 = 2, ind55 = 1, ind56 = 3.

back
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6.11 �ê��â

e¡�Ñ�ê��
5�. ��òÊÏ�ê¥��ª^
�φ(m)�Ó{ª�O,lÑéêÒPkÚÊÏéê�q��

5�.

½n 6.36

�r´��êm���, a, bÑ´�mp���ê. @ok
(1) indr1 ≡ 0 (mod φ(m)),
(2) indr(ab) ≡ indra + indrb (mod φ(m)),
(3) indrak ≡ k · indra (mod φ(m)),Ù¥k���ê.

yyy²²²: (1) Ï�r´�m���, ¤±rφ(m) ≡ 1 (mod m), 
�vk���r���÷vù�Ó{ª, �â�ê�½Â
kindr1 = φ(m),�,k back
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6.11 �ê��â

indr1 = φ(m) ≡ 0 (mod φ(m))

(2)d½Â��,

rindra ≡ a (mod m) (6.23)

rindrb ≡ b (mod m) (6.24)

rindr(ab) ≡ ab (mod m) (6.25)

back
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d(6.23)Ú(6.24)��

rindra · rindrb = rindra+indrb ≡ ab (mod m) (6.26)

d(6.25)Ú(6.26)��

rindr(ab) ≡ rindra+indrb (mod m) (6.27)

2d(6.27),��

indr(ab) ≡ indra + indrb (mod φ(m)) (6.28)

back
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6.11 �ê��â

(3)Äkl�ê�½Â�±��

rindrak ≡ ak (mod m) (6.29)

rindra ≡ a (mod m) (6.30)

d(6.30)��,

rk·indra = (rindra)k ≡ ak (mod m) (6.31)

back

lÑêÆ9ÙA^?�|, 2017c12� 606 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.11�ê��â

6.11 �ê��â

d(6.29)Ú6.31��

rk·indra ≡ rindrak
(mod m) (6.32)

���â(6.32)��

k · indra ≡ indrak (mod φ(m)). (6.33)

back
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6.12 ��3�èÆ¥�A^
k0�\�Ú)�����n.
y�Ï&¥, ¤D&E�S�5ÃN¯ó. �èÆÒ´Äuù��¦�
)�ïÄÏ&S�5�Æ�. �äþ�ü�^r3uxÚ�Âêâ�,
e���¦<�fêâ,uxö�±éux�²²²©©©êâ?1\\\���C¤\
������©©©êâ, ¦�föÖØÃ\���êâ, ��S�Ï&�8
�. �ký���Â�â�òÂ��©�ÏL,«¡�)))����C�½ö
`\�_C�ò�©��¤²©. �èÆEâ�ïÄg,A�9�\�
�{Ú)��{, lù�¿Âþn), \��{Ú)��{´ØUúm
�. �Ð�S�Ï&�{Ø
�9��\��{Ú)��{�	, ��
9������¡�”\���”Ú”)���”�ëê, du§��m�
�p�^, y3�±����)���ëê���+, =¦\��{!
)��{Ú\���Ñúm, �Ø¬K�Ï&�S�5. �kPk)�
���<, â´�±)��©���^r. ?Û1n�=¦��\��
{!)��{Ú\����Ã{)��©. 'uù�¡��[�£, �
ë�k'�èÆ�¡�Ö7.

back
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6.12 ��3�èÆ¥�A^
<�S.ã6.1ù��.5£ãS��Ï&L§.

zyx

Oscar

BobAlice

Figure 6.1: ��Ï&�.

back
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6.12 ��3�èÆ¥�A^

äN`,�\��{!)��{!\���Ú)���©O
�E!D!pa Úsa, \�ìò²©X²L\��{EÚ\��
�pa?1$����©Y. ù�L§^e¡�úª6.345£
ã.

Y = Epa(X) (6.34)

�©Y²�äDÑ�)�ì, )�ì^)��{DÚ)��
�sb�)Ñ²©X,ù�L§�^e¡�úª6.355£ã.

Dsb(Y) = Dsb(Epa(X)) = X (6.35)

back
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6.12 ��3�èÆ¥�A^

ù��.£ã
&ES�Ï&���L§. �
�y&ES�¥�êi
\¶I�,�(6.35)�éA�,	úªEpa(Dsa(x)) = X��¤á.
�(6.35)¥�paÚsb �Ó�, ù«\�Ú)�N�¡�ééé¡¡¡���èèèNNN���.
ÙA:´uxöÚ�Éö��Ó������. 3ù«�¹e, �Ï&
�ë�ö�õ�, uxö�ØÓ^r�m�Ï&��ATØÓ, ù�u
xö���+n�5ØB,ù�G¹±Y
é��m. 3$�´,�<é
���¡�ú��èN���{)û
ù��Ï(¾<��¯K.ú�
�èN�´dStanford�Æ�ïÄ<
DiffieÚHellmanu1976 cJÑ
�. Ùg�´3®k\��{EÚ)��{D�cJe,z�Ï&^rP
k�é��,\���pÚ)���=h�s. úk�\��{E!)��
{DÚz�^r�\���é�ä¥�¤k^rÑúm, �z�^r)
���dT^r���+,ØUúm. back
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6.12 ��3�èÆ¥�A^

�kÏ&¥�ü�^rAÚB, Uìú�N�Ï&�g�, A�ú
�paÚB�ú�pb�é�ä¥�¤k^rÑúm, A�h�saÚB�
h�sb K©O���+. A�BS�Ï&�, A^pbé²©&Eæ
^\��{E\��u�B,�Â�B^sb Ú)��{D?1)�.
lþ¡�?Ø��, PksbÒ¿�X�±æ^®úm�)��

{Dò�©)�. h�sbU)�Ñpb\��&E, L²sb�pb�m

k7,�éX. Q,B�pb®²úm
, 1n�^r'XC}Á^
úm�pb5�Ñsb,±�)��8�, Ckù«�{��´�U�.
ú��è�{7L�yù«èã´ØU¢y�, ù��´ú��
è�{�O�JÝ¤3. ú��è�{��O�K7L�y�â
ú�í�h�e3nØþ�Ø�Ø�1, åè3O�þAT´Ø
�1�. back
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6.12 ��3�èÆ¥�A^

20�êi\¶����n.

,
&E´�±úm�,�ØU��EÚtU.���¹e,
��Ö&½©�´�â&EuÙ<��)\¶½<Ù5y
²Ùý¢5�. �
y²�äÏ&¥>f©v�ý¢5, >
f©vqXÛ/\¶0½ö/XÙ0Q? ùÒ´êi\¶
�)û�¯K.êi\¶7L�y±en:.

1 �Â�U
Ø¢ux�é�©�\¶

2 ux�¯�ØU-6é�©�\¶

3 ØU�E�©�\¶
back

lÑêÆ9ÙA^?�|, 2017c12� 613 / 839



lÑêÆ9ÙA^�Æ��

18ÙÐ�êØ

6.12��3�èÆ¥�A^

6.12 ��3�èÆ¥�A^

êi\¶�±æ^ú��è�Y5)û,e¡´Ù�n.
�\�Ú)�¼ê©O´E(x)ÚD(x). ux�A�h�Úú
�©O´sa Úpa, ux�A�é&Ex?1êi\¶, �Â
�Bé\¶���©?1�y,±(�x�ý¢5.
e¡´\¶Ú�y�L§.
(1) \¶: ux�^saé�©x?1O��Dsa(x), Dsa(x)B´
¤¢�\¶�©, ,�ò�©�©xÚ\¶��©�Ü¤(
J(x,Dsa(x))ux��Â�B, . back
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6.12 ��3�èÆ¥�A^
(2) �y: �É�¦^ux��ú�pa?1O��Ñ

Epa(Dsa(x)) = x

Ï��É�¡EÑ�©x^�´A�ú�pa,¤±�Â��ä
�©(x,Dsa(x))´A\¶ux�,ùÒ�y
�©�\¶.
z�^r�ú�Úh�Ï~´l�%�1n�Å�¼�
�. |^\¶5�y&E�ý¢5�EâU
�y?
ÛØA�	�^rØU�EA�\¶�E, �Ï´ù«�
E��©Ã{^A �ú�¡EÑ5. Ó�/, ^rA�
ØU-6uÑL\¶��©, Ï��É��±r\¶�
©(x,Dsa(x))Ñ«�k�%�1n�, 1n�e^ú�pa

¡EÑ�©x, @o, Pkpaö=A�Ò´�©�\¶<.
back
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6.12 ��3�èÆ¥�A^
1985cElGamalJÑ
��|^��nØ�±?1\�Ú
êi\¶��Y. 30�äN��Y�c, k0��²�
O�{.
3lÑéêú��Y¥,~~�é���êmÚn,O�

bn (mod m)

ùpb´���un���ê. ~X,O�12996227 (mod 37909).
·��±48/O�

bn (mod m) = (bn−1(mod m) · b)(mod m)

�ù«O���¤�§L�n− 1g¦{.
back
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6.12 ��3�èÆ¥�A^

y3,òn�¤�?�

n = n0 + n12 + · · ·+ nk−12k−1 + nk2k

Ù¥ni ∈ {0, 1}, i = 0, 1, · · · , k − 1,Kbn(mod m)�O��8
B�

bn0(b2)n1︸ ︷︷ ︸(b4)n2︸ ︷︷ ︸(b8)n3

︸ ︷︷ ︸ · · · (b2k−2
)nk−2(b2k−1

)nk−1(b2k
)nk

︸ ︷︷ ︸
(mod m)

ù«O��{��“�E²�O��{”. äN�{Xe:
back
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Ð©z: -a = 1,ònU2��Ðm

n = n0 + n12 + · · ·+ nk−12k−1 + nk2k

(0) XJn0 = 1,O�a0 = ab (mod m),ÄK�a0 = a,=

a0 = abn0 (mod m)

2O�b1 = b2 (mod m). (10ÚO�Ña0 Úb1.)
(1) XJn1 = 1, KO�a1 = a0b1 (mod m), ÄK�a1 = a0,
=O�

a1 = a0bn1
1 (mod m)

2O�b2 = b2
1 (mod m). (11ÚO�Ña1Úb2.)

back
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6.12 ��3�èÆ¥�A^

(2) XJn2 = 1, KO�a2 = a1b2 (mod m), ÄK�a2 = a1,
=O�

a2 = a1bn2
2 (mod m)

2O�b3 = b2
2 (mod m). (12ÚO�Ña2Úb3.)

(3) XJn3 = 1, KO�a3 = a2b3 (mod m), ÄK�a3 = a2,
=O�

a3 = a2bn3
3 (mod m)

2O�b4 = b2
3 (mod m). (13ÚO�Ña3Úb4.)

· · · · · · · · ·
back
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6.12 ��3�èÆ¥�A^
(k-2) XJnk−2 = 1, KO�ak−2 = ak−3bk−2 (mod m), ÄK
�ak−2 = ak−3,=O�

ak−2 = ak−3bnk−2
k−2 (mod m)

2O�bk−1 = b2
k−2 (mod m). (1k − 2ÚO�Ñak−2Úbk−1.)

(k-1) XJnk−1 = 1, KO�ak−1 = ak−2bk−1 (mod m), ÄK
�ak−1 = ak−2,=O�

ak−1 = ak−2bnk−1
k−1 (mod m)

2O�bk = b2
k−1 (mod m). (1k − 1ÚO�Ñak−1Úbk.)

(k) XJnk = 1,KO�ak = ak−1bk (mod m),ÄK�ak = ak−1,=
O�

ak = ak−1bnk
k (mod m)

��akÒ´
bn (mod m).

back
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~ 6.28

O�12996227 (mod 37909).

))): �m = 37909, b = 12996, a = 1,ò227�¤�?�,

227 = n0 + n12 + · · ·+ nk−12k−1 + nk2k = 1 + 2 + 25 + 26 + 27

��, n0 = 0, n1 = 1, n2 = n3 = n4 = 0, n5 = 1, n6 = 1, n7 = 1.
$^�E²�{,�gO���
(0) n0 = 1,O�

a = a · b ≡ 12996, b1 ≡ b2 ≡ 11421(mod 37909)

(1) n1 = 1,O�

a1 = a · b1 ≡ 13581, b2 ≡ b2
1 ≡ 32281(mod 37909)
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(2) n2 = 0,O�

a2 = a1 ≡ 13581, b3 ≡ b2
2 ≡ 20369(mod 37909)

(3) n3 = 0,O�

a3 = a2 ≡ 13581, b4 ≡ b2
3 ≡ 20065(mod 37909)

(4) n4 = 0,O�

a4 = a3 ≡ 13581, b5 ≡ b2
4 ≡ 10645(mod 37909)

back
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(5) n5 = 1,O�

a5 = a4 · b5 ≡ 22728, b6 ≡ b2
5 ≡ 6024(mod 37909)

(6) n6 = 1,O�

a6 = a5 · b6 ≡ 24073, b7 ≡ b2
6 ≡ 9663(mod 37909)

(7) n7 = 1,O�

a7 = a6 · b7 ≡ 7775(mod 37909)

��,O�Ñ

12996227 ≡ 7775(mod 37909).

back
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e¡Ò´lÑéêElGamalú�\��Y.
(1) ^r`À�����êpÚp�����g, 2�ÅÀ����
êa(1 ≤ a ≤ p− 2). O�

b = ga (mod p)

bÚa©O�^r`�ú�Úh�,^r`é	úm(p, g, b), aØúm.
(2) e^r¯I�ò\�&Eux�^r`. \�L§�:
(2.1) ^r¯¼�^r`�(p, g, b). éò�ux�²©&EML«¤�
êm(1 ≤ m ≤ p− 1).
(2.2) ^r¯�ÅÀ����êk(1 ≤ k ≤ p− 1),O�

m1 = gk (mod p), m2 = bkm (mod p)

(2.3) ^r¯ò(m1,m2)ux�^r`,d�(m1,m2)Ò´&Em��©.

back
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(3) ^r`Â��©�?1)�, )��{´: éÂ���
©(m1,m2)|^h�aO�,(

m2 · mp−1−a
1

)
(mod p)

(J�²©m.

back
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lllÑÑÑéééêêêúúú������{{{yyy²²²:

yyy²²²: ��y²�{�1nÚ, (m2 · mp−1−a
1 ) (mod p) (J

�m=�.
¯¢þ, Ï�b = ga (mod p), ��b ≡ ga (mod p), �bk ≡
gak (mod p), bkm ≡ gakm (mod p),u´

m2 = bkm (mod p) = gakm (mod p)

back
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®�m1 = gk (mod p), ��m1 ≡ gk (mod p), �mp−1−a

1 ≡ gk(p−1)−ka

(mod p),u´

mp−1−a
1 (mod p) = gk(p−1)−ka (mod p)

ù�

(m2 · mp−1−a
1 ) (mod p) = ((gakm) (mod p) · gk(p−1)−ka (mod p)) (mod p)

= (gakm · gk(p−1)−ka) (mod p)

= (gk(p−1)m) (mod p)

= ((gp−1)km) (mod p)

= m (mod p)

= m.

y�.
back
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~ 6.29

®�^r`ÀJ��êp = 2357, g = 2´p�����,
a = 1751´^r`���. e^r¯ux�^r`�&
EL«¤m = 2035, �^r¯À��k = 1520. @o²
LElGamalú��èN�, ^r¯ux�^r`��©´�
o? ^r`XÛ¡EÑ²©m ?

))): Uì�{,
(1)^r`kO�ÑgC�ú�

b = ga (mod p) = 21751 (mod 2357) = 1185

�,^r`ò&E(p, g, b) = (2357, 2, 1185)úm.
back
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(2)^r¯��(p, g, b) = (2357, 2, 1430),ÚÀJ
k = 1520,
?1\�O�

m1 = gk (mod p) = 21520 (mod 2357) = 1430
m2 = (bkm) (mod p) = (11851520 · 2035) (mod 2357) = 697

ò�©(m1,m2) = (1430, 697)ux�^r`.
(3)^r`Â��©(m1,m2) = (1430, 697)��,?1)�O
�

(m2mp−1−a
1 ) (mod p) = (697 · 14302357−1−1751) (mod 2357)

= 2035

¡EÑ²©2035.
back
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ÄÄÄuuulllÑÑÑéééêêêElGamalêêêiii\\\¶¶¶���YYY:
�kux\¶�E�^r`Ú�y\¶�E�^r¯.
^r`À�����êpÚp�����g, 2�ÅÀ���
�êa(1 ≤ a ≤ p− 2). O�

b = ga (mod p)

bÚa©O�^r`�ú�Úh�, ^r`é	úm(p, g, b),
aØúm.
^r`é�Em\¶�L§Xe:
(1) �ÅÀJê���p− 1p���êk;
(2) O�r = gk mod p;
(3) O�s = k−1(m− ar) mod (p− 1),ùk−1´k�p− 1�_.
r(m, r, s)��\¶���E,ux�^r¯.

back
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^r¯Â�\¶�E(m, r, s),\¶�E�yXe:
(1) ¼�^r`�úm&E(p, g, b).
(2) O�v1 = brrs mod pÚ v2 = gm mod p;
(3) ev1 = v2,K\¶�Ek�;ÄK,Ã�.

ElGamal\\\¶¶¶���{{{yyy²²²:

yyy²²²: du back
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18ÙÐ�êØ

6.12��3�èÆ¥�A^

6.12 ��3�èÆ¥�A^

s = k−1(m− ar) mod (p− 1)

��, sk ≡ (m− ar) mod (p− 1), m ≡ (sk + ar) mod (p− 1) ,
= m ≡ (sk + ar) mod φ(p),Ï

gm ≡ gsk+ar mod p (6.36)

®�r = gk mod p, b = ga mod p, u´gk ≡ r mod p, ga ≡
b mod p, ?k(gk)s ≡ rs (mod p), (ga)r ≡ br (mod p), u
´

(gk)s · (ga)r ≡ rs · br (mod p) (6.37)

back
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6.12��3�èÆ¥�A^

6.12 ��3�èÆ¥�A^

�âª(6.36)Úª(6.37)k

gm ≡ gsk+ar = (gk)s · (ga)r ≡ rs · br (mod p)

��

v2 = gm (mod p) = rs · br (mod p) = v1

¤á,y�. back
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6.12��3�èÆ¥�A^

6.12 ��3�èÆ¥�A^
eee¡¡¡´́́������\\\¶¶¶���äääNNN~~~fff.

(1) ^r`�p = 19,�19�����g = 2Úh�a = 5. @
o^r`�ú��

b = ga (mod p) = 25 (mod 19) = 13.

^r`ò&E(p, g, b) = (19, 2, 13)úm.

(2) ^r`ò&Em = 6�êi\¶,����p− 1 = 18p
��k = 5,O�

r = gk (mod 19) = 25 (mod 19) = 13,

back
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6.12��3�èÆ¥�A^

6.12 ��3�èÆ¥�A^

s = k−1(m− ar) (mod p− 1)

= 5−1(6− 5 · 13) (mod 18)

= 11(6− 5 · 13) (mod 18)

= 17,

^r`ò\¶�E(m, r, s) = (6, 13, 17)ux�^r¯.
(3) ^r¯Â�\¶�E�y:

v2 = gm (mod p)

= 26 (mod 19)

= 1317 · 1313 (mod 19)

= (rs · br) (mod p)

= v1.

back
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6.12��3�èÆ¥�A^

6.12 ��3�èÆ¥�A^
ElGamalS�5?Ø.
·�{�?Ø�eElGamal�èN��S�5. 8c�éElGamal�è
N��Ì�ôÂ´¦)lÑéê¯K: �½gÚb = ga (mod p), ¦Ña
��,=O�a = loggb. XJ�è©Ûù�±O�a = loggb,@oÒ�±
¦^§)��©. Ïd, �yElGamal�èN�S�5���7�^�
Ò´p�lÑéê´J)�. �8c��,���êpÀ�·�, pþ�l
Ñéê¯KE´J)�. ��ó,�êp7Lv
�,�p− 1���¹
��v
���Ïê±��¦^Pohling-Hellman�{��a.
XJp�lÑéê´J)�, =lp, g, bO�a´(J�, @o´Ä�±
3Ø��a��¹e¡E²©xQ? XJù��±�{, @o�±3Ø�
�aÚk�^�e¦^xO�

xm−1
2 = b−kmodp = m−a

1 modp

=3Ø��aÚk�,O�b−kÚm−1
1 ,ù�¯K�´(J�.

'uPohling-Hellman�{�±ë�©z[9].
back
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1ÔÙ �êXÚ

8¹

1 1�Ù ·KÜ6

2 1�Ù ¢cÜ6

3 1nÙ 8ÜØ

4 1oÙ ��'X

5 1ÊÙ ãØ

6 18ÙÐ�êØ

7 1ÔÙ �êXÚ

7.1��$�95�

7.2�êXÚ

7.3�+

7.4+

7.5+3�èÆ¥�A^
7.6�
7.7�

7.8 ���3?èÅ�nØ¥�
A^
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

�ê, �¡�ê(�½�êXÚ, ´�½ÂkeZ$��8
Ü. ~X, �ê8Ü, 3Ùþ½Â¦{Ú\{, Ò¤���
�êXÚ. ^Ä��{ïÄ�«�êXÚ5��nØÆ�
�“C�ê”. ¤¢Ä��{´�§¿Ø'5|¤�êXÚ
�äN8Ü´�o, �Ø'58Üþ�$�XÛ½Â, �
b�ù
$��Ì,
5K,ÃX(ÜÆ,��Æ,©�Æ�
�, 5?ØÚÚïÄ�êXÚAk�5�, ¤��(Øäk
ÊH¿Â.
�Ùò0��êXÚ��¤9Ù��5�, ,�0�A�
���êXÚ�+!+!�Ú�.30�
�'�£�Ó
�, 0�
ú��èXÚRSA, ?è�Å�nØ¥��5è
ÚÌ�è�?è�Y�A^. back

lÑêÆ9ÙA^?�|, 2017c12� 638 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

|^N��Vg,5½Â�ê$�ù�Vg.

½Â 7.1

�½8ÜA, BÚD,��A×B�D�N�����A×B�D����êêê$$$���.

Uì½Â, éuA�?¿�aÚB�?¿�bÒ�±ÏLN��L��ê
$�,����D��d. ��±`,¤��ê$�U
éaÚb?1$�,
����(Jd. ù�´ÊÏ�O�{�A�. ~X,ÊÏ\{Ò´U

r?¿ü�ê\å5,��,��ê.
·�^ÎÒ◦L«�L$��N�. @où�AÏ�N�=$��±L
«¤

◦ : (a, b)→ d = ◦(a, b)

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�
UìN��L«�{, ��(a, b)��ATL«¤◦(a, b), d
u·�ò◦w¤$�,��(a, b)��8�Ø�¤◦(a, b),�
¤a ◦ b. ù�,·�£��ê$��ÎÒ,ÒC¤

◦ : (a, b)→ d = a ◦ b

~ 7.1

A={¤k�ê}, B={¤kØ�u"��ê}, D={¤kkn
ê}.

◦(a, b)→ a
b = a ◦ b

´��A× B�D��ê$�,�Ò´ÊÏ�Ø{.

back

lÑêÆ9ÙA^?�|, 2017c12� 640 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.2

�Z´�ê8Ü,��Z × Z�Z�N�:

◦ : (a, b)→ a(b + 1)

´Zþ����ê$�.

~ 7.3

�A´�����8Ü, P(A)´8ÜA��8, K8Ü�¿
��´�8P(A)þ�ü��ê$�.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�
3AÚBÑ´k�8Ü��ÿ,��A× B�D��ê$�,�
±^$�L5`². b½Akn��a1, · · · , an, B km��b1,
· · · , bm, D = {dij | i = 1, 2, · · · , n; j = 1, 2, · · · ,m}, KA,
B�D��ê$�

◦ : (ai, bj)→ dij

�±L«�

◦ b1 b2 · · · bm

a1 d11 d12 · · · d1m
...

...
... · · · ...

an dn1 dn2 · · · dnm

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

�8Ü´k�8Ü��ÿ, ^$�L5`²���ê$�,
~'^�Þ½^�ª��{�¯,¿��Ù.
A×B�D����ê$�^���ÿ'��. �~^��ê
$�´A × A�A��ê$�. 3ù�����ê$��e,
�±éA�?¿ü��\±$�, �¤�(J�´3Ap
¡. ¤±·�k

½Â 7.2

bX◦´��A × A�A��ê$�, ·�Ò`, 8ÜAéu�
ê$�◦5`´4�,�`, ◦´A��ê$�½������$$$���.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.4

�F2´¢ê�þ����ÛÉ�
(1�ªØ�u0�Ý

)|¤�8Ü, ◦ ´Ý
�ÊÏ¦{, duü��ÛÉ�
Ý
�¦È�´���ÛÉÝ
, Ïd, ◦ ´F2þ���$
�.

~ 7.5
��ê8Üþ�ü�ê�ÊÏØ{Ø´�ê$�.Ï��3
ü���ê�Ø{(JØ2´�ê.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

1. (((ÜÜÜÆÆÆ
�½8ÜA, ��A × A�A��ê$�◦. 3Ap?¿�Ñ
n��a, b, c5, ÎÒa ◦ b ◦ c3vk5½$�^S�c
Je´vk�o¿Â�, Ï��ê$��Uéü��?
1$´5$�. �´·��±kéa Úb ?1$�, �
�a ◦ b, Ï�◦´A × A�A ��ê$�, a ◦ b ∈ A. ¤±
·�q�±rù��Óc5?1$�, ����(J. ù
��5�(J, ^\)Ò��{�Ñ5, Ò´ (a ◦ b) ◦ c.
,	�«^\)Ò��{�Ñ5´a ◦ (b ◦ c). 3��
�/�e, dùü�ØÓ�Ú½¤��(J��7�Ó.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.6

�R´¢ê8,éuR¥�n�êa = 2, b = 2Úc = 2, ◦Ò´
ÊÏ�~{,w,k

(a ◦ b) ◦ c 6= a ◦ (b ◦ c)

½Â 7.3

�8ÜAÚAþ��ê$�◦, bXéuA�?Ûn��a, b, c
Ñk

(a ◦ b) ◦ c = a ◦ (b ◦ c)

K¡��$�·Ü(ÜÆ.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.7

�Z´�ê8Ü, Zþ�ÊH\{ÚÊÏ¦{Ñ´·Ü(ÜÆ��ê$
�.

þã~f¥�$�Ñ´~��,��±´½Â�Ù§$�.

~ 7.8

�A´����8Ü, ◦´Aþ����ê$�, éu?¿�a, b ∈ A k
a ◦ b = b,y²◦÷v(ÜÆ.

y²: éu?¿n���a, b, c ∈ A,k

(a ◦ b) ◦ c = c
a ◦ (b ◦ c) = c

u´(a ◦ b) ◦ c = a ◦ (b ◦ c) = c),��◦·Ü(ÜÆ.
back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.9

�äknê8ÜQþ��ê$�

◦ : a ◦ b = (a + b)2

´Ä·Ü(ÜÆ?

): �a = 1, b = 2, c = 3,k
(a ◦ b) ◦ c = [(1 + 2)2 + 3]2 = (9 + 3)2 = 144
a ◦ (b ◦ c) = [1 + (2 + 3)2]2 = (1 + 25)2 = 676

¤±,�ê$�◦Ø·Ü(ÜÆ.
back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

38ÜAp?¿�Ñn��a1, a2, · · · , an5, evk�½$�Ú½�{,
ÎÒa1 ◦ a2 ◦ · · · ◦ anvk?Û¿Â. ·��±3���m\þ�
)Ò
�L�«$�Ú½. Ï�n´k��,�ØÓ�$��ª�Ò´ØÓ\)
Ò��{Ò´k��. ��¤k\)Ò��{o�N �.^

π1(a1 ◦ a2 ◦ · · · ◦ an), π2(a1 ◦ a2 ◦ · · · ◦ an), · · ·, πN(a1 ◦ a2 ◦ · · · ◦ an)

5L«. '�`,�n = 3�, N = 2.
ù��5�N�(J���¹e�7��. �´éuA½�$�(~XÊ
Ïê�\{½¦{)5`§���UÑ��. 5½: back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

½Â 7.4

bXéuA�n(n ≥ 2)��½��a1, a2, · · · , an5`, ¤k
�π(a1 ◦ a2 ◦ · · · ◦ an)Ñ��,·�Òrdù
Ú½�±��
����(J^a1 ◦ a2 ◦ · · · ◦ an5L«.

y3·�y²

½n 7.1

bX��8ÜA��ê$�◦·Ü(ÜÆ, @oéuA�?¿
��a1 , a2, · · · , an5`, ¤k�π(a1 ◦ a2 ◦ · · · ◦ an)Ñ��.
ÏdÎÒa1 ◦ a2 ◦ · · · ◦ an�Òok¿Â.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

y²:^êÆ8B{.
n = 3�,(Ø¤á.
b½,���ê≤ n− 1,½n´é�. éu?¿� π(a1 ◦ a2 ◦
· · · ◦ an),e¡y²

π(a1 ◦ a2 ◦ · · · ◦ an) = a1 ◦ (a2 ◦ a3 ◦ · · · ◦ an) (7.1)

5¿�ù��π(a1 ◦ a2 ◦ · · · ◦ an)´²L�«\)Ò�Ú½¤
� back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�
5�(J,ù�Ú½����Úo´éü��?1$�:

π(a1 ◦ a2 ◦ · · · ◦ an) = b1 ◦ b2

ùpb1´c¡�eZ�, b½´i��a1, a2, · · · , ai ²L��
\)Ò�Ú½¤��(J, b2´Ù{�n − i��ai+1, ai+2,
· · · , an²L��\)Ò�Ú½¤��(J. Ï�iÚn − i
Ñ≤ n− 1,d8B{�b½,

b1 = a1 ◦ a2 ◦ a3 ◦ · · · ◦ ai, b2 = ai+1 ◦ ai+2 ◦ · · · ◦ an

�

π(a1 ◦ a2 ◦ · · · ◦ an) = (a1 ◦ a2 ◦ · · · ◦ ai) ◦ (ai+1 ◦ ai+2 ◦ · · · ◦ an)

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

bXi = 1, @oþªÒ´(7.1)ª, ·�^ØX2y²�o.
b½i > 1,@o

π(a1 ◦ a2 ◦ · · · ◦ an) = [a1 ◦ (a2 ◦ · · · ◦ ai)] ◦ (ai+1 ◦ ai+2 ◦ · · · ◦ an)

= a1 ◦ [(a2 ◦ · · · ◦ ai)] ◦ (ai+1 ◦ ai+2 ◦ an)]

= a1 ◦ (a2 ◦ a3 ◦ · · · ◦ ai ◦ ai+1 ◦ ai+2 ◦ an)

=(7.1)ªE,¤á, ��5¿�(7.1)ª�Ò�mà´��
�½���,L²ÃØXÛ\)Ò,$�(Jo´�Ó,¤±
���ê�n�,·K¤á,y�. back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�
2. ������ÆÆÆ

½Â 7.5

�◦´A × A�D��ê$�. eéuA�?Ûü��a, b , o
k

a ◦ b = b ◦ a

¡$�◦÷v������ÆÆÆ,{¡���.

~ 7.10

¢ê8Üþ�ÊÏ\{$�, ¦{$�Ñ·Üu��Æ, �
~{ÚØ{Ø·Ü��Æ.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.11

�Q�knê8Ü,éuQ¥�?¿ü���a, b,5½

◦ : a ◦ b = a + b + ab

K◦·Ü��Æ.

y²: ?�a, b ∈ Q,Ï�

a ◦ b = a + b + ab = b + a + ba = b ◦ a

¤±◦·Ü��Æ. back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

~ 7.12

�S´¤k���
�¤�8Ü. ◦�½Â3Sþ�Ý
�¦{,K◦´S�
����$�,-

A =

(
2 1
0 −1

)
,B =

(
0 0
1 1

)
KA ∈ S�B ∈ S,�

A ◦ B =

(
2 1
0 −1

)(
0 0
1 1

)
=

(
1 1
−1 −1

)

B ◦ A =

(
0 0
1 1

)(
2 1
0 −1

)
=

(
0 0
2 0

)
��A ◦ B 6= B ◦ A.

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�
·�k���þ!�½naq�

½n 7.2

bX��8ÜA��ê$�◦Ó�·Ü(ÜÆ���Æ,@o3a1 ◦ a2 ◦ · · · ◦ anp,��g
S�±N�.

y²: ^8B{.
���ê��½ü����ÿ,½n´é�.
b½,����ê= n− 1�,½n¤á. 3ù�b½�e,·�y²,e´rai �gS?¿
6��e,�¤��

ai1 ◦ ai2 ◦ · · · ◦ ain

ùpi1, i2, . . . , in�´1, 2, · · · , nùn��ê,ØLgSØÓ,@o

ai1 ◦ ai2 ◦ · · · ◦ ain = a1 ◦ a2 ◦ · · · ◦ an

i1, i2, · · · , in¥�½k���un, b½´ik, @o, du(ÜÆ, ��Æ±98B{b½,

back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

ai1 ◦ ai2 ◦ · · · ◦ ain = (ai1 ◦ · · · ◦ aik−1) ◦ [an ◦ (aik+1 ◦ · · · ◦ ain)]

= (ai1 ◦ · · · ◦ aik−1) ◦ [(aik+1 ◦ · · · ◦ ain) ◦ an]

= [(ai1 ◦ · · · ◦ aik−1) ◦ (aik+1 ◦ · · · ◦ ain)] ◦ an

= (a1 ◦ a2 ◦ · · · ◦ an−1) ◦ an

= a1 ◦ a2 ◦ · · · ◦ an

y�.
back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

(ÜÆÚ½ö��ÆÑ��9���ê$�,e¡0��©
�Ç�9�ü��ê$�.

½Â 7.6

�k8ÜAÚB, �´��B × A��ê$�, ⊕´��Aþ�
�ê$�.eéu?Ûb ∈ B,?Û�a1, a2 ∈ A,Ñk

b� (a1 ⊕ a2) = b� a1 ⊕ b� a2

K¡�ê$��!⊕·Ü1�©�Ç.

back
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7.1��$�95�

7.1 ��$�95�

~ 7.13

�AÚBÑ´´�N¢ê�8Ü, · Ú+Ò´ÊÏ�¦{Ú\{, Ï
�

b · (a1 + a2) = b · a1 + b · a2

¤±d~��ê$�·!+·Ü1�©�Ç.

y3�±y²

½n 7.3

bX⊕·Ü(ÜÆ, ��, ⊕·Ü1�©�Æ, @oéuB �?
Ûb, A�?Ûa1, a2, · · · , an5`,

b� (a1 ⊕ · · · ⊕ an) = (b� a1)⊕ · · · ⊕ (b� an)
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�

y²: ^8B{. �n = 1, 2��ÿ,½n´é�. b½,�a1,
a2, · · · ��ê�kn−1���ÿ,½n´é�,wkn�ai�
��/. ù�

b� (a1 ⊕ · · · ⊕ an) = (b� [(a1 ⊕ · · · ⊕ an−1)⊕ an]

= [(b� (a1 ⊕ · · · ⊕ an−1)]⊕ (b� an)

= [(b� a1)⊕ · · · ⊕ (b� an−1)]⊕ (b� an)

= (b� a1)⊕ · · · ⊕ (b� an)

y�. back
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1ÔÙ �êXÚ

7.1��$�95�

7.1 ��$�95�
��´��A×B�A��ê$�, ⊕´��A��ê$�.@o (a1⊕a2)�
bÚ(a1 � b)⊕ (a2 � b)Ñk¿Â.

½Â 7.7

�ê$��, ⊕·Ü1��©�Æ, bX, éuB�?Ûb, A �?Ûa1,
a25`,Ñk

(a1 ⊕ a2)� b = (a1 � b)⊕ (a2 � b)

½n 7.4

bX⊕·Ü(ÜÆ,��, ⊕·Ü1�©�Æ,@oéuB�?Ûb, A�
?Ûa1, a2, · · · , an5`,

(a1 ⊕ · · · ⊕ an)� b = (a1 � b)⊕ · · · ⊕ (an � b)

y²: Ú½n7.3�y²�q,Ñ. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

c¡·�ÆS
A × B�D��ê$��½Â, �A, B, D Ñ´Ó��8
Ü��ÿ, ù���$�Ò¡�8ÜAþ���$�. ~X, ¢ê8Üþ
þ�\{Ò´����$�.¢ê8Üþ�k�~{!¦{�Ù§õ«
$�. �,, ��8Üþ���$���±Ø���. ,	, Ø
ù«�
9ü���ë�$��V8$�Î�	, 8Ü�U�k��9ü��
�$��ü8$�ÎÚõuü����$�Î.rù
��Ï�Ñ�Ä
�,e¡�Ñ�êXÚ���½Â.

½Â 7.8

����8ÜAëÓeZ�½Â3T8Üþ�$�f1, f2, · · · , fk ¤|¤�
XÚÒ¡����êXÚ. P�(A, f1, f2, · · · , fk). 3ØÚå· ���
¹e,�êXÚ(A, f1, f2, · · · , fk)k��{üP�A.

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

l�êXÚ�½Â�±wÑ,�êXÚ�9���8ÜÚ8
Üþ�A�$�, z��$��$�(J�38Ü¥, ù�
:¡�$�é8Ü�µ45. ·�±��?Øk��$�
Î��êXÚ½ökü�$�Î��êXÚ.
�êXÚ���f8,éu�êXÚ¥�z�$�k�U�
´µ4�.

½Â 7.9

�êXÚ�A���f8Me�´�êXÚ,K¡M´A�f
�êXÚ.

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

~ 7.14

�R´¢ê8Ü. +Ú×´Rþ�ÊÏ\{Ú¦{,@o(R,+,×)´
�êXÚ.

~ 7.15

�A����8Ü, P(A)´A�¤kf8�¤�8Ü. ∩, ∪ Ú∼´
8ÜÏ~��,¿Ú¦Ö$�.@o(P(A),∼,∩,∪)´�êXÚ.

~ 7.16

�Q´knê8Ü. +Ú×´Qþ�ÊÏ\{Ú¦{,@o(Q,+,×)
´~7.14¥�êXÚ(R,+,×)�f�êXÚ.

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ
lþ¡��
~fwÑ, �êXÚ�7��´8ÜAÚ8ÜAþ
��Ü$��¤. �êXÚ�8Üþ$��ê8vk7,�é
X. ù�, 8ÜAÚAþ�?¿õ�$�Ú�±�¤�êXÚ, 8
ÜAÚAþ����ê$��Ò�±�¤�êXÚ.
Ó�ÚÓ�´�êXÚ¥�~��Vg. e¡òÏL~fÚ\
�êXÚÓ�ÚÓ��Vg. �
?Ø¯K�B, ùpb�¤k
��êXÚÑ�k����$�.
1.ÓÓÓ���
� G = (R+, ·), S = (R,+), ùpR+´¤k�¢ê�8Ü, R ´¤
k¢ê�8Ü, $�/·0Ú/+0©O´¢ê�\{Ú¦{, N
´�yG = (R+, ·) Ú S = (R,+) ´ü��êXÚ. ·�3G Ú S
�mïá��N�f :

f : x→ ln x, x ∈ R+

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

=éu?Û�¢êx, f (x) = ln x. du�x1 6= x2�, f (x1) 6=
f (x2), ¿�éu?Û¢êy, Ñ�3�¢êey, ¦�f (ey) =
ln ey = y,Ïd, f ´G�Sþ�����N�.
éu?¿�x1, x2 ∈ G,k

f (x1 · x2) = ln(x1x2) = ln x1 + ln x2 = f (x1) + f (x2)

ùL«(R+, ·)¥?¿���x1Úx2, U$�/·0¤��(
Jx1 ·x23f�^e��ln(x1 ·x2),TÐ´ùü�����ln x1

Ú ln x2 3(R,+)¥$�/+0¤�(Jln x1+ln x2. �±`ù
�N�äkûÐ�5�. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ
e¡�±Ú\Ó��½Â.

½Â 7.10

�½�êXÚ(A, ◦)Ú�êXÚ(A, ◦). e3AÚA�m�3�
�N�φ,éu?Û�a, b ∈ A,e

a→ a, b→ b

K
a ◦ b→ a◦̄b

@o¡�êXÚA�AÓ�, φ��A�A �m�'u�ê$
�◦Ú◦̄�ÓÓÓ���NNN���.

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ
�±rü��êXÚÓ�8B�: “ü��êXÚ�m��N�´Ó�
N�,��=�?¿ü���$�(J���uùü�����$�(
J0. ��±{ü/`/ü��êXÚÓ���=�§��m�3��
�±$����N�0.
l�ê(�þw, �±rü�Ó���êXÚÀ�Ó��, ØLI�
5¿, rÓ���êXÚw�´�Ó��êXÚ¿vk`�êXÚ
¥�8Ü´�Ó�, ~X(R+, ·) �(R,+)�±w�´�Ó��êXÚ,
�R+�Rw,´ü�ØÓ�8Ü.
�φ´A�Am�Ó�N�, @oφ−1Ò´A �Am�Ó�N�. Ï�,
3φ−1 �e,��

a→ a, b→ b

w,Òk
a◦̄b→ a ◦ b

¤±ü�8ÜAÚAÓ�,ØI��Ä§��^S. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

2. ÓÓÓ���
�ü�8Ü�m�±$��N�Ø´��N�,�´��Ê
Ï�N��,·�ke¡�½Â.

½Â 7.11

��A�A�N�φ,����éu�ê$�◦ Ú ◦̄5`
�,A�A�ÓÓÓ���NNN���,bX,3φ�e,Ø+aÚb´A�=ü�
�,��

a→ a, b→ b

Òk
a ◦ b→ a◦̄b

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ
e¡wA�~f.

~ 7.17

A = {¤k�ê}, A��ê$�´ÊÏ\{, A = {1,−1}, A��ê
$�´ÊÏ¦{,éu?¿�a ∈ A

φ1 : a→ 1

φ1w,´��A�A�N�; ,	, éuA�?¿ü��êaÚb5
`,ok

a→ 1, b→ 1

a + b→ 1 = 1× 1

�φ1´��A�A�Ó�N�.
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

~ 7.18

A = {¤k�ê}, A��ê$�´ÊÏ\{, A = {1,−1},
A��ê$�´ÊÏ¦{,éu?¿�a ∈ A

φ2µa→ 1,ea´óê; a→ −1,ea´Ûê

Kφ2´��A�A�÷��Ó�N�.

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ
¯¢þ, φ2w,´A�A�÷�;?�Ú,éuA�?¿ü��êaÚb,
ea, bÑ´óê,@o

a→ 1 , b→ 1

a + b→ 1 = 1× 1

ea, bÑ´Ûê,@o

a→ −1 , b→ −1

a + b→ 1 = (−1)× (−1)

eaÛ, bó,@o
a→ −1 , b→ +1

a + b→ −1 = (−1)× (+1)

aó, bÛ�,�/�þaq,�k�Ó�(J. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

~ 7.19

φ3µa → −1 (a´A�?��)�,´��A�A �N�, �Ø´Ó
�N�. Ï�,�A�ü���aÚb,¦�

a→ −1 , b→ −1

a + b→ −1 6= (−1)× (−1)

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

A�A�÷��Ó�N�éu·�'��.·��½: 8�
¤J��Ó�N�Ñ´�Ó�÷�.

½n 7.5

b½,éu�ê$�◦Ú◦5`, A�AÓ�.@o,
(1) e◦·Ü(ÜÆ,◦�·Ü(ÜÆ;
(2) e◦·Ü��Æ,◦�·Ü��Æ.

y²: ·�^φ5L«A�A�Ó�÷�. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

(1) b½ā, b̄, c̄´A�?¿n��.@o,·�3Ap��é�
Ñn��a, b, c5,¦�3φ�e,

a→ ā, b→ b̄, c→ c̄

u´,duφ´Ó�÷�,

(a ◦ b) ◦ c→ (a ◦ b) ◦ c = a ◦ b◦ c = (a◦b)◦c

a ◦ (b ◦ c)→ a ◦ (b ◦ c) = ā◦̄b ◦ c = ā◦̄(b̄◦̄c̄)

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

�dK�,
a ◦ (b ◦ c) = (a ◦ b) ◦ c

ù�,Úā◦(b̄◦c̄)ā◦(b̄◦c̄)´ApÓ����,Ï

ā◦(b̄◦c̄) = (ā◦b̄)◦c̄

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

(2) ·�wA�?¿ü��a, b,¿�b½,3φ�e,
a→ a , b→ b£a, b ∈¤
@o,a◦b→ a◦b, b◦a→ b◦a,�a◦b = b◦a¤±, a◦b = b◦̄a ,
y�. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

½n 7.6

b½, �, ⊕ Ñ´8ÜA��ê$�, �, ⊕Ñ´8ÜA��
ê$�, ¿��3��A�A�÷�φ, ¦�A�Aéu�ê$
��, �5`Ó�, éu�ê$�⊕, ⊕5`�Ó�. @o, (1)
e�,⊕·Ü1�©�Æ,�,⊕�·Ü1�©�; (2) e�,⊕ ·
Ü1�©�Æ,�,⊕�·Ü1�©�Æ.

y²: ·��y²(1), (2)�±��aq/�². wA�?¿
n��a ,b,c,¿�b½

a→ a , b→ b, c→ c (a, b, c ∈ A)

@o back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

a� (b⊕ c)→ a�(b⊕ c) = a�(b⊕c)
(a� b)⊕ (a�c)→ (a� b)⊕(a� c) =(a�b)⊕(a�c)

�

a� (b⊕ c)=(a�b) ⊕ (a�c)

¤±

a�(b⊕c)=(a�b)⊕(a�c).

y�. back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ

��·���5½��¶c. ��8ÜAÓAgC�m�,
��±kÓ�N��3.

½Â 7.12

e�êXÚ(A, ◦)�g��m�3Ó�����N�, ¡T
Ó�N��Aþ�gggÓÓÓ���.

back
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1ÔÙ �êXÚ

7.2�êXÚ

7.2 �êXÚ
e¡´��gÓ��~f.

~ 7.20

A = {1, 2, 3}.�ê$�◦deL�½:

◦ 1 2 3
1 3 3 3
2 3 3 3
3 3 3 3

@o

φ : 1→ 2, 2→ 1, 3→ 3

´��éu◦5`�Aþ�gÓ�.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

+´�«äN��êXÚ.+ØïÄ+��ê(�"+3�
êXÚ¥k�Ä���/ µNõ�ê(�, �)�!
��±w�´3+�Ä:þV\#�$�Úún/¤�.
+�ïÄ�{éÙ¦�êXÚk�K�. 8c, NõØÓ
�Ôn(�,X¬N(�Ú��f(�Ñ�±^+Ø�{5
?1ï�,Ïd+Ø��5®Ny3ÔnÆÚzÆ�ïÄ
¥. ,	, +3y�Ï&¥êâ�S�5�¡, �ké�
�A^. �ÙÌ��9+�VgÚ5���£, ���Ñ

+3ú��èÆ�¡�A^.

kl�+`å. back
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1ÔÙ �êXÚ

7.3�+

7.3 �+
�+´�{ü��êXÚ.

½Â 7.13

�(S, ◦)´���êXÚ,Ù¥S���8Ü, ◦´Ù��$�,
XJ$�◦´�(Ü�,=é?¿�a, b, c ∈ Sk

(a ◦ b) ◦ c = a ◦ (b ◦ c)

K¡(S, ◦)����+++.

½Â 7.14

e�+(S, ◦)¥�◦´����, K¡�+(S, ◦)�����������
+++.
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1ÔÙ �êXÚ

7.3�+

7.3 �+

~ 7.21

�8ÜSk = {x | x´�ê�x ≥ k}, k ≥ 0, Ù¥+´ÊÏ�\
{$�.@oSk ´���+.

): Ï�+3Skþ´µ4�, �(Sk,+)´���êXÚ, qÏ
�ÊÏ\{$�´�(Ü�, ¤±(Sk,+)´���+. N�
`²�e, k ≥ 0ù�^�´��. ÄK, ek < 0, K$
�+3SkþòØ´µ4�.

~ 7.22

�S = P(A), A��, K(S,∩)�(S,∪)�ü��+, �Ñ´�
��+.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+
¯¢þ,éu?¿�A1,A2,A3 ∈ S,k

(A1 ∩ A2) ∩ A3 = A1 ∩ (A2 ∩ A3),

(A1 ∪ A2) ∪ A3 = A1 ∪ (A2 ∪ A3),

�
A1 ∩ A2 = A2 ∩ A1,

A1 ∪ A2 = A2 ∪ A1

N�`²�e, (S,−)Ø´�+, ùp$�/−0L«8Ü�
~{. Ï��A1 = {a, b},A2 = {c},A3 = {b, c},K

(A1 − A2)− A3 = {a, b} − {b, c} = {a},
A1 − (A2 − A3) = {a, b} − ∅ = {a, b},

Ï (A1−A2)−A3 6= A1−(A2−A3). back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

~ 7.23

�S´ � N ¢ ê 8 Ü þ ¤ k � � � 
 � 8 Ü.
K(S,×)�(S,+) ´ü��+. ùp× �+´Ý
�¦
{�\{. (S,+)´���+,(S,×)Ø´���+.

): Ï�ü����
�Ú±9¦È�´���
, ¿�Ý

�\{Ú¦{÷v(ÜÆ,�\{���,�(S,×)�(S,+)
Ñ´�+, (S,+)�´���+.

½Â 7.15

XJ�+(S, ◦)�f�ê(M, ◦)E´�+, K`(M, ◦) ´�
+(S, ◦)�f�+.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

½n 7.7

�+(S, ◦)���f8M´�+�¿�^�´M'u ◦µ4.

y²: �âf�+�½Â,T(Ø´w,�.

~ 7.24

�S´���¢ê�¤k���
�8Ü, $�×�Ý
¦
{. ØJ��, (S,×) ´�+. eM ´���¢ê�¤k�
��ÛÉÝ
�8Ü,K(M,×)´�+(S,×)�f�+.

y²: w,kM´S�f8. ?�A,B,C ∈ M, @o|A| 6= 0,
|B| 6= 0,�âÝ
�¦{��, |AB| = |A||B| 6= 0,=M'u×
µ4. ,	, (AB)C = A(BC), �(M,×) ´(S,×) �f�+.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

,	, éuÝ
�\{´����, ¤± (S,+)´���+,
�(M,+) %Ø´(S,+) �f�+, g,Ø´���f�+.
¯¢þ,�

A1 =

(
1 0
0 1

)
,A2 =

(
−1 0
0 −1

)
,

KA1, A2 ∈ M, �A1 + A2 /∈ M(A1 + A2´ÛÉÝ
), =M
éu$�+Ø´µ4�. Ïd(M,+)Ø´(S,+)�f�+.

back

lÑêÆ9ÙA^?�|, 2017c12� 689 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.3�+

7.3 �+

¢ê8Ü¥�0Ú1´'�AÏ�ê,·��'%�êXÚ¥
�d�q���.

½Â 7.16

�(S, ◦)´���+.
(1) e�3��e ∈ S,é?¿�a ∈ Ske ◦ a = a,K`e´�
+(S, ◦)������üüü   ���.
(2) e�3��f ∈ S, é?¿�a ∈ S ka ◦ f = a, K`f ´
�+(S, ◦)���mmmüüü   ���.
(3) e�+(S, ◦)�����eQ´�ü �,q´mü �,
K¡T����+(S, ◦)�üüü   ���.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+
���+,�±k�ü �,qkmü �,�~f7.25.

~ 7.25

�A´¤k��ê|¤�8Ü, ◦´ÊÏ¦{$�, K(A, ◦),
´�êXÚ. 1´�ü �,�´mü �.

���+, �±vk�ü �, �vkmü �. �~
f7.26.

~ 7.26

�A´¤kóê|¤�8Ü, ◦´ÊÏ¦{$�, K(A, ◦), ´
�êXÚ. (A, ◦)vk�ü �,�vkmü �.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

���+�±k�ü �,�vkmü �. �~f7.27.

~ 7.27

�S´��8Ü, |S| ≥ 2,éu?¿�a, b ∈ S,5½:

a ◦ b = b

KS´��k�ü �,�vkmü ���+.

y²: du?¿�a, b ∈ S,Ñka ◦ b = b ∈ S,u´$�´µ4�, (S, ◦)´�êXÚ.éu
?¿�a, b, c ∈ S,k

c = (a ◦ b) ◦ c = a ◦ (b ◦ c)

$�◦÷v8ÜÆ, ¤±(S, ◦)´�êXÚ. Uì½Â, �êXÚ�z���Ñ´�ü �.
S¥����ê���2, �éu?¿�b ∈ S, �3a ∈ S, ¦�a 6= b, Ï�a ◦ b = b 6= a,
¤±bØ�U´(S, ◦)�mü �,db�?¿5,��(S, ◦)vkmü �.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

���+�±kmü �,�vk�ü �,�~f 7.28.

~ 7.28

�S´��8Ü, |S| ≥ 2,éu?¿�a, b ∈ S,5½:

a ◦ b = a

KS´��kmü �,�vk�ü ���+.

y²: du?¿�a, b ∈ S,Ñka ◦ b = a ∈ S,u´$�´µ4�, (S, ◦)´�êXÚ.éu
?¿�a, b, c ∈ S,k

a = (a ◦ b) ◦ c = a ◦ (b ◦ c)

$�◦÷v8ÜÆ, ¤±(S, ◦)´�êXÚ. Uì½Â, �êXÚ�z���Ñ´mü �.
S¥����ê���2, �éu?¿�a ∈ S, �3b ∈ S, ¦�a 6= b, Ï�a ◦ b = a 6= b,
¤±aØ�U´(S, ◦)��ü �,da�?¿5,��(S, ◦)vk�ü �.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

nþ¤ã, �3�+Qk�ü �, �kmü �; �3�
+Qvk�ü �, �vkmü �; �3�+k�ü �
vkmü ��¶�3�+kmü ��vk�ü 
��.
I�`²�´,e�+Qk�ü ��,qkmü ��,K
7kü ��, ��Uk��ü ��. Ï�·�keã
½n.

½n 7.8

��+(S, ◦)k�ü ��e, qkmü ��f , Ke =
f´(S, ◦)����ü ��.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

y: Ïe´�ü ��, �e ◦ f = f . qf´mü ��,
�e ◦ f = e,Ï�üª�à��,Ke = f´(S, ◦)�ü ��.
bee1Úe2Ñ´(S, ◦)�ü ��, Ke1 ◦ e2 = e1 = e2, �
(S, ◦)�Uk��ü ��.y..
��kü ���+, Ùf�+�Uvkü �. �~
f7.29

~ 7.29

�Z´�ê8Ü, Z+´��ê8Ü. (Z,+)�(Z+,+)þ´�
+, �ê$�+ �ê�\{. (Z+,+) ´(Z,+) �f�+, �
+(Z,+)kü ��0,Ùf�+(Z+,+)%vkü �.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

��kü ���+S, f�+kü �, ��S�ü �Ø
��,�~f7.30

~ 7.30

�A = {a, b, c}, S´A��8P(A),K(S,∩)´kü �A�
�+. �S�f8M = {{a}, {b}, {a, b}, φ}, ´y(M,∩) ´f
�+, (M,∩)�ü ��´{a, b},Ú(S,∩)�ü �AØ��.

nþ¤ã, ��kü �e��+(S, ◦), Ùf�+�7kü
 ��;=¦k�{,��7�ue.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

éukü ����+, ·��±?Ø'u/_�0�¯
K.

½Â 7.17

�(S, ◦)´kü ��e��+, a ∈ S.
(1) e�3a′ ∈ S, ¦a ◦ a′ = e, K¡��a´m�_�, a′�
�a���m_�.
(2) e�3a′′ ∈ S, ¦a′′ ◦ a = e, K¡��a����_�,
a′′��a����_�.
(3) e�3b ∈ S, ¦�ba = ab = e, K¡��a��_�,
b��a���_�.

back
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lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.3�+

7.3 �+

d½Â��, �_��½Q´��_�, q´m�_�. 
��_�a�_�, Q´a ��_�, q´a�m_�. q
eS´��+, K�(m)�_��½´m(�)�_�, ��
´�_�.

~ 7.31
�N��ê�8ÜA´'uê�¦{´�����+, 1´
�_�¿�1�_�´1,éuÙ§?Û����êa,w,Ø
�3�êb,¦�ab = 1,u´A¥�k1´�_�.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

~ 7.32
�A = {a, b, c}, S´A��8P(A),K(S,∩)´kü �A�
���+. éuS¥��A, Ï�A ∩ A = A, ¤±A´�_�,
A�_��g�. éuS¥Ù§�?Û��, M, M 6= A,du
é?Û��N ∈ S, M ∩ N 6= A,u´MØ´�_�.

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

½n 7.9
�(S, ◦)´kü ��e��+, a ∈ S, eaQ´m�_�q
´��_�, a′ ´a ���m_�, a′′´a����_�,
Ka′ = a′′. =���Q´m�_�q´��_��ÿ, §�
½´�_�.

y²: Ïa◦a′ = e, a′′◦a = e,�ka′ = e◦a′ = (a′′◦a)◦a′ = a′′◦
(a◦a′) = a′′◦e = a′′,y�. back
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lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.3�+

7.3 �+

½n 7.10

�(S, ◦)´kü ��e��+, ea ∈ S´�_�, Ka�_
����. e^a−1L«ù����_�, �kk(a−1)−1 =
aÚ(a ◦ b)−1 = b−1 ◦ a−1.

y²: b½akü�_��b, c, Kb = b ◦ e = b ◦ (a ◦ c) =
(b ◦ a) ◦ c = e ◦ c = c��_��ak���_��,e^Î
Ò a−1 5L«a���_�,@o

a−1 ◦ a = a ◦ a−1 = e.

qd
a−1 ◦ (a−1)−1 = (a−1)−1 ◦ a−1 = e

�� back
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lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.3�+

7.3 �+

(a−1)−1 = a

d

(a◦b)◦(b−1◦a−1) = a◦(b◦b−1)◦a−1 = a◦e◦a−1 = a◦a−1 = e

9

(b−1◦a−1)◦(a◦b) = b−1◦(a−1◦a)◦b = b−1◦e◦b = b−1◦b = e

��
(a ◦ b)−1 = b−1 ◦ a−1

y�.
back
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1ÔÙ �êXÚ

7.3�+

7.3 �+
3���+p(ÜÆ´¤á�,¤±

a1 ◦ a2 ◦ · · · ◦ an

k¿Â, ´�+�,���. �ùn��Ñ���a��ÿ.
ù��5����^ÊÏÎÒan 5L«:

an =

n︷ ︸︸ ︷
aa · · · a (n´��ê)

¿��r§��a�ng¦�({¡ng�).
�S´kü �e��+, a ∈ S´�_�, n���ê,r(a−1)n

P�a−n, ¿�5½a0 = e, ù�ØJ�y, éu?Û��
êm, n,Ñk

am ◦ an = am+n, (am)n = amn

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+

S´¤k�ê�8Ü©SéuÊÏ\{5`�¤��kü �0��+©
·�`, ù��+�?Û����ÒÑ´1�¦�©ù�:bXrG�
�ê$�Ø^+ ^◦ 5L«ÒéN´wÑ©Ï�1�_�´−1. b
½m´?¿��ê@o

m =

m︷ ︸︸ ︷
1 + 1 + · · ·+ 1 =

m︷ ︸︸ ︷
1 ◦ 1 ◦ · · · ◦ 1 = 1m

−m =

m︷ ︸︸ ︷
(−1) + (−1) + · · ·+ (−1) =

m︷ ︸︸ ︷
(−1) ◦ (−1) ◦ · · · ◦ (−1) = 1−m

back
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1ÔÙ �êXÚ

7.3�+

7.3 �+
ù�, G�Ø�u"��Ñ´1�¦�©�´0´G�ü �,
ì½Â

0 = 10

ù�G�¤k�Ñ´1�¦�(5¿ùp�¦�Ø´Ï~¿Â
e�Vg). éu�ù«5���+�Ñ±e½Â.

½Â 7.18
e���+S�z��Ñ´S�,���½�a�¦�, Ò
rS��ÌÌÌ������+++. �`S´d�a¤)¤�¿�^ÎÒ

S = (a)

5L«©a��S���)))¤¤¤���©

back
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1ÔÙ �êXÚ

7.4+

7.4 +

þ�!0�
�+�k'�£, y35?Ø+ù��êX
Ú.+��k�«�ê$�.
����êXÚ�k��$���ÿ, ù��ê$�^�
oÎÒ5L«, ´�±d·�gdû½�, k��±^◦, k
��±^◦. �Ö��Bå�, k�Ø^◦5L«, ^ÊÏ
¦{�ÎÒ5L«, Ò´·�Ø�a ◦ b, �ab. �^a¦
±bù«Ö{. �,��+�¦{��Ø´ÊÏ�¦{.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

½Â 7.19
���êXÚG¡���+,XJ÷ve�^�µ
(1) (ÜÆ¤á,=é?¿�a, b, c ∈ Gk(ab)c = a(bc);
(2) �3ü ��e :=é?¿�a ∈ G,kea = ae = a;
(3) éG¥?¿��a,�3a−1 ∈ G,¦ aa−1 = a−1a = e,�
�a¡��_�, a−1��a����_�.

��´+��êXÚg,´���+, Ïd, ·�3�
+S�Ñ�
(Ø, 'Xü ���, ���_��_
����, Ò´g,¤á�¯
, ±�Ø2üÕ`²
.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

½Â 7.20
e+G÷v��Æ,K¡G���+,½Abel+.

~ 7.33

�Z,Q,R,C©O´�ê8Ü, knê8Ü, ¢ê8ÜÚEê
8Ü, K§�ê�\{5`´��+. ü ��´0, z��
�a�_���−a. Ñ´��+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.34

�Q∗,R∗,C∗©O´�"knê8Ü,�"¢ê8ÜÚ�"E
ê8Ü, K§�éê�¦{5`´��+. ü ��´1, z
���a�_���1

a . Ñ´��+.

~ 7.35
�S´¤kn��ÛÉÝ
�8Ü, ×´Ý
�¦{, K(S,×)
´��+. ÏÝ
�¦{÷v(ÜÆ, n�ü 
E, =�
+(S,×)�ü ��,z���A�_��A−1�A�_
. Ï
�Ý
�¦{Ø·Ü��, SØ´��+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.36
�G´knê8¥�K−1��8Ü=G = Q − {−1}. éu
?¿�a, b ∈ G,½Â

◦ : a ◦ b = a + b + ab

K, G'u$�◦¡���+.

y²: k`²(G, ◦)´���êXÚ. ¯¢þ, ?¿�a, b ∈
G, a◦b = a + b + ab ∈ Q,ea + b + ab = −1,��(a + 1)(b +
1) = 0, �Ò´a = −1, ½öb = −1, ù�a, b ∈ GØÎÜ.
�a ◦ b ∈ G,u´(G, ◦)´�êXÚ.e¡25�y+½Â�
n�^�÷v.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

(1) ?�a, bc ∈ G. Ï�

(a◦b)◦c = (a+b+ab)+c+(a+b+ab)c = a+b+c+ab+ac+bc+abc

a◦(b◦c) = a+(b+c+bc)+a(b+c+bc) = a+b+c+ab+ac+bc+abc

(2) 0 ∈ G,éu?¿�a ∈ G,k

0 ◦ a = a ◦ 0 = a

¤±0´G�ü �.
back
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1ÔÙ �êXÚ

7.4+

7.4 +

(3) �a ∈ G,@o −a
a+1 6= −1,u´ −a

a+1 ∈ G,Ï�

a ◦ −a
a + 1

=
−a

a + 1
◦ a =

−a
a + 1

+ a +
−a

a + 1
a = 0

G�z���Ñk_�. back
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1ÔÙ �êXÚ

7.4+

7.4 +

½n 7.11

e�êXÚ(G, ◦)¥�3�ü �e,¿�z���'ueÑ´��_�,K(G, ◦)´+.

y²: ·��Iy²�ü �e�´mü �,z���a'ue�´m�_�=�.
kyz���a�´m�_�. ¯¢þ,Ï�a´��_�,�3a ∈ G,¦�a′a = e,�a′�
´��_�,¤±�3a ∈ G,¦�a′′a′ = e,ù�,

aa′ = e(aa′) = (a′′a′)(aa′) = a′′(a′a)a′ = a′′a′ = e

¤±a´m�_�.
2y, e�´mü �,=é?¿�a ∈ G,Ñkae = a=�.¯¢þ,®y²��aQ´m�
_�q´��_�,��a′´a�m_�Ú�_�. =aa′ = a′a = e. ù�

ae = a(a′a) = (aa′)a = ea = a

¤±e´mü �,½n�y. back
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1ÔÙ �êXÚ

7.4+

7.4 +
e¡�(ØÚc¡�aq. ÒØ2y²
.

½n 7.12

e�êXÚ(G, ◦)¥�3mü �e, ¿�z���'ueÑ
´m�_�,K(G, ◦)´+.

½Â 7.21

���êXÚG¡���+,XJ÷ve�^�µ
(1) (ÜÆ¤á,=é?¿�a, b, c ∈ Gk(ab)c = a(bc);
(2) �3�ü ��e :=é?¿�a ∈ G,kea = a;
(3) éG¥?¿��aÑ´��_�, =�3�_�a′ ∈ G,
¦ a′a = e.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

½Â 7.22

���êXÚG¡���+,XJ÷ve�^�µ
(1) (ÜÆ¤á,=é?¿�a, b, c ∈ Gk(ab)c = a(bc);
(2) �3mü ��e :=é?¿�a ∈ G,kae = a;
(3) éG¥?¿��aÑ´m�_�, =�3�_�a′ ∈ G,
¦ aa′ = e.

��y���êXÚ´+��ÿ, |^ùü�½Â, ���
{ü�:.
e¡´²~^��A�¶cÚÎÒ. back
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1ÔÙ �êXÚ

7.4+

7.4 +

��+G�����ê�±k���±Ã�.·�5½

½Â 7.23

��+��kkk���+++,bXù�+����ê´��k��ê. Ø,�{,
ù�+��ÃÃÃ���+++. ��k�+����ê��ù�+++������.

e¡´����Vg.

½Â 7.24

+G����a. U
¦�
am = e

������êm��a � ���, P�◦(a) = m. e´ù����mØ�
3,·�`, a´Ã���,¿P�◦(a) =∞.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.37
GfÐ�¹x3=1�n��µ

1, ε1 =
−1 +

√
−3

2
, ε2 =

−1−
√
−3

2

éuÊÏ¦{5`ù�G�¤��+.

¯¢þ,+½Â¥�
(1) (ÜÆw,¤á;
(2) 1´G�ü �¶
(3) 1�_�1, ε1�_�´ε2, ε2�_�´ε1.

back
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1ÔÙ �êXÚ

7.4+

7.4 +
3ù�+p1��´1, ε1��´3, ε2 ��´3.

~ 7.38

�N�êéuÊÏ\{�¤����+, 0��´1, Ù§�"�
ê��´Ã¡�.

����äke���5�.

½n 7.13

�+G���a���,���êm,=◦(a) = m. K
(1) an = e⇔ m|n
(2) ah = ak ⇔ m|h− k
(3) e = a0, a, a2, · · · , am−1üüØÓ.
(4) éu�êr, ◦(ar) = m

(m,r) . Ù¥(m, r)L«m�r ���úÏf.

back
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1ÔÙ �êXÚ

7.4+

7.4 +
y²: (1) �m|n,Kn = mq,u´an = amq = (am)q = eq = e.
��, �an = e, �n = mq + r, 0 ≤ r < m, Ke = an =
(am)qar = ar. Ï�◦(a) = m,dm���5,��r = 0,dd,
m|n.
(2) ah = ak ⇔ ah−k = e⇔ m|h− k.
(3) e�3i, j, 0 ≤ i ≤ j ≤ m− 1,¦�ai = aj,K0 < j− i ≤
m− 1,�m|j− i,ù´��gñ.
(4) Äk

(ar)
m

(m,r) = (am)
r

(m,r) = e
r

(m,r) = e

¤±◦(ar)´k��. y�◦(ar) = n, Kn| m
(m,r) , �(ar)n =

arn = e, u´m|rn, l m
(m,r)

∣∣∣ r
(m,r)n , ,,

(
m

(m,r) ,
r

(m,r)

)
= 1,

¤±, m
(m,r) | n,Ïd, n = m

(m,r) . back
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1ÔÙ �êXÚ

7.4+

7.4 +

íØ 7.1
�◦(a) = m.
(1) éu?¿��êr, ar = m⇔ (m, r) = 1.
(2) em = st, t´��ê,K◦(as) = t.

½n 7.14
�◦(a) =∞.
(1) an = e⇔ n = 0;
(2) ah = ak ⇔ h = k;
(3) · · · , a−2, a−1, a0, a1, a2, · · · ,üüØ�;
(4) éu?¿��"�r, ◦(ar) =∞.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

y²: (1) d½ÂB�.
(2) ah = ak ⇔ ah−k = e⇔ h− k = 0⇔ h = k.
(3) eai = aj,Kd(2)��, i = j.
(4) e◦(ar)´k��, �◦(ar)n = e, �Ò´arn = e, ¤
±◦(a) ≤ rn,ù�◦(a) =∞gñ.

½n 7.15

�G�k�+,KG�?Û����Ñ´k�ê.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

y²: éuG�?Û��a, a, a2, · · ·Ø�UüüØÓ,�3ü
�ØÓ���êi, j, ¦�ai = aj, Ø��i < j, u´aj−j = e,
¤±◦(a) ≤ j− i. y�.
5¿, ½n7.15�_·KØ¤á. Ï��3z������
Ñ´k�ê�Ã�+. ~X,�Nü �|¤�8ÜU,ùp

U =
⋃
m∈N

Um = {ε| ε ∈ C, εm = 1,m ∈ N}

N´��ê8Ü. back
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1ÔÙ �êXÚ

7.4+

7.4 +
y3·�?Ø�eÓ�ù��Vg3+þ�A^,±B±�
�±��r��8Ü5Ó��+'�,½rü�+5'�.
�G´��+, G´��Ø�8Ü, ¿k���ê$�. ù�
�ê$�·� �r§��¦{, �^ÊÏL«¦{�ÎÒ
5L«. G�¦{�,ÓG �¦{��´��ØÓ�{K.
3GÓG���L«�{´k«O�cJe, ùü�¦{´
Ø¬t·�.
y3·�y²

½n 7.16

�G´��+, G´���êXÚ, b½G�G éu§��¦
{5`Ó�,@oG�´��+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +
y²: G�¦{·Ü(ÜÆ, G�G Ó�, d ??�½n??,
G �¦{�·Ü(ÜÆ, ¤±G·Ü+½Â�^�(1). e¡
y²G�·Ü(2), (3)ü^.
(2). Gkü �e. 3¤�Ó�÷��e, ek�ē:

e→ ē

¯¢þ, ēÒ´G ����ü �. b½ā´G �?¿�,
a´a���_�:

a→ ā

@o
ea→ ea = aē

back
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1ÔÙ �êXÚ

7.4+

7.4 +

�
ea = a

¤±
ēā = ā

back
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1ÔÙ �êXÚ

7.4+

7.4 +
(3). b½ā´Ḡ�?¿�, a´ā���_�µ

a→ ā

a´+G��, ak_�a−1. ·�ra−1����a−1µ

a−1 → a−1

@o
a−1a→ a−1a

�
a−1a = e→ ē

¤±
a−1a = ē

ùÒ´`, a−1´a��_�,�Ò´a�_�. y�. back
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1ÔÙ �êXÚ

7.4+

7.4 +

·�Q²�ÑÌ��+�Vg. �!ò�0�Ì�+��
£. 3+�nØïÄ¥, Ì�+´�a(��~�Ù�+.
·�Äk�ÑÌ�+�½Â, ,�`²3Ó��¿Âe, Ì
�+�küa.

½Â 7.25
e��+G�z��Ñ´G�,���½�a�¦�, Ò
rG��ÌÌÌ���+++. �`G´d�a¤)¤�¿�^ÎÒ

G = (a)

5L«©a��G���)))¤¤¤���©

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.39

G´¤k�ê�8Ü©G�$�◦´ÊÏ\{. �±�yù´����
+, �ù�+��N��ÒÑ´1�¦�©¯¢þ, éu?¿���
êm,k

m =

m︷ ︸︸ ︷
1 + 1 + · · ·+ 1 =

m︷ ︸︸ ︷
1 ◦ 1 ◦ · · · ◦ 1 = 1m

−m =

m︷ ︸︸ ︷
(−1) + (−1) + · · ·+ (−1) =

m︷ ︸︸ ︷
(−1) ◦ (−1) ◦ · · · ◦ (−1) = 1−m

ù�, G�Ø�u"��Ñ´1�¦�©�´0´G�ü �,ì½Â

0 = 10

u´, G�¤k�Ñ´1�¦�(5¿ùp�¦�Ø´Ï~¿Âe�Vg),
ù�+���ê\+.
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1ÔÙ �êXÚ

7.4+

7.4 +

2w��~f.
G´�¹�n�¤±��{a�8Ü©

G = {[0], [1], [2], · · · , [n− 1]}

Uì�{a�½Â,?Û�êm, m�½áun�a¥�,�
�, =�3k, 0 ≤ k ≤ n − 1, ¦�[m] = [k]. e¡5½��G
þ��ê$�¿^ÊÏL«\{�ÎÒ+ L«. éu?¿
�[a], [b] ∈ G,½Â

[a] + [b] = [a + b]

back
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1ÔÙ �êXÚ

7.4+

7.4 +
5¿, �Ò�>�+´½Â�$�ÎÒ, �Òm>�+´ÊÏê
�\{. 5½�ù�$�ÄkAT´Ün�, �Ò´`�[a′] =
[a], [b′] = [b]��ÿ, 7Lk[a + b] = [a′ + b′], ù�:�¡�{a
�$���L�Ã'.¯¢þ, [a′] = [a], [b′] = [b]�,Ò´`

a′ ≡ a(n), b′ ≡ b(n)

�Ò´`
n|a′ − a, n|b′ − b

Ïd
n|(a′ − a) + (b′ − b)

n|(a′ + b′)− (a + b)

u´
[a′ + b′] = [a + b]

back
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1ÔÙ �êXÚ

7.4+

7.4 +
ù�5½�+´��G��ê$�, T$�w,´µ4�,
(G,+)´���êXÚ.e¡©O�y+�n�^�÷v.

[a] + ([b] + [c]) = [a] + [b + c] = [a + (b + c)] = [a + b + c]

([a] + [b]) + [c] = [a + b] + [c] = [(a + b) + c] = [a + b + c]

ùÒ´`

[a] + ([b] + [c]) = ([a] + [b]) + [c]

¿�
[0] + [a] = [0 + a] = [a]

[−a] + [a] = [−a + a] = [0]

¤±éuù�\{5`, G�¤��+©ù�+8���
�n��{a\+© back
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1ÔÙ �êXÚ

7.4+

7.4 +

�n��{a\+�$�LXe.

+ [ 0 ] [ 1 ] · · · [n-2] [n-1]
[ 0 ] [ 0 ] [ 1 ] · · · [n-2] [n-1]
[ 1 ] [ 1 ] [ 2 ] · · · [n-1] [ 0 ]

...
...

... · · · ...
...

[n-1] [n-1] [ 0 ] · · · [n-3] [n-2]

back
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1ÔÙ �êXÚ

7.4+

7.4 +

duG�z�����±�¤[i], (1 ≤ i ≤ n)��f,¿�

[i] =

i︷ ︸︸ ︷
[1] + [1] + · · ·+ [1]

ù�����{a\+�?Û�����Ñ´,��½�
��¦�.

erÓ��+w����{,�±`Ì�+�kþ¡0��
ùü«,ù�:de¡�½n5�y. back

lÑêÆ9ÙA^?�|, 2017c12� 733 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

½n 7.17

b½G´��d�a¤)¤�Ì�+©@oG��E���
±da��5û½µ
a��e´Ã�@oG��ê\+Ó�¶
a��e´��k��ên, @oG��n��{a\+Ó
�©

y²: 1���/: a��Ã�©ù�

ah = ak,����h = k��ÿ.

dh = k,��ah = ak w,©bXah = akh 6= k·��±b
½h > k��ah−k = e�a��´Ã��b½ØÜ©ù�

ak → k
back
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1ÔÙ �êXÚ

7.4+

7.4 +

´G��ê\+Gm���N�©�

ahak = ah+k → h + k

¤±
G ∼= G

1�«�/:a��´n, an = e©ù�

ah = ak����n|h− k��ÿ©

bXn|h−k,@oh−k = nq, h = k+nq back
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1ÔÙ �êXÚ

7.4+

7.4 +

ah = ak+nq = akanq = ak(an)q = akeq = ak

bXah = ak,�h− k = nq + r, 0 ≤ r ≤ n− 1@o

e = ah−k = anq+r = anqar = ear = ar

d��½Âr = 0,�Ò´`n|h− k©ù�

ak → [k]

´G��{a\+Gm���N�©�

ahak = ah+k → [h + k] = [h] + [k]

¤±
G ∼= G

y�.
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1ÔÙ �êXÚ

7.4+

7.4 +

eG´��Ì�+, G = (a) . �a��´Ã���, G��´

· · · , a−2, a−1, a0, a1, a2 · · ·

G�¦{´

ahak = ah+k

�a��´n�,@oG���±�¤ back
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1ÔÙ �êXÚ

7.4+

7.4 +

a0, a1, a2, · · · , an−1

G�¦{´

aiak = arik

ùp i + k = nq + rik, 0 ≤ rik ≤ n− 1.
back
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1ÔÙ �êXÚ

7.4+

7.4 +
e¡�½n7.18?Ø
Ì�+¥)¤��êþ.

½n 7.18

�G = (a)´��Ì�+.
(1) e◦(a) = m > 2, KGkϕ(m) �)¤�, ùpϕ(m)L
«1, 2, · · · ,m − 1¥�mp�����ê, e(r,m) = 1, @
oar�)¤�.
(2) e◦(a) =∞,KG�kü�)¤�, aÚa−1.

y²: (1) 5¿�Ì�+G¥?¿����m���Ñ´)
¤�ù�¯¢. du◦(a) = m, G = {a0, a1, a2, · · · , am−1},Ï
���ai��´ m

(i,m)
, ¤±◦(ai) = m��=�(i,m) = 1, ù

p1 ≤ i ≤ m− 1. (1)�y.
back

lÑêÆ9ÙA^?�|, 2017c12� 739 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

(2) Ï�a´)¤�, ¤±é?Û�b ∈ G, �3�êk, ¦
�b = ak,ù�b = (a−1)−k,ùÒ´`b��±�¤a−1¦��
/ª, u´a−1�´��)¤�, w,ka 6= a−1, Ø,�a�
�Ã��gñ. ·�`, Ù§�?Û����c = at ÑØ¬
2´)¤�
, ùp|t| ≥ 2. ÄK, ec´)¤�, @oa �±
�¤c �¦�, ��3�ês, u´a = cs = (at)s, a|st−1| = e,
��◦(a) ≤ |st − 1|,ù�a��´Ã¡��gñ. (2)�y.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.40
¦Ñ�12�{a\+Z12z�������¤k�)¤�.

): �12�{a\+

Z12 = {[0], [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11]}

ü [0] ��´1, )¤�[1]��´12, ·��±ù�¦�
�[2]��,du[2] = [1]+[1] = [1]2,¤±◦([2] = 12

(2,12) = 6,U
ìù��{,�±¦ÑÙ§����´◦([3]) = 4, ◦([4]) = 3,
◦([5]) = 12, ◦([6]) = 2, ◦([7]) = 12, ◦([8]) = 6,◦([9]) = 4,
◦([10]) = 6, ◦([11]) = 12.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

Z12¤k12����Ñ´)¤�,§�´[1], [5], [7], [11].
éu���êp, du1, 2, 3, · · · , p − 1z��Ñ�pp�, l
�p��{a\+ZpØ
ü �[0]��´1,Ù§z���
��Ñ´p. lke¡�(Ø.

½n 7.19
éu���êp,�p��{a\+Zp kp− 1�)¤�.

back
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7.4+

7.4 +

·�®²ÆSLN�!ü�!÷�Ú��N��Vg. �
!?Ø��8Ü�g��N�AO´��N��¯K.e¡
kéù«AÏ�N��Ñ��AÏ�¶i.

½Â 7.26
��8Ü�g��m���N�¡�C�.

�A/kü�C�, ÷�C�Ú��C��Vg, ùpÒØ
2��Kã
.
��8ÜA3���/�e�±keZ�ØÓ�C�, e¡
´��{ü�~f. back
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7.4+

7.4 +

~ 7.41

A={1, 2}.
τ1 : 1→ 1, 2→ 1
τ2 : 1→ 2, 2→ 2
τ3 : 1→ 1, 2→ 2
τ4 : 1→ 2, 2→ 1
´A�¤kC�,Ù¥τ3, τ4´��C�.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

r�½´��8ÜA��NC��3�å,�¤��8Ü

S = {τ, λ, µ, · · · }

5½Sþ��ê$�, ù��ê$�·�r§��¦{. �
½S�ü��τ Úλ, 5½τ � λ �¦Èτλ´k�C�λ �
�C�τ EÜ���C�. duS¥�?¿ü�C��
EÜC��´��C�, ¤±ù�½Â�$�´µ4�.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.42
éu~7.41¥�8ÜA, A�¤kC��¤�8ÜS =
{τ1, τ2, τ3, τ4}, �τ1 ∈ S, τ2 ∈ S, @o, τ1τ2(1) = τ1(τ2(1)) =
τ1(2) = 1, τ1τ2(2) = τ1(τ2(2)) = τ1(2) = 1,¤±

τ1τ2 = τ1

Ó��±�y
τ3τ4 = τ4

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.43
�A´?Û����8Ü, S´Aþ�¤kC�|¤�8Ü,
@oSþ�C�'uC��EÜ$�÷v(ÜÆ.

y²: éu?¿�τ, λ, µ,Ï�,éu?Û�a ∈ A

(τλ)µ(a) = τλ(µ(a)) = τ(λ(µ(a)))

,��¡

τ(λµ)(a) = τ((λµ(a)) = τ(λ(µ(a)))

back
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1ÔÙ �êXÚ

7.4+

7.4 +

¤±(τλ)µ = τ(λµ),=S�$�÷v(ÜÆ.
·�®²�ySþ�$�÷vµ45, (ÜÆ. eS'uù�
$�´+�{,@oS¥�ü ��½´Aþ�ð�C�.¯
¢þ, ·�^εL«Aþ�ð�C�, =é?¿�a ∈ A, Ñ
kε(a) = a,¿��e´S�ü �,dEÜC�Úü ��½
Â·�k

ε = eε = e

=ð�C�´S�ü �. 3ð�C�´ü ��cJe,
S¥�,
��Ø�½k_�, Ï, ���¹e, SØ´+.

back
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7.4+

7.4 +

~ 7.44

éu~7.41¥�8ÜA. S = {τ1, τ2, τ3, τ4}, �τ1 ∈ S, Ï�é
?¿�τ ∈ S,Ñkτ1τ = τ1 6= ε,ù�SØ´+.

SØ´+, S���f8k�U�¤+.

~ 7.45

S = {τ1, τ2, τ3, τ4}, �G = {τ1}, Ï�τ1τ1 = τ1, ¤±8ÜG'
uC���¦{´µ4�, G 'uC��¦{·Ü(ÜÆ,
w,ü �´τ1, ��τ1�_���g�, �â+�½Â,
G´��+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.46

�A´����8Ü. G´Aþ�¤k��C��¤�8Ü.
KG'uC��EÜ$��¤��+.

y²: �G?¿�ü���C�τÚλ, ·�òy²τλ �´
��C�, �Ò´`8ÜG'uC��¦{´µ4�. ¯
¢þ, éu?¿�a ∈ A, Ï�τ´��C�, ¤±�3b ∈ A,
¦�τ(b) = a,éub ∈ A,Ï�λ´��C�,¤±�3c ∈ A,
¦�λ(c) = b,ù� back
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1ÔÙ �êXÚ

7.4+

7.4 +

a = τ(b) = τ(λ(c)) = τλ(c)

ù`²C�τλ´÷�. 2�a, b ∈ A, a 6= b, duλ ´��
C�,¤±λ(a) 6= λ(b), qÏ�τ´��C�,¤±τ(λ(a)) 6=
τ(λ(b)),�Ò´

τλ(a) 6= τλ(b)

ù`²τλ´ü�. Ïdτλ´��C�.
e¡©O�yG÷v+½Â�n�^�.
Äk, Ï�C�÷v(ÜÆ, ��C��,÷v(ÜÆ. Ù
g, Aþ�ð�C�ε´��C�,¤±ε ∈ G,éu?¿�τ ∈
G,du back
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7.4+

7.4 +

ετ = τε = τ

ε´G�ü �. ��,éuG¥�?ÛC�τ�_C�τ−1,Ï
�τ−1�´��C�,¿�

ττ−1 = τ−1τ = ε

nþ¤ã, G´+. back
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7.4+

7.4 +

y²: Ï�Aþ�ð�C�ε ∈ G, ¤±ε´G�ü �. éu
?Ûτ ∈ G, ·�Äky²τ´��C�. ¯¢þ, �τ−1´�
�τ3+G¥�_�. éu?Û�a ∈ A,Ï�ττ−1 = ε,¤±

ττ−1(a) = τ(τ−1(a)) = ε(a) = a

ùÒ´`, τ−1(a)´a���, u´τ´A�A�÷�C�. 2
�a, b ∈ A, a 6= b. Ï�

a = τ−1τ(a) = τ−1(τ(a)) 6= τ−1(τ(b)) = τ−1τ(b) = b

back
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7.4+

7.4 +

τ−1´��C�, ¤±τ(a) 6= τ(b). ùÒy²
τ´��C
�.
Ùg, éu?Û�τ ∈ G, �τ−1´τ3G¥�_�, @oτ−1

´��C�, �Ï�éu?Û�a ∈ G, �τ(a) = b, Ka =
τ−1τ(a) = τ−1(b),d_C��½Â, τ−1´τ �_C�,y�.

back
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7.4+

7.4 +

½Â 7.27
��8ÜA�eZ���C�éuC��EÜ$��¤�
+��A���C�+.

�!?Ø��k�8ÜA�C�+�k'¯K.

½Â 7.28
��k�8Ü�����C�¡���������,��k�8Ü
�eZ����¤�+¡���������+++.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

�A = {a1, a2, · · · , an}´��k�8Ü. π´A�����,¿
�π(ai) = aki, i = 1, 2, · · · , n. ùpak1 , ak2 , · · · , akn´a1, a2, · · · , an�
��ü�. ù���π^(

a1 a2 · · · an

ak1 ak2 · · · akn

)
5L«. du·�Ì�'%8ÜAkA���,±98ÜA�
���m�éA'X, �
�Bå�, 8ÜA�n���Ò
^1, 2, · · · , n5L«,ù���πÒC¤ back

lÑêÆ9ÙA^?�|, 2017c12� 756 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

(
1 2 · · · n
k1 k2 · · · kn

)
ùpk1, k2, · · · , kn´1, 2, · · · , n���ü�. 3ù«L«�{
p1�1�n�êi�gSw,vk�o'X,��^(

2 1 3 · · · n
k2 k1 k3 · · · kn

)
back

lÑêÆ9ÙA^?�|, 2017c12� 757 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

5L«π©�²~^���´1, 2, · · · , nù�gS.
�8ÜA����ê�n�, ØJO�Ñ8ÜA������
�ê´n!. d~7.46,��ù
���¤��+.

½n 7.20
n���8Ü�¤k�����¤����+, ù�+
^Sn5L«¿¡�ngé¡+, Sn���n!.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.47

�gé¡+s2���2,ü���©O´(
1 2
1 2

)
,

(
1 2
2 1

)
du (

1 2
2 1

)(
1 2
2 1

)
=

(
1 2
1 2

)

ÏdS2�z���Ñ�±^

(
1 2
2 1

)
5L«, ¤±S2´���

�Ì�+.
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.48

3gé¡+S3k6��©ù6��©O´(
1 2 3
1 2 3

)
,

(
1 2 3
1 3 2

)
,

(
1 2 3
2 1 3

)
,

(
1 2 3
2 3 1

)
,

(
1 2 3
3 1 2

)
,

(
1 2 3
3 2 1

)
¿�k (

1 2 3
1 3 2

)(
1 2 3
2 1 3

)
=

(
1 2 3
3 1 2

)
(

1 2 3
2 1 3

)(
1 2 3
1 3 2

)
=

(
1 2 3
2 3 1

)
¤±S3Ø´��+©
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1ÔÙ �êXÚ

7.4+

7.4 +

½Â 7.29
�k��8ÜA, G´A�����+. ½ÂAþ���'X∼,

∼: a, b ∈ A, a ∼ b⇔�3π ∈ G,¦�π(a) = b

Aþ���'X∼��d��+G¤p��'X.

½n 7.21
�G´��8ÜAþ���+. KAþ�G�p�'X

∼: a, b ∈ A, a ∼ b⇔�3π ∈ G,¦�π(a) = b

´���d'X.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

y²: Äk, éu?Û���a ∈ A, Ï�ð���ε´
��+G �ü �¿�kε(a) = a, u´a ∼ a, ù�'
X∼´g��. Ùg, �a, b ∈ A, a ∼ b, �Ò´`�3π,
¦�π(a) = b. �π−1´��π�_C�, u´π−1(b) = a,
duπ−1´π3+G�_�, ¤±b ∼ a, ù�∼´é¡'X.
��, éua, b, c ∈ G, ea ∼ b, b ∼ c, =�3π, σ ∈ G,
¦�σ(a) = b, π(b) = c. ù�πσ(a) = π(σ(a)) = c, Ï
�πσ ∈ G, ¤±a ∼ c, ù�'X´D4�. nÜ±þn��
¡,'X∼´�d'X.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

�½��8ÜAÚ8ÜAþ�����+, dGp��Aþ�
�d'X7ò�)A ���y©. ù�y©¥�z�¬Ñ
´���da,·�~~�O�y©¥�da�ê8. �d,
k0�k'���^eØC��Vg.

½Â 7.30
�A´����k�8Ü, π´A�����, eéua ∈ A,
kπ(a) = a,K¡a´��π���ØC�. π�¤kØC��
�êP�ψ(π).

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.49

�8ÜA = {1, 2, 3, 4},@o

ε =

(
1 2 3 4
1 2 3 4

)
, τ =

(
1 2 3 4
1 2 4 3

)
, σ =

(
1 2 3 4
4 3 2 1

)
,

´A�n���,Uì½Âψ(ε) = 4, ψ(τ) = 2Úψ(σ) = 0.

½n 7.22

���k�8ÜA, G´A�����+. KdGp���d'XòAy©¤���da�
ê8�u

1
|G|
∑
g∈G

ψ(g)

back
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1ÔÙ �êXÚ

7.4+

7.4 +
y²: Äk, éu?Û�a ∈ A, �η(a)L«G¥¦aØC��
���ê. du

∑
g∈G

ψ(g)Ú
∑
a∈A

η(a)Ñ´G¥���^e�Ø

C��oê,Ïd ∑
g∈G

ψ(g) =
∑
a∈A

η(a)

Ùg, �a, b´Ó���da¥�ü���, K�±y²
3G¥TÐ�3η(a)�òaN��b���.�d,·��

Xa = {gx | gx(a) = a�gx ∈ G}
duXa���Ò´G¥�¤kòaN��a���,Ïd|Xa| =
η(a). Ï�a, b3Ó���da¥, u´�3����g ∈ G,
¦�g(a) = b. �E8Ü back
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1ÔÙ �êXÚ

7.4+

7.4 +

X = {ggx | gx ∈ Xa}

@oX¥�z���ÑòaN��b, ¿�egx1 , gx2 ∈ Xa,
gx1 6= gx2, w,kggx1 6= ggx2, ¤±X¥�z���ÑØ�
Ó, �k|X| = |Xa| = η(a). ?�Ú�±y², Ø
X¥�
��	, G¥Ø�U2kO�òaN��b���
. ÄK,
�σ ∈ G, σ /∈ X, σ(a) = b. Ï�g(a) = b,¤±

g−1(b) = g−1(σ(a)) = g−1σ(a) = a

back
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1ÔÙ �êXÚ

7.4+

7.4 +
ù�, g−1σ ∈ Xa,lg(g−1σ) = σ ∈ X,ù´��gñ. Ïd
3G¥TÐkη(a)���òaN��b.
��, �a, b, c, · · · , h´A¥áuÓ���da���. u´,
G�?Û�����UòaN��Ù¤á�da¥�,��
��. u´G�¤k��©¤±e�a: òa N�¤a�a,
òaN�¤b�a, òaN�¤c�a, · · · , òa N�¤h �a.
¤±,·�k

η(a) =
|G|

�¹a��da¥����ê
Ón��

η(b) = η(c) = · · · = η(h) =
|G|

�¹a��da¥����ê
back
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1ÔÙ �êXÚ

7.4+

7.4 +
Ïd,éuA�?Û���da,·�k∑

a∈T�da

η(a) = |G|

dd��∑
a∈A

η(a) =y©A¤���da�ê8× |G|

Ïd,y©A¤���da�ê8´

1
|G|
∑
a∈A

η(a) =
1
|G|
∑
g∈G

ψ(g)

back
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1ÔÙ �êXÚ

7.4+

7.4 +

e¡,·�ÏL��~f5�y�e½n.
8ÜA = {1, 2, 3}þ�3gé¡+S3k6��©ù6��©O
´

g1 =

(
1 2 3
1 2 3

)
, g2 =

(
1 2 3
1 3 2

)
, g3 =

(
1 2 3
2 1 3

)
,

g4 =

(
1 2 3
2 3 1

)
, g5 =

(
1 2 3
3 1 2

)
, g6 =

(
1 2 3
3 2 1

)
back
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1ÔÙ �êXÚ

7.4+

7.4 +
�G1 = {g1, g2}, G2 = {g1, g5, g6}´S3�ü�f+, Ï
´A þ�ü���+. dG1¤p���d'Xò8ÜA =
{1, 2, 3}?1
y©, �ª�A = A1 + A2, ùpA1 = {1},
A2 = {2, 3},�da�ê8´2,Ú

1
|G|

∑
g∈G1

ψ(g) =
1
2

(3 + 1) = 2

�¬Ü.
dG2¤p���d'Xò8ÜA = {1, 2, 3}?1
y©, �
ª�A = A,�da�ê8´1,Ú

1
|G|

∑
g∈G1

ψ(g) =
1
3

(3 + 0 + 0) = 1

�¬Ü. back
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lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

Ún 7.1

�G´��k�+, H´G�f+,éuG���a ∈ G,½ÂG�G�N�

τa : τa(x) = ax, x ∈ G

K
(1) τa´G�����.
(2) K = {τh | h ∈ H}'u���EÜ$�´G�����+, �K �H
����ê�Ó.

y²: (1) Ï�a ∈ G, G´+, ¤±éu?¿�x ∈ G, Ñkax ∈ G, u
´τa´��G�G�N�. e¡��y²τa´÷�Úü�Ò�±
. Ï�
éu?¿�y ∈ G,�3a−1y ∈ G,¦�

τa(a−1y) = a(a−1y) = y

back

lÑêÆ9ÙA^?�|, 2017c12� 771 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +
Ú�x1, x2 ∈ G, x1 6= x2�

τa(x1) = ax1 6= ax2 = τa(x2)

u´τa´G�÷�Úü�,ù�τa´G�����.
(2) Ï�H´��+,éuH¥�ü �e ∈ H,d½Âτe ∈ K,
¤±K ´����8Ü.�τa, τb ∈ K,Ï�a, b ∈ H,�τaτb =
τab, u´τaτb ∈ K, ùL²K'uC��EÜ$�´µ4
�. ØJ��τe´K�ü �, K���τa�_��´τa−1, ù
�K´G�����+. ��, Ï�H¥���hÚK¥��
�τh�m�éA'X´����éA'X, B��HÚK�
���ê�Ó.
8�·�¡K´dH�Ñ�G���+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

|^+���f85íÿ��+�5�,ù«�{´'�~
�Úk��.
l+Gp�Ñ��f8H,|^G�¦{�±rH�ü���
¦©éuù�¦{5`Hé�U��¤��+©
�ê\+Z�±w�¢ê\+���f+, knê+Q�±
w¤�ê\+���f+, ��±w¤¢ê\+���f
+.

½Â 7.31
��+G���f8��f8H��G���f+,bXHé
uG�¦{5`�¤��+©

back
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1ÔÙ �êXÚ

7.4+

7.4 +

?¿+G��kü�f+, §�´ü �|¤������
+ÚGg�. ùü�f+��¡�+�²�f+.
�½+�����f8, XÛ�yTf8´��f+, e¡
�Ñ��¿�^�.

½n 7.23

��+G���Ø�f8H�¤G���f+�¿©�7
�^�´µ
(i) a, b ∈ H ⇒ ab ∈ H
(ii) a ∈ H ⇒ a−1 ∈ H

back
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1ÔÙ �êXÚ

7.4+

7.4 +

y²: ¿©5. =(i), (ii)¤á=⇒H�¤��+©
e¡�y+½Â�n�^�÷v.
(1) du(i), H´�êXÚ, (ÜÆ3G¥¤á3H¥g,¤
á.
(2) Ï�H��k���a, d(ii), H�k�a−1, ¤±d(i)�
�

a−1a = e ∈ H

(3) d(ii)éuH�?¿�a5`H k�a−1¦�

a−1a = e

back
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1ÔÙ �êXÚ

7.4+

7.4 +

7�5. =H�¤��+=⇒ (i), (ii)¤á.
H´��f+´µ4�, (i)w,¤á©H Q,´��+, H
�½k��ü �e′. 3f+H Sk e′e′ = e′, 3GSe′e′ =
e′g,�¤á. �e´G�ü �,3GSkee′ = e′,Ïd

e′e′ = ee′

Pe′3GS�_���(e′)−1,@o

e′ = e′(e′(e′)−1) = (e′e′)(e′)−1 = (ee′)(e′)−1 = e(e′(e′)−1) = e

back
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1ÔÙ �êXÚ

7.4+

7.4 +

éu?¿�a ∈ H, -a′´a3H¥�_��, @oa′a = e,
d�ª3G S��,¤á, ùL²a′´a3G¥�_��,
�a−1 = a′ ∈ H,y�.

íØ 7.2
b½H´+G���f+. @oH�ü �Ò´G�ü �,
H�?¿�a3H p�_�Ò´a3Gp�_�©

back
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1ÔÙ �êXÚ

7.4+

7.4 +
½n7.23¥�(i), (ii)ü�^���±^��^�5�O©

½n 7.24
��+G���Ø�f8H�¤G���f+�¿©�7
�^�´µ

a, b ∈ H ⇒ ab−1 ∈ H

y²µ¿©5. a, b ∈ H ⇒ ab−1 ∈ H =⇒ H �¤G�f+.
¯¢þ,Ø�f8HSk��a,Ïde = aa−1 ∈ H,��HS
kü �. ?�a ∈ H, ��ea−1 = a−1��H¥�z���
k_��. 2�a, b ∈ H, @o ab = a(b−1)−1 ∈ H, �H´µ
4�. H ⊆ G,���,´�(Ü�.
7�5w,¤á.

back
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1ÔÙ �êXÚ

7.4+

7.4 +
��ä+���k�f8´Ä�f+��ÿ,�k�{ü�
�O�{.

½n 7.25
��+G�Ø�k�f8H�¤G���f+�¿©�7
�^�´µ

a, b ∈ H ⇒ ab ∈ H

y²: ¿©5. �G = {a1, a2, · · · , an},�yG´+,·�ò�
yG÷v+½Â�n�^�.^�(1)=µ45,d®�^�
���±��.
(2) �3�ü �. ^a1lm>¦±G �z����, �
�8ÜG′ = {a1a1, a2a1, · · · , ana1}, d��Æ��, G′¥�
��üüØÓ, duG′ ⊆ G, ÏdG = G′, ¤±�3ak¦�
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1ÔÙ �êXÚ

7.4+

7.4 +

aka1 = a1

e¡y²akÒ´G��ü �. ¯¢þ^a1l�>¦±G�
z����,��8ÜG′′ = {a1a1, a1a2, · · · , a1an},d��Æ
��, G′′ = G. u´éG�?Û��ai,�3a′i¦�a1a′i = ai,
@o

akai = ak(a1a′i) = (aka1)a′i = a1a′i = ai

ùL², ak´G��ü �.
(3) z����3�_�. éuG�?Û��ai, ^ailm>
¦±G, ¤���n ����½kak, �ajai = ak, @oajB
´ai('uak)��_�.
nþ¤ã, G´��+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

e¡�ÑA�~f.

~ 7.50
�Z12´�12��{a\+,�äZ12�f8HÚS´Ä�f+.
(1) H = {[0], [4], [8]}
(2) H = {[1], [5], [9]}

): H´Z12�f+. Ï�H´k�f8,·����yH¥�
ü���[a], [b]�\µ4=�.qÏ�,$�·Ü��Æ,¤
±ü����\�Ê¥�¹, ���y8«�¹=�. ¯¢
þ[0] + [0] = [0] ∈ H, [0] + [4] = [4] ∈ H, [0] + [8] = [8] ∈ H,
[4] + [4] = [8] ∈ H,[4] + [8] = [0] ∈ H, [8] + [8] = [4] ∈ H.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.51
+G�ü�f+H�K��8H ∩ K�´G���f+.

y²: �G�ü ��e, Ï�e ∈ H, e ∈ K, ��e ∈ K ∩ K,
lH ∩ K 6= ∅. éu?¿�a, b ∈ H ∩ K,Ï�HÚK Ñ´f
+,¤±ab−1 ∈ H Ú ab−1 ∈ K,lab−1 ∈ H ∩K,ùÒy²

H ∩ K ´f+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.52
Þ~`², ��+G�ü�f+H�K�¿8H ∪ K�UØ
´G���f+.

): éu�12��{a\+Z12, ØJ�yH = {[0], [4], [8]},
K = {[0], [6]}´Z12�ü�f+,�´H∪K = {[0], [4], [6], [8]}
Ø´Z12 �f+,ù´Ï�[4] + [6] = [10] /∈ H ∪ K.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

��Ì�+�f+�´Ì�+í,e¡�½n��
`².

½n 7.26

Ì��f+´Ì�+.

y²: �G = (a)´Ì�+, e´G�ü �. H´G�f+.
eH = {e},@oH = (e)´Ì�+. eH 6= {e},���3c ∈
H, c 6= e,��3�"�ên,¦�c = an,u´c−1 = a−n ∈ H,
ù� back
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1ÔÙ �êXÚ

7.4+

7.4 +

M = {n|n´��ê, an ∈ H}

´�����8Ü. -r´M¥�����ê, �±äó, f
+H = (ar). ¯¢þ, éu?¿�am ∈ H, �m = rq + t, ù
p0 ≤ t ≤ r − 1. Kat = am−rq = am(ar)−q ∈ H,dr���5,
��t = 0,u´m = rq,ù�am = (ar)q,¤±H = (ar). y�.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.53
�G´Ã�Ì�++.
(1) H´G�f+, eHØ´ü �+, @oH�´Ã�Ì�
+.
(2) G�f+��ê´Ã��.

y²: (1) �H´G = (a)�Ø´ü ��f+, �â½
n7.26��, H = (ar),ùpr´��Ø�"��ê. e◦(ar)´
��k�êk, @o(ar)k = e, ��a|kr| = e, l◦(a) ≤ |kr|,
ù�◦(a) = ∞ �gñ. ù�, ◦(ar) = ∞, H = (ar)´��Ã
�+. back
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1ÔÙ �êXÚ

7.4+

7.4 +

(2) �
y²GkÃ��f+, kw�wG�ü�Ì�f
+(at)Ú(as) ���7�^�, ùptÚsÑØ´". �Ò´
`(at)Ú(as) ÑØ´ü �f+. �(at) = (as), ��at ∈
(as)Úas ∈ (at), u´�3�êk,m¦�as = (at)k, at = (as)m,
ù�

at = (as)m = ((at)k)m = atkm

back
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1ÔÙ �êXÚ

7.4+

7.4 +

¤±kat(1−km) = e, du◦(a) = ∞, 7kt(1 − km) = 0, l
1 − km = 0, 7kk = 1,m = 1½ök = −1,m = −1.
�k = 1,m = 1, as = at, �k = −1,m = −1´as = (at) − 1.
ù�, ·��ÑG�ü�Ì�f+(at)Ú(as)���7�^�
´ü�����as, at ½ö��, ½öp�_�. G ���
S�a, a2, a3, · · ·?¿ü���QØ��, �Øp�_�, ¤
±(a), (a2), (a3), · · ·´G�üüØ���f+, lGkÃ�
õ�f+. back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.54

G´��n�Ì�+.
(1) eH´G�m�f+,Km|n.
(2) éu��êm,em|n,KGk��k���´m�f+,
lG�f+�ê´n��Ïf�ê.

y²: (1) �G = {a0, a, a2, · · · , an−1}, Ï�Ì�+�f+�
´Ì�+, ��H = (ar), 0 ≤ r ≤ n − 1, H��mÒ´�
�ar��ê◦(ar),◦(ar) = n

(m,n) ,ddB�m|n. (1)�y.
back
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1ÔÙ �êXÚ

7.4+

7.4 +

(2) Ï�G���a
n
m��êÒ´m, ¤±(a

n
m )Ò´���ê

�m�f+, �35�y. �(ak)´G �?¿���ê�mf
+, Ï�◦(ak) = m, ��(ak)m = e, =akm = e, ln|km, u
´ n

m |k,u´(ak) ⊆ (a
n
m ),Ï�|(ak)| = |(a

n
m )| = m,Ïd(ak) =

(a
n
m ),y�.
~K7.54w�·�,�éÑ���ê´n�k��Ì�+G =
(a) �¤kf+, ��éÑn�z���Ïfm, @o�Ñ¤
k�(a

n
m ),�ÒéÑ
¤k�f+.

back
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lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.55
�12��{a\+

Z12 = {[0], [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11]}
éÑZ12�¤kf+.

): Z12´��)¤��[1]�Ì�+. 12�¤k�Ïê�1, 2,
3, 4, 6, 12, ¤±Z12�3�ê©O�1, 2, 3, 4, 6, 12�f+, §
�©O´d��[1]

12
1 , [1]

12
2 , [1]

12
3 , [1]

12
4 , [1]

12
6 ,[1]

12
12 )¤�, =

§�©O´[0], [6], [4], [3], [2], [1])¤�,ù
f+©O´:
back
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1ÔÙ �êXÚ

7.4+

7.4 +

1�?f+: ([0]) = {[0]}
2�?f+: ([6) = {[0], [6]}
3�?f+: ([4]) = {[0], [4], [8]}
4�?f+: ([3]) = {[0], [3], [6], [9]}
6�?f+: ([2]) = {[0], [2], [4], [6], [8], [10]}
12�?f+:
([1]) = {[0], [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11]}

back
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1ÔÙ �êXÚ

7.4+

7.4 +

�!SNÌ�|^+G���f+H5½ÂGþ����d
'X, d�d'X�±rG©a?1©a, ,�dù�©a
íÑA���½n©
�½+GÚG���f+H©e¡5½��G��¥m�'
X∼µ

a ∼ b,����ab−1 ∈ H��ÿ

�
aÚb, ab−1½öáuH, ½öØáuHü«�¹��. ¤
±∼´��'X,Ó�

back
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1ÔÙ �êXÚ

7.4+

7.4 +

(1) aa−1 = e ∈ H,¤± a ∼ a,'X∼´g��.
(2) ab−1 ∈ H ⇒ (ab−1)−1 = ba−1 ∈ H,¤± a ∼ b⇒ b ∼ a,
'X∼´é¡�.
(3) ab−1 ∈ H, bc−1 ∈ H ⇒ (ab−1)(bc−1) = ac−1 ∈ H, ¤
±a ∼ b, b ∼ c⇒ a ∼ c ,'X∼´D4�.
ù�∼´Gþ����d'X©|^ù��d'X·��±
����G�©a©éu?¿�a ∈ G,�a¤3�a�[a]H,
�
{üå�,{P�[a]. = back
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1ÔÙ �êXÚ

7.4+

7.4 +

[a] = {b|a ∼ b,½öab−1 ∈ H}

e¡,�	G���a¤3a[a]¥Ñ´�
�o����.
?�b ∈ [a], =a ∼ b, d½Â��, ab−1 ∈ H, ��3h ∈ H,
¦�ab−1 = h, �Ò´b = h−1a, Ï�H´+, ¤±h−1 ∈ H,
ùÒ`²�a k'X��b �±�¤f+H ������a
�¦È.
�L5,éuf+H¥�?Û���h�a�¦Èha5`,-b =
ha,@oab−1 = a(ha)−1 = a(a−1h−1) = h−1 ∈ H,ù`²H¥
�z����a�¦ÈÑ�ak'X. back
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1ÔÙ �êXÚ

7.4+

7.4 +

ù���¯¢w�·�,

[a] = {ha | h ∈ H}

�Ò´`, a¤3�aTÐ´^alm>�¦H �z����
/¤�8Ü.
éuù��5�G�����a¤3�a�Ñ��AÏ�¶
i.

½Â 7.32
dþ¡��d'X∼¤û½�a��f+H�mmm���888©�
¹�a�m�8^ÎÒHa5L«©

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.56
�G��12��{a\+, H = {[0], [4], [8]}´G���f+,
¦ÑH òG©¤�¤km�8.

): Uìm�8�½Â,k
H + [0] = H + [4] = H + [8] = {[0], [4], [8]}
H + [1] = H + [5] = H + [9] = {[1], [5], [9]}
H + [2] = H + [6] = H + [10] = {[2], [6], [10]}
H + [3] = H + [7] = H + [11] = {[3], [7], [11]}

´HòG©¤�4�ØÓ�m�8. back
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1ÔÙ �êXÚ

7.4+

7.4 +
m�8´l�d'X∼µ

a ∼ b,����ab−1 ∈ H��û

Ñu���. bX·�5½��'X∼′µ

a ∼′ b,����b−1a ∈ H��û

@oÓ±þ���±wÑ∼′�´���d'X©|^ù�
�d'X·��±��G�,��©a©

½Â 7.33
d�d'X∼′¤û½�a��f+H�������888©�¹�a�
��8·�^ÎÒaH5L«©

back
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1ÔÙ �êXÚ

7.4+

7.4 +
Ó±þ��·��±y²µaHfÐ�¹¤k�±�¤

ah (h ∈ H)

/ª�G��©
Ï���+�¦{Ø�½·Ü��Æ,¤±��5`∼Ú∼′ü
��d'X¤û½���a¤3�aHaÚaH¿Ø�Ó.�´
·�k

½n 7.27
��f+H�m�8��êÚ��8��ê��µ§�½
öÑ´Ã��½öÑk�¿���©

y²: ·�rH�m�8¤�¤�8Ü��Sr, H���8
¤�¤�8Ü��Sl©½ÂSr�Sl����m�éA'X

back
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1ÔÙ �êXÚ

7.4+

7.4 +

φ : Ha→ a−1H

·�`,ù«½Â��8�m�éA'X��8��L�Ã
'.�Ò´`,eHa = Hb,Ka−1H = b−1H. ¯¢þ,

Ha = Hb⇒ ab−1 ∈ H ⇒ (ab−1)−1 = ba−1 ∈ H ⇒ a−1H =
b−1H.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

¤±,m�8Ha���a�ÀJÃ', φ´��Sr�Sl�N�.
?�Ú�±äó, φ´��Sr�Slm���N�©Ï� Sl�
?¿�aH´Sr��Ha−1��,¤±φÄk´��÷�¶2k

Ha 6= Hb⇒ ab−1∈H ⇒ (ab−1)−1 = ba−1∈H ⇒ a−1H 6= b−1H

¤±, φq´��Sr�Slm�ü�. ·��Òy²
φ´��
N�.

back

lÑêÆ9ÙA^?�|, 2017c12� 801 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

½Â 7.34
��+G���f+H�m�8(½��8)��ê(�Ó��
���)��H 3Gp����êêê,P�[G : H].

~ 7.57
�12��{a\+G'uf+H = {[0], [4], [8]}��ê´[G :
H] = 4.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.58
�G´�"knê�8Ü,ØJ�y, Géuknê�¦{�
¤��+, H = {1,−1}´G���f+. éu?Û��"k
nêa, a¤3��daHa = {a,−a},ù�

G =
⋃

a∈Q+

aH

Ù¥, Q+´�N�knê|¤�8Ü. G'uH��ê[G :
H]�Ã¡�.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

�ÖÌ�?Ø[G : H]´k���/.
e¡�Ún`²
��f+�Tf+�z��8�Äê´
�Ó�.

Ún 7.2
��f+H�H�z��m�8Ha�mÑ�3����N
�©

y²: 3H�H�z��m�8Ha�m½ÂN�

φ : h→ ha

@o, φ´H�Ham���N�©Ï�µ
back

lÑêÆ9ÙA^?�|, 2017c12� 804 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.4+

7.4 +

(1) H�z���hk������ha¶
(2) Ha�z���ha´H�h��¶
(3) bXh1 6= h2,@oh1a 6= h2a,y�©
dù�Ún, ·��±��e¡ü��~��(Ø, ½
n7.28Ú½n7.30©

½n 7.28

b½H´��k�+G���f+. @oH��nÚ§3Gp
��êjÑU�ØG��N,¿�

N = nj

back
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1ÔÙ �êXÚ

7.4+

7.4 +
y²: G��NQ´k�, H��nÚ�êj�Ñ´k���
ê©G�N ���©¤j�m�8,�dÚnz��m�8
Ñkn��¤±

N = nj

y�.

½n 7.29
�G´��k�+, H´G���f+, K´dH�Ñ�G��
�+. @oG�f+H�m�8��êÒ´d��+K¤p
��Gþ��d'Xr8ÜGy©´¤k�da�ê8.

y²: ·�wK¤p��Gþ��d'X∼:

∼: a, b ∈ G, a ∼ b⇔�3πh ∈ K,¦�π(a) = b
back
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1ÔÙ �êXÚ

7.4+

7.4 +

Ï�πh(a) = ha = b,@oh = ba−1,ù�

a ∼ b⇔ πh(a) = b⇔ ha = b⇔ b ∈ Ha

@od��+K¤p��Gþ��d'XéG�©a¥�z
�aTÐ´f+H ���m�8. ��+K ¤p��Gþ
��d'Xr8ÜGy©�,¤k�da�ê8´

1
|K|

∑
πh∈K

ψ(πh) =
1
|K|

ψ(πe) =
1
|K|
|G| = 1

|H|
|G|

¤±G�f+H�m�8�ê´ |G||H| ,ùÚ±c���(J�
Ó. back
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1ÔÙ �êXÚ

7.4+

7.4 +

½n 7.30

��k�+Â�?���a��nÑ�ØG��©

y²: a)¤���´n�f+, �â½n7.28��, n�ØG
��©y�©

½Â 7.35
�H´+G���f+,XJé?¿�a ∈ GÑk

aH = Ha

K¡H´G����5f+.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

?Û��+Gkü�w,��5f+, ùÒ´dü �|¤
������+ÚG��.
�G´��+,KG�?¿f+Ñ´�5f+,Ï

aH = {ah | h ∈ H} = {ha | h ∈ H} = Ha

X, (Q − {0},×)�"knê'uê8¦{|¤�+, �H =
{1,−1},K(H,×)
´(Q−{0},×)��5f+. back
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1ÔÙ �êXÚ

7.4+

7.4 +

½n 7.31
�H´+G����5f+, G/HL«H�¤k�8�¤�
8Ü,�aH, bH ∈ G/H,½Â

(aH)(bH) = (ab)H

KG/H'uþ¡5½���8¦{$�|¤��+.

y²: ·�Äky²ü��8aH, bH ∈ G/H�¦È��
L�Ã', =¤5½��8$�{K´G/H���$�.
�aH, bH ∈ G/H, eaH = xH, bH = yH, @o�3n1, n2 ∈
H,¦�a = xn1�b = yn2, back
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1ÔÙ �êXÚ

7.4+

7.4 +
ù�

ab = xn1yn2 = x(n1y)n2

duH´�5f+,

n1y ∈ Hy = yH

¤±�3n3 ∈ H,¦�n1y = yn3,ù�,

ab = x(n1y)n2 = xy(n3n2) ∈ (xy)H

�k
(ab)H = (xy)H

G/H'u$�´µ4�. back
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1ÔÙ �êXÚ

7.4+

7.4 +

e¡�yG/H÷v+½Â�n�^�.
(1)éu?¿�a, b, c ∈ G,

[(aH)(bH)]cH = (ab)HcH = [(ab)c]H = (abc)H

aH[(bH)(cH)] = aH(bc)H = [a(bc)]H = (abc)H

¤±k(aHbH)cH = aH(bHcH),�$�´�(Ü�.
(2) aHeH = (ae)H = aH,�eH´G/H�ü ��.
(3) aH�_���a−1H. back
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1ÔÙ �êXÚ

7.4+

7.4 +

½Â 7.36
+G'uÙ�5f+H��8�¤�+G/H��G'uH�
û+.

�ä�5f+,Ø½Â	�kXe��{.

½n 7.32
�H´G�f+,Ke¡o�^�´�d�µ
(1) H´G��5f+¶
(2) aHa−1 = H, a ∈ H¶
(3) aHa−1 ⊆ H, a ∈ G¶
(4) aha−1 ∈ H, a ∈ G, h ∈ H

back
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1ÔÙ �êXÚ

7.4+

7.4 +

y²: Ue¡å»(1)⇒ (2)⇒ (3)⇒ (4)⇒ (1)lo�^
��d.
(1)⇒(2). ÏH´�5f+,�é?¿�a ∈ G,kaH = Ha,u
´aHa−1 = (aH)a−1 = (Ha)a−1 = H(aa−1) = He = H, =(2)
¤á.
(2) ⇒(3). é?¿�a ∈ G, aHa−1 = H, �aHa−1 ⊆ H.

back
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1ÔÙ �êXÚ

7.4+

7.4 +

(3) ⇒(4). duaHa−1 ⊆ H, �é?¿�a ∈ G, h ∈ H,
kaHa−1 ∈ H.
(4)⇒(1). �aHa−1 ∈ H,Ké?¿�h,�3h1 ∈ H,¦aHa−1 =
h1, =ah = h1a, �Ò´aH ⊆,Ha,��¡, ?�ha ∈ Ha,
Ka−1Ha ∈ H, �3h2 ∈ H, ¦a−1ha = h2, =ha = ah2, �
=ah ∈ aH,Ha ⊆ aH¤±,é?¿a ∈ G,k

aH = Ha

lH´+G��5f+,y.. back
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1ÔÙ �êXÚ

7.4+

7.4 +

~ 7.59
�H´+G���f+, �H�?¿ü���8�¦ÈE´
����8,KH ´G����5f+.

y²: kyaHbH = (ab)H. d®�, aHbH´����8, �
�cH,�ab = aebe ∈ aHbH,�ab ∈ cH,= cH = (ab)H.
?�h ∈ H,Kaha−1b ∈ aHa−1H = (aa−1)H = H,u´aha−1 ∈
H,é?¿�a ∈ G,=H´+G��5f+. back
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1ÔÙ �êXÚ

7.5+3�èÆ¥�A^

7.5 +3�èÆ¥�A^

�!Ì�0�+nØ3ú��èÆ¥�;.A^RSA�{.
é?¿��u1���ên,�8Ü

Zn = {0, 1, 2, · · · , n− 1}

½Â8ÜZnþ���$�⊕: ?¿�i, j ∈ Zn,

i⊕ j = (i + j) mod n

back
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1ÔÙ �êXÚ

7.5+3�èÆ¥�A^

7.5 +3�èÆ¥�A^

ùp(i + j)(mod n)´�êi + jØ±n�{ê. ⊕w,´��Zn

þ��ê$�, ù�$��÷v��Æ. e¡·��yZn'
u$�⊕¤���+.
Äk, Ï�é?¿�i ∈ Zn, Ï�0 ⊕ i = i, ¤±0´Zn�ü 
�.
Ùg, é?¿�i ∈ Zn, �i 6= 0 �, i�_��´n − i ∈ Zn,
�i = 0 �, i�_��´Ùg�. ù�, Zn�z���Ñk
_��. ��, ��2�y$�⊕ ÷v(ÜÆ=�. ¯¢þ,
éuZn¥�?¿n���i, j, k ∈ Zn,�âü�êa�b�\Ø
±n�{êÒ´a�b©OØ±n�{ê�\2Ø±n �{ê
ù��n,k back
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1ÔÙ �êXÚ

7.5+3�èÆ¥�A^

7.5 +3�èÆ¥�A^

(i⊕ j)⊕ k = ((i + j) mod n + k) mod n
= ((i + j) mod n + k mod ) mod n
= (i + j + k) mod n

�q/,Ï�

i⊕ (j⊕ k) = (i + (j + k) mod n) mod n
= (i mod n + (j + k) mod n) mod n
= (i + j + k) mod n

¤±$�⊕÷v(ÜÆ. Ïd, Zn´��'u$�⊕�+, w
,���+. ù�+Zn��'u�n�\{+. back
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1ÔÙ �êXÚ

7.5+3�èÆ¥�A^

7.5 +3�èÆ¥�A^

25½Â8ÜZnþ���$��: ?¿�i, j ∈ Zn,

i� j = (i · j) mod n

ùp(i · j) mod n´�êi · jØ±n�{ê. ùw,�´Zn þ�
,	��÷v��Æ��ê$�. g,¬¯Zn'u$��¤
���+í?
e¡�´�w+��¦´ÄÑ÷v. ÄkØJ�y1´Zn'
u$�� �ü �. éuZn¥�?¿n���i, j, k ∈ Zn, �
âü�êa�b �¦ÈØ±n�{êÒ´a�b©OØ±n�{
ê�¦È2Ø±n�{êù��n,k back
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(i� j)� k = ((i · j) mod n · k) mod n
= ((i · j) mod n · k mod ) mod n
= (i · j · k) mod n

�q/,Ï�

i� (j� k) = (i · (j · k) mod n) mod n
= (i mod n · (j · k) mod n) mod n
= (i · j · k) mod n

back
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��Ò�eZn�z���'u�´Äk_��¯K
.
éu0 ∈ Zn,Ï�?Ûj ∈ Zn,k0� j = 0 6= 1. ùL²Zn¥é
Ø����0�$��uü ����, ùL²0vk_�.
é¢Ã, Zn'u$��Ø´+.
Zn�,�f8'u$���U¤�+í?
é?¿�n > 1,�Znf8G1 = {0}Ú�= 10�,�Znf8G2 =
{5},N´�yG1ÚG2Ñ´'u$���Zn�f+,cö�ü
 �´0,�ö�ü �´5,ùü�f+�ü �ÑØ´1.
·��´'%Zn´Ä�3�¹1�'u$���f+. ù�
�f+¢Sþ�´�3�, ~XG3 = {1} Ò´Ù¥���,
^B`�e0´Ø¬Ñy3ù«f+¥�,�Ï´03ù«f
+¥Ø�U¹k_�. 8�^ÎÒZ∗n L«ù«+¥���
õ���. back

lÑêÆ9ÙA^?�|, 2017c12� 822 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.5+3�èÆ¥�A^

7.5 +3�èÆ¥�A^

e¡�¯K´: Z∗n¥Ñ´�
�o����?
ea ∈ Z∗n , Ï�Z∗n¥�3a�_�, ¤±�3u ∈ Z∗n , ¦�a �
u = 1, =(au) mod n = 1, ½ön | (au − 1), ^dL«aÚn �
��úÏf, Ï�d | aÚd | n, íÑd | −1, ù�7kd = 1,
ùÒ´`,ea ∈ Z∗n ,@oZ∗n ¥���a´���np��ê,
ù�êa�,´Zn¥�����.

�L5, Zn¥?Û���np���êb�áuZ∗ní?

back
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lZn¥¤k�np����¥?�����b, �â”êØ”¥
����£: ”ü��êx�y ���úÏf�1(=ü�êp
�)��=��3�êu, v ∈ Z,¦�xu+yv = 1”,Ï�b�np
�,¤±�3�êuÚv,¦�

bu + nv = 1

u´n | (1−bu),·�`n - u,Ø,�{n | (1−bu+bu),=n |
1,ùÚn > 1ØÎ.�u = nk + u1,{êu1÷v1 ≤ u1 ≤ n− 1,
u´u1 ∈ Zn,òu = nk + u1�\�ªbu + nv = 1¿�n��

back
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bu1 + n(bk + v) = 1

ù�L�ªQL«u1�np��L«u1�b�¦ÈØ±n�{ê�1,=b�u1 = 1. �âZ∗n�
��õù�A:,��b ∈ Z∗n , u1 ∈ Z∗n .
�d,·��Ù
Z∗n �(�: Z∗n Ò´1, 2, · · · , n− 1¥¤k�np�����¤�+.
e¡rù�+Z∗nQãXe:

½n 7.33

éu��ên > 1, P¤k�un¿��p����ê�¤�8ÜP�Z∗n . ½ÂZ∗n þ�$
��: ei, j ∈ Z∗n ,-

i� j = (i · j) mod n

KZ∗n 'u$���¤��+.

ùÒ´y�O�ÅS�Ï&Eâ�èÆ+�^�������+. back
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éu��ên > 1, ¤k�un¿��np����ê��
êù���ê, êÆ[î.(Euler)�@�Ñ
PÒφ(n). ~
Xφ(2) = 1, φ(8) = 4��. Uìù�ÎÒ�¹Â, +Z∗n ¥
����êÒ´φ(n), 2�â+¥�k'(Ø��, é?
¿a ∈ Z∗n ,k

φ(n)︷ ︸︸ ︷
a� a · · · � a = 1

ù��ª�(�¹ÂÒ´aφ(n) mod n = 1, UìÓ{Î
Ò”≡”�¹Â,þª��dL«Ò´

aφ(n) ≡ 1 (mod n) (7.2)

back
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�±�yúª(7.2)éu?Û'n����p���êa�¤
á¿�úª(7.2)¥�n = 1�,¤á´w,�,u´keã(
Ø

½n 7.34

�n���ê, a´?Û�np���ê,K

aφ(n) ≡ 1 (mod n) (7.3)

½n7.34Ò´Í¶�Euler½n, Euler½n3Ó{Ó{�§
Q�ÑL, ùp·�l+��Ý��Ñ
ù��Ó�(Ø.

back
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ú��èN��JÑ�mÚ�n,·�®²31nÙk¤

). {I�n �Æ[ Rivest, shamir Ú Adleman 31978
c�ªuL
��äN�ú��è�{�{,ù�äk��
K���{�5^¦��¶iRSA ·¶, RSA�Ø%g�
B´Äu+Z∗n ÚêØ¥��ê©)�n.
RSA�è�{:
(1))¤ü���êpÚq.
(2) n← pq, φ(n)← (p− 1)(q− 1).
(3) �+Z∗φ(n). ?¿À���Åêb, 1 < b < φ(n), ¦
�gcd(b, φ(n)) = 1,UìZ∗φ(n)½Â,��b ∈ Z∗φ(n).
(4) a← b−1,ùpb−1´��b3+Z∗φ(n)¥�_�.
(5)ú��(n, b),h��(p, q, a). back

lÑêÆ9ÙA^?�|, 2017c12� 828 / 839



lÑêÆ9ÙA^�Æ��

1ÔÙ �êXÚ

7.5+3�èÆ¥�A^

7.5 +3�èÆ¥�A^

��\��&E�x,½Â\�¼ê

y = Eb(x) = xb mod n

���©y,½Â)�¼ê

Da(y) = ya mod n

e¡�(Ø�y
RSA�{��(5.
back
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½n 7.35
�n = pq´ü�ØÓ�ê�È. XJEbÚDaXþ½Â, @o
é?¿x ∈ Zn,Ñk Da(Eb(x)) = x.

yyy²²²: Ï�y = xb mod n,���3�êk,¦�xb = nk + y,
u´(xb)a = (nk + y)a, ùL²(xb)aØ±n�{êÒ´yaØ
±n�{ê. �y²x = ya mod n ,��y²x = (xb)a mod n
=�.���`{Ò´��y²(xb)a ≡ x(mod n)=�.
Ï���a�b3+Z∗φ(n)p�_�. u´a � b = 1, =ab mod
φ(n) = 1½öab ≡ 1( mod φ(n)),¤±�3��êt,¦�ab =
tφ(n)+1. é?¿²© x ∈ Zn,e¡©�¹?Ø. back
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(1) (x, n) = 1. dî.½nkxφ(n) ≡ 1(mod n),u´

(xb)a = xtφ(n)+1 = (xφ(n))t · x ≡ x (mod n)

(2) (x, n) 6= 1. Ï�n´�êp, q �ÈÚx < n, ¤±(x, n)�
up½q. Ø��(x, n) = p,K(x, q) = 1. dî.½n�xq−1 ≡
1(mod q),u´xab−1 = xtφ(n) = (xq−1)t(p−1) ≡ 1(mod q),l

back
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xab ≡ x(mod q)

Ï�p|x,��
xab ≡ x(mod p)

Ï�(p, q) = 1,¤±xab ≡ x(mod pq),=

(xb)a ≡ x(mod n)

nþ¤ã,é?¿x ∈ Zn,Ñk(xb)a ≡ x(mod n),y�.
back
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e¡´��¦^RSA�èN�\�)�«¿5���~f.
�p = 101, q = 113,K

n = pq = 101× 113 = 11413,
φ(n) = (p− 1)(q− 1) = 100× 112 = 11200.

Ï�φ(n) = 26 × 52 × 7,¤±1Ú11200�m?ÛØ�2, 5Ú7
�Ø�êÑ���\��êb. &E��Â�À�b = 3533,
O�b 'u�11200�_�a = 6597, úmn = 11413Úb =
3533. back
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&E�ux���b,\�²©x = 9726,���©

y = xb mod n = 97263533 mod 11413 = 5761

ò�©y = 5761ÏL&�uÑ, �Â�Â�y = 5761, ^aO
�

ya mod n = 57616597 mod 11413 = 9726

��Ñ²©9726.
RSA�{��±^uêi\¶,ùpÒØ?Ø
. back
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RSA�èN��S�5´Äu�&\�¼êEb(x) = xb mod n ´��
ü�¼ê,¤±éuôÂö5`,Áã)��©´O�þØ�1�. #N
1n�Bob )��©���´©)n = pq��£, duBob��ù�©
), ¤±¦�±O�φ(n) = (p− 1)(q− 1), ,�^*Ð�îAp��{
O�)��êa.
éRSA�èN����²w�ôÂÒ´�è©ÛöÁã©)n.XJù
:��
, @oB�±é{ü/O� φ(n) = (p − 1)(q − 1), ,��±
�Bob��lbO�Ñ)��êa. 'u��ê�©)�{, 8c�k�
�n«�{´�gç{, ý��©)�{Úê�ç{, Ù¦��k°
�Í¶�{�)J.Pollard�ρ�{Úp−1�{, H.William�p + 1�{,ë
©ª�{, ¤ê©){9ÁØ{�. du®²k�þ©zïÄ½nã,
3dØs�Ì?1?Ø. en�¤õ©), KRSA �èB�»È. ¦+
Xd, ��ØUy²éRSA�èôÂ�JÝÒÚ©)n��, �U`ô
ÂRSA�è�(J§ÝØ'©)��ê�J.

back
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�,, �è©Ûö�±�ÄÏ¦Ø©)n��)�RSA�
©��{. AT5¿�´, el¦φ(n)\ÃéRSA�è?1
ôÂ, @o§�JÝÚ©)n��. �ó�, O�φ(n)¿Ø'
©)n{ü. ¯¢þ, b�®�nÚφ(n), n�ü��êpÚq�
È,@oÏL¦)'upÚq��§|{

n = pq,
φ(n) = (p− 1)(q− 1)

�±N´/©)n. back
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�è©Ûö��UQØ©)n�ØO�φ(n), ��Äu)
��êa?1ôÂ. �±y², XJ)��êa®�, @on�
±ÏL���Å�{3õ�ª�mS©),ùL²��O�
)��êa¿Ø'©)nN´. �,,ù�w�·�,XJa�
�¦, @oBob#À���\��ê´Ø
�, ¦7LÀ
J��#��ên. ,	, M.Wiener JÑ
�«Äu$)�
�ê�ôÂ�{, ���÷v3a < n1/4 Úq < p < 2q�, ù
«�{�±¤õ/O�Ñ)��êa. k,��Öö�±ë
��'�©z.

back
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�XO�Uå�FÃOrÚ�ê©)�{�ØäU?,��
yRSA�è�S�5, 3¢SA^¥À���ê pÚq�5
��.�;�ÀJN´©)��ên, 1978cRivest�<3�
ªuL�RSAú��è�Ø© ¥ÒïÆé�êpÚq�ÀJ
A�÷v±en^:
(1) pÚq�v
�, 3�ÝþAT��Øõ, ��ö��
�p, q ê�C. XJ��p − q�� (Ø��p > q), @
o(p + q)/2 ≈

√
n,¿�(p− q)/2´�����ê. Ïd�ª

back
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(
p + q

2

)2

− n =

(
p− q

2

)2

�mà´������²�ê,ù�Ò�±|^¤ê©){
òn?1©).
(2) p− 1Úq− 1���úÏêd = (p− 1, q− 1)A¦þ�. Ä
K,òkd2��êa,¦�n´Äa���ê,ùÒO\
én?
1©)��U5.
(3) p − 1Úq − 1ÑAT¹k���Ïê, ÄKÒ�U|
^Pollardp − 1�{¦Ñn �ýÏê. 'ud�{, k,��
Öö�±ë��'©z.
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