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1.1 5KE

e Ermin: SRR T

BB R REBE R AN E LA — DMEAREAA R, 1188 AV, Rk,
QSN SRR AT R Bee R —VIREENE S, e F TIraRREER b, TR
FRITHIPIRL, R ERREE OB ekl EHRPASMNE TR Braplnd T AR
EARDLR AR E AR A EE MR . AT BRI E AR B R B4E TR, ek e T
WREATH SR I AZARHERE e /) R BYEAUR A B AAR R A 2 R T, AR H W
PRSI L TR RIBE ST . B RBNEERTEARISCAL, A M AR R . oA A b
WRBCAROR, N RERIA G S Bt 80 . WA BRI NS, AT REA THENL
L 4G, 5G. 6G EEHIRSE, EATTREA M. XHEESE.

sl I T 2HERAR, TR SORE . WRAEREERIZRE R R IPMEHeA S s Do
HABHGEr K 7, EAHWEEN T Fiaike, Baf e, shfess AERLA K e
5, SRR IR S RS S SRR Z B AR, s N REERRR I 5 1R K FA A T X T
FRHNEMR SR, BT 2EME, REEXEez i, W DONEe R KR SCE — MR T fEATA
W, ATV S BIECA I T . E AR SRR (B — MR BRI I
fEz—.

1.1.1 &BEN

R (B — AMJENBDY (Mathematics:A Very Short Introduction) 55T 2002 FE FHAFEER
2 kAt (Oxford University Press)tihit. 7EHiH, 1EHEEIRIEMNECEEIIC. XS AR S RS fh s
JRIIRZ B AIESE, FH BB iiE = e A T IREEEM LA, YRER . mgEas e, AR
TERERB] S TR S AR R AR S 1 Il B fARE, RHBCIE A B 2 SORISE il 1 AR 3N
iR I X ERS G, AP AR T BRI ), A E e ] RS B
PIRGHEZ Ak

P RARZHNFARRZ 1150, IR E N2 RS BRI — 158} #re
FrLAEeskib NRBNR IR, 1RAFEE LREIAE IS, BUEEsca i R, (HR AR AL
PR AT ERHRE) . MR ECAME S B AR e, BUOMRH A IR
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g, HIRECAFATIT L B SEhR R SO AR IR SR, IR ORI 2R, (5 TR
PHiE 7B R AR SO AR, I et T DA B A A R S
ERINE, EREAFHCARA, BEaha. BemEyl, IRIRETETT . 455 L, flitt-S5a el
AT HESENR . (EE BN, B MBAECAEANT, G A AR SR
WIRBYETT i, R T HEA IR IA G 55 SGRI T U AR BB A0 3, IS ) T i
B HAZ O BB TR IA, LIRS A, 83 2 DBt Bl 15 th T AN
FIIAECAR Y, f)m, ERRE N RPN A ) F B B — L5 SR Y T H CHIE.

1.1.2 fE&ENT

B o F LT o /R H(William Timothy Gowers) i AE T2 AR R, ISR RAE SR, fHAQR T
EZLBUNE AAER. 8L, JetlRuH e IRAE R S IRME 5. AR NFAERZ T Jeis 22 8|
WERHIE 5208, HAEPIAYRT: . FHEEMN R, G35RG “EHEFH” 5. T 1990 F£1E
SIMFR S = A BRI A, T B AR DL « 2 L 47(Bela Bollbas). =i/Kk 3 1991—1995
RIS RAFITE AR 1996 FRAFERINECE 24 1998 FJAFH - Tz —
FIFERZEH; 1999 4E 23 NI E 25 2E Skt 2011 SRR L EHA S IR B A 5%, JUR
i) 3= FEOTHRAESZ BR 0 BT M-S RO U8 ATy b s A & 87 1771, R (m rh s 1 —
RINTEEANBERRIER S SRR O TR ECE AR, B80T T8 1 & TR, fihog
HHEETEROF A EOR S AR 2002 SEHIAR (B — DMIREAAR) sl X7 AR it
Fow BT E — T RUEHCTHEEZ TN AN EE CEMIE4855) (The Princeton Companion
to Mathematics, MR HRckE 2008 4F HiRR) .-

1.2 &3

1.2.1 Can four—dimensional space be 1.2.1 M#ETEREREGL
visualized
In fact, the seemingly obvious statement that it is possible =AW REN RRAG T DU ZE) PR AN RE

to visualize three-dimensional objects but not four-dimensional — X/ATREEPBIL, bR LI 1)
ones does not really stand up to close scrutiny. Although — #l. REMYMEERIGHFI EEEE MR
visualizing an object feels rather like looking at it, there are  ZMARR, IXPFMALS AR EZEIX . Hil4n,
important differences between the two experiences. For — WIHMAZERICK —AN 5 AIEHISK, XA
example, if I am asked to visualize a room with which I am  FREEHBEAE 788, K BEAT
familiar, but not very familiar, I have no difficulty in doing so. 4 RK#E. WIHERFR—LEIC T 1 H0 ,
If I am then asked simple questions about it, such as how many #4155 W A 2 /b 1ol HisURH- 4 B,

O Tk WSS R R XIERPE CBE) (PEMHRRAL, 2014).



chairs it contains or what color the floor is, I am often unable
to answer them. This shows that, whatever a mental image is, it
is not a photographic representation.

In a mathematical context, the important difference between
being able to visualize something and not being able to is that
in the former case one can somehow answer questions directly
rather than having to stop and calculate. This directness is of
course a matter of degree, but it is no less real for that. For
example, if I am asked to give the number of edges of a
three-dimensional cube, I can do it by ‘just seeing’ that there
are four edges round the top, four round the bottom, and four
going from the top to the bottom, making twelve in all.

In higher dimensions, ‘just seeing’ becomes more difficult,
and one is often forced to argue more as I did when discussing the
analogous question in five dimensions. However, it is sometimes
possible. For example, I can think of a four-dimensional cube as
consisting of two three-dimensional cubes facing each other,
with corresponding vertices joined by edges (in the fourth
dimension), just as a three-dimensional cube consists of two
squares facing each other with corresponding vertices joined.
Although 1 do not have a completely clear picture of
tour-dimensional space, I can still ‘see’ that there are twelve
edges for each of the two three-dimensional cubes, and eight
edges linking their vertices together. This gives a total of 12 +
12 + 8 =32. Then I can ‘just see’ that a five-dimensional cube
is made up of two of these, again with corresponding vertices
linked, making a total of 32 + 32 + 16 = 80 edges (32 for each
four-dimensional cube and 16 for the edges between them),
exactly the answer I obtained before. Thus, I have some
rudimentary ability to visualize in four and five dimensions. (If
you are bothered by the word ‘visualize’ then you can use
another one, such as ‘conceptualize’.) Of course, it is much
harder than visualizing in three dimensions — for example, I
cannot directly answer questions about what happens when
you rotate a four-dimensional cube, whereas I can for a
three-dimensional one —but it is also distinctly easier than

fifty-three-dimensional visualization, which it could not be if

Pl F A K. XU R AR
AR, I AEANF T 3 2

FERCATEST, e S ARER IR B AL
EEXHET, BTMIERT, RATEERR
B R IEAUE N ORBAT IS XA~ “Hi%”
BRATOR—FIERE, (HEPR EZASK.
wn, A RE RGN T 20, T
LR “fUAONEE” , BRITA 4 5600, K
A 4 2634, A 4 250\ TR, fr
PA—JLR 12 5514

TEmZEZS A, “AONER” AR T,
TRATH A G IRAE S FL4E A 1) P R
i) R AR FEREAT B 2 HIRAIE . (SR I 2
ATRER. Lo, FRATLLEE— N4 ik,
B P MBAIRT = ST TR, o RETH
SR CAIA(FE B VUL ) RHEE , AR =4S 7 PR B
ANME AR A TE A R, St T A 3%
Ke—FE. BTN PGS ANEH S —AN 64
THITIEG, ERARATEL “F W B =4k
SEHRSA 12 %0, 8 AINIERE TR
T IXFE, —ILHUA 12+12+8=32 %&il. T
FERATLL AU B, FYEL IR
IXFERIPIADULEST I AR, AR IF S LT
UM, MO 32+432+16=80 il (HEANPU4EST
JIAT 32 410, HIAE 16 sEREA), 1A
HRZAMERINEZMA. T, BREATHE
FPI5 ok DU RN 4k UG ARIRIBE 7o (SR
Xof “CEUEAL” IXAMAREBIFPE, 7T LA e—Nn,
than “MESb” o )4, Xt =4EmE1E
B R E—ban, RICEERERIE, DU4Ear
TR ERE AT AR, TR AT LI ok =4
f——(H2, X R A =4 G
55, BHRECA AT, MRS Lk
PLER S IR T o A — R0 K L U 4
JUAT, AATT DY 4 225 (] R AL TR BB 459 31 T 1)
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they were both impossible. Some mathematicians specialize in
four-dimensional geometry, and their powers of four-dimensional
visualization are highly developed.

This

mathematics that goes well beyond geometry. One of the

psychological point has an importance to
pleasures of devoting one’s life to mathematical research is
that, as one gains in expertise, one finds that one can ‘just see’
answers to more and more questions that might once have
required an hour or two of hard thought, and the questions do
not have to be geometrical. An elementary example of this is
the statement that 471x638 = 638%471. One could verify this
by doing two different long multiplications and checking that
they give the same answer. However, if one thinks instead of a
grid of points arranged in a 471-by-638 rectangle, one can see
that the first sum adds up the number of points in each row and
the second the number of points in each column, and these
must of course give the same answer. Notice that a mental
picture here is quite different from a photograph: did you really
visualize a 471-by-638 rectangle rather than a 463-by-641
rectangle? Could you count the number of points along the

shorter side, just to check?
1.2.2 Hyperbolic geometry

There are several equivalent ways of describing hyperbolic
geometry; the one I have chosen is known as the disc model,
which was discovered by the great French mathematician Henri
Poincare. While I cannot define it precisely in a book like this, I
can at least explain some of its main features and discuss what it
tells us about the parallel postulate.

Understanding the disc model is more complicated than
understanding spherical geometry because one has to
reinterpret not only the terms ‘line’ and ‘line segment’, but also
the idea of distance. On the surface of the sphere, distance has
an easily grasped definition: the distance between two points x

and y is the shortest possible length of a path from x to y that

PN i)

SBCF R, XA R R
TR AT TE . BB TR AT RS
B REB —Hie, B TSR 2Rk
B, REEIEAIIEC “DMUE” Heets
FIBKR L FENE R, g2 U
R, XA e R DL R R R AR R
AT BAMRIEARIGIT, KE 471X
638=638 X471 X 5Bk . AT HAE, FRATATLA
T MBI AR B, R4
FAARIMZE R (B2, WREE—A 471 T 638
HETE b, REFTAE H, A%
TR, FEEARTREI M, e
MILSRAF B LS T o R, TEXAN W L,
AR (0 R S A A UG RIR A —
BI: VREHIEE] T —A 471 3 638 HIAETE, T
AT 463 3 641 FETED? fRAEE et AL
FIA T ROR AR IE R ?

1.2.2  XEHJLA

SR LA RSN i 2. BePr
WFEIIX — MO, R d R
B E R MBI . SRR —
A RICIEF TS e X EREDRE
FERFE A — LS R BRHE, JRHIE—FRTF
TRt rA U4

PRI AR L PR AR LT B
NBAAOCEE R “HE” M “HLBY
SRS, IO R B M . AERRTE
. BREA - MREFBERAE S x Ay P ]
FRRERS, MURAEBRIE B x B y BRI
FEo BT LT SRABA A 5E SR IR,

O GEid: ZKHRAERN “DUOREE” Lhr LIRHRE “A0R7, ARIRLPREWGRR R, o, =g iy k.



lies within the surface of the sphere. Although a similar
definition holds for hyperbolic geometry, it is not obvious, for
reasons that will become clear, what the shortest path is, or
indeed what the length of any path is.

Figure 33 shows a tessellation of the hyperbolic disc by
regular pentagons. Of course, this statement has to be explained,
since it is untrue if we understand distance in the usual way: the
edges of these ‘pentagons’ are visibly not straight and do not
have the same length. However, distances in the hyperbolic disc
are not defined in the usual way, and become larger, relative to
normal distance, as you approach the boundary. Indeed, they
become so much larger that the boundary is, despite
appearances, infinitely far from the center. Thus, the reason that
the pentagon marked with an asterisk appears to have one side
longer than all the others is that that side is closer to the center.
The other sides may look shorter, but hyperbolic distance is
defined in such a way that this apparent shortness is exactly

compensated for by their being closer to the edge.

EIEARIR, B AT A4 R —
HEUER IR R4, BAWE T b

BRI

B 33 FT s, A& H IR U TR X
P ZIREA AT EAFREX A0, PINEL
T FOREE, EEERERK: S5
W, X8 TR FIAARER, KEHBA
FHIR. ST, XU 8 4 T R B A2 B H
73 GE SO, AR RBR AL, BEEITIL 4
FUBRRSIOR. SEbr b, BAREBAME, (Hid%
ALFIBEESHRRIR, LA T B A _E 2 H0Ab i
PRERTETT K. FTlA, FrESHITILEZ bl
A —FRIEFOR AR D S0, R
AL TR 0. HARIL AT REE R,
{E XU R RS O E AT, SRR L R I
b HPR RIS R BT 1AM

Fig.33. A tessellation of the hyperbolic plane by regular pentagons / P33 FH 1E FLI AT i X i ~F 1]

If this seems confusing and paradoxical, then think of a
typical map of the world. As everyone knows, because the
world is round and the map is flat, distances are necessarily
distorted. There are various ways of carrying out the distortion,
and in the most common one, Mercator’s projection, countries
near the poles appear to be much larger than they really are.
Greenland, for example, seems to be comparable in size to the
whole of South America. The nearer you are to the top or
bottom of such a map, the smaller the distances are, compared

with what they appear to be.

IR B AR AT, AL
FE— MRS RO A . RS, Rk
BRI T AT, P AR e SR A
T o FORIZAHIIR T A IRE R, 5 AT
— RS R, SEINORE X & B
EATSEPR AR E R 2 o LEInA% B 2t oL
A FSRMA/IMAY . EXFERAE L, B
FEAE L3 el R, SERRER B LR L A EE RS
BN
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A well-known effect of this distortion is that the shortest
route between two points on the earth’s surface appears, on the
map, to be curved. This phenomenon can be understood in two
ways. The first is to forget the map and visualize a globe
instead, and notice that if you have two points in the northern
hemisphere, the first a long way east of the other (a good
example is Paris and Vancouver), then the shortest route from
the first to the second will pass close to the North Pole rather
than going due west. The second is to argue from the original
map and reason that if distances near the top of the map are
shorter than they appear, then one can shorten the journey by
going somewhat north as well as west. It is difficult to see in
this way precisely what the shortest path will be, but at least
the principle is clear that a ‘straight line’ (from the point of
view of spherical distances) will be curved (from the point of
view of the distances on the actual map).

As 1 have said, when you approach the edge of the
hyperbolic disc, distances become larger compared with how
they look. As a result of this, the shortest path between two
points has a tendency to deviate towards the center of the disc.
This means that it is not a straight line in the usual sense (unless
that line happens to pass exactly through the center). It turns out
that a hyperbolic straight line, that is, a shortest path from the
point of view of hyperbolic geometry, is the arc of a circle that
meets the boundary of the main circle at right angles (see Figure
34). If you now look again at the pentagonal tessellation of
Figure 33, you will see that the edges of the pentagons, though
they do not appear straight, are in fact hyperbolic line segments
since they can be extended to hyperbolic straight lines,
according to the definition I have just given. Similarly, although
the pentagons do not seem to be all of the same size and shape,
they are, since the ones near the edge are far bigger than they
seem — the opposite of what happens with Greenland. Thus,
just like Mercator’s projection, the disc model is a distorting

‘map’ of actual hyperbolic geometry.

XA 2 A AN AT RO RONE,
BRI L i [A) SR R e P R 1
B IXAELGA] LB AR R . 25
ARSI, AR HER, IR
FEALFERLEPT 1, 35— LSRR — AR
HhJ5 (BB AR RHER A 1), A AR
AR R BB S IR R AR 2 IR Y
7 T AR R IR . 55 AR
MHBE A, AR RS T S e 2 R R
HERE, 2 ZAEAEREARAE,  NOZIRIN B P 3
AL . HIRAINERAERSTAE g1 2
o, B2 “EZ” (BRI R
R IO BB RS ) A BT ) IR 2% SRR AR

SE

AT, AU B RIL%,
HIREFESAHEL, SERRERESHOR. IXPERISE AL,
1 3 18] R fp R A ) T sl B P oo X
WAEWRE AN RER L EEZEERE
KRG IEE L) . 2RV, Wl EZ, /)
KU LTV R IR R A, 1B S KA A
FREA R BIIRANE 34 FroR). BUAE L8
Kl 33 I FLATARIR I, VR KRB TULIR IR
ERRAGZER, (HIELSHRE M E LB
PRIHRIEFRINA 4 (78 S, EATTH AT ASE
N E L. R, XTI
FTEARFE AERAH—FE, HLFR BRI —FF
1, PUNSEIEIAZ AL LA TR E L EA TR R
IRAF 2 — SR B 22 i) 7 IEAH e .l 38
FAEEG—FE, BRI R SRRl ) LA Y
HHh “HuE” .



Fig.34. A typical hyperbolic line / €34 XUl B £k

It is natural to ask at this point what actual hyperbolic
geometry is like. That is, what is the distorting map a map of?
What stands in relation to the disc model as the sphere does to
Mercator’s projection? The answer to this is rather subtle. In a
way it is a fluke that spherical geometry can be realized as a
surface that sits in three-dimensional space. If we had started
with Mercator’s projection, with its strange notion of distances,
without knowing that what we had was a map of the sphere,
then we would have been surprised and delighted to discover
that there happened to be a beautifully symmetrical surface in
space, a map of this map, so to speak, where distances were
particularly simple, being nothing but the lengths of shortest
paths in the usual, easily understood sense.

Unfortunately, nothing like this exists for hyperbolic
geometry. Yet, curiously, this does not make hyperbolic
geometry any less real than spherical geometry. It makes it
harder to understand, at least initially, but as I stressed in
Chapter 2 the reality of a mathematical concept has more to do
with what it does than with what it is. Since it is possible to say
what the hyperbolic disc does (for example, if you asked me
what it would mean to rotate the pentagonal tessellation
through 30 degrees about one of the vertices of the central
pentagon, then I could tell you), hyperbolic geometry is as real
as any other mathematical concept. Spherical geometry may be
easier to understand from the point of view of three-dimensional
Euclidean geometry, but this is not a fundamental difference.

Another of the properties of hyperbolic geometry is that it
satisfies the first four of Euclid’s axioms. For example, any two

points can be joined by exactly one hyperbolic straight line

AR, A MNRERET, KER
M UARA T AR i, XA
Hu PR S AT ARG ? A K PG A G A A
ISR, SERIA SR RIEBEL IR R4
e ? XA BRI KL 1% . BRI LT 2
PITCARENS AE =2 18] v (Rl Tl _ESE, IR
X ERGEE. WRBATARGE NSRRI
TG, WERBEESHI AR B SIT G, JFEANE
XILSGERRIE A, A ARATZR I ety
B RN SEFS TR TET,  1E2H Hh T4
SR, T E R R AN R A
SO 5 BRAge 0l T B R B AR IR E, R FRATT—
SE BRI S o

AFERRE, AT LIRS, XA
HAFAE. ([HARERRE, XIERA )L
AT AR BRI LT oR B = S . 3K RHE AR
fE——Z /DRI IA s, HIEAERAE S —
SR, BABES AR 2 S et A
MRS ERA AR, BRI TR bl
XU LA A0, VREE R, A Tl
RO TR — NGRS 30 FLRAT
AR BGERETS IR, AU ) LA
AP BeA S PR SE. =ZERR IR
JURTEIRRA R, BRI LA o] RESE 25 T PLAR,
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X R U R 3 — AN B e e B LA
BIPUZE AR, 0, AERM AT BLEACAT B
e 2% X it B2 B (R -5 2 B 31 ELAHAZ R B 51K
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segment (that is, arc of a circle that cuts the main circle at right
angles). It may seem as though you cannot find a circle of large
radius about any given point, but to think that is to have
forgotten that distances become larger near the edge of the disc.
In fact, if a hyperbolic circle almost brushes the edge, then its
radius (its hyperbolic radius, that is) will be very large indeed.
(Hyperbolic circles happen to look like ordinary circles, but their

centers are not where one expects them to be. See Figure 35.)
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Fig.35. A typical hyperbolic circle, and its center / I35 X3 & % &

As for the parallel postulate, it is false for hyperbolic
geometry, just as we hoped. This can be seen in Figure 36,
where I have marked three of the (hyperbolic) lines L, M, and
M. The lines M and M, meet at a point marked x , but neither
of them meets L. Thus, there are two lines through x (and in
fact infinitely many) that do not meet L. This contradicts the
parallel postulate, which stipulates that there should be only
one. In other words, in hyperbolic geometry we have exactly
the alternative interpretation of the Euclidean axioms that we
were looking for in order to show that the parallel postulate

was not a consequence of the other four axioms.
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Fig.36. The parallel postulate is false in the hyperbolic plane / F36 47/ B AE X T A a7

Of course, I have not actually proved in this book that
hyperbolic geometry has all the properties I have claimed for
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it. To do so takes a few lectures in a typical university
mathematics course, but I can at least say more precisely how
to define hyperbolic distance. To do this, I must specify by
how much distances near the edge of the disc are larger than
they appear. The answer is that hyperbolic distances at a point
P are larger than ‘normal’ distances by 1/d°, where d is the
distance from P to the boundary of the circle. To put that
another way, if you were to move about in the hyperbolic disc,
then your speed as you passed P would, according to
hyperbolic notions of distance, be 1/d* times your apparent
speed, which means that if you maintained a constant
hyperbolic speed, you would appear to move more and more
slowly as you approached the boundary of the disc.

Just before we leave hyperbolic geometry, let us see why
argument(4) that I gave earlier fails to prove the uniqueness of
parallel lines. The idea was that, given a line L, a point x not on
L, and a line M through x that did not meet L, one could join L
to M by several line segments that were perpendicular to both
L and M, dividing up the space between L and M into
rectangles. It seems obvious that one can do this, but in the
hyperbolic world it is not possible because the angles of a
quadrilateral always add up to less than 360 degrees. In other
words, in the hyperbolic disc the rectangles needed for the

argument simply do not exist.
1.2.3 How can space be curved

What evidence might persuade us that space is curved?
The question becomes easier if one takes an abstract approach.
Start at the North Pole and travel due south for about 6,200

miles, having marked your initial direction. Then turn to your
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left and go the same distance again. Then turn to your left and
go the same distance one more time. 6,200 miles is roughly the
distance from the North Pole to the equator, so your journey
will have taken you from the North Pole to the equator, a
quarter of the way round the equator, and back to the North
Pole again. Moreover, the direction at which you arrive back
will be at right angles to your starting direction. It follows that
on the earth's surface there is an equilateral triangle with all its
angles equal to a right angle. On a flat surface, the angles of an
equilateral triangle have to be 60 degrees, as they are all equal
and add up to 180, so the surface of the earth is not flat.

Thus, one way of demonstrating that a two-dimensional
surface is curved, from within that surface, is to find a triangle
whose angles do not add up to 180 degrees, and this is
something that can be attempted in three dimensions as well. If
we measure the angles of triangles in space and find that they
add up to more than 180 degrees, then that will suggest that
space is more like a three-dimensional version of the surface of
a sphere than like the sort of space that can be described by

three Cartesian coordinates.
1.2.4 Manifolds

A closed surface means a two-dimensional shape that has
no boundary. The surface of a sphere is a good example, as is a
torus (the mathematical name for the shape of the surface of a
quoit, or a ring-shaped doughnut). As the discussion of curvature
made clear, it can be useful to think about such surfaces
without reference to some three-dimensional space in which
they live, and this becomes even more important if we want to
generalize the notion of a closed surface to higher dimensions.

It is not just mathematicians who like to think about
surfaces in a purely two-dimensional way. For example, the
geometry of the United States is significantly affected by the
curvature of the earth, but if one wishes to design a useful road
map, it does not have to be printed on a single large curved

piece of paper. Much more practical is to produce a book with
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several pages, each dealing with a small part of the country. It is
best if these parts overlap, so that if a town lies inconveniently
near the edge of one page, there will be another page where it
doesn’t. Moreover, at the edges of each page will be an
indication of which other pages represent overlapping regions
and how the overlap works. Because of the curvature of the
earth, none of the pages will be exactly accurate, but one can
include lines of constant latitude and longitude to indicate the
small distortion, and in that way the geometry of the United
States can be encapsulated in a book of flat pages.

One of the most important branches of mathematics is the
study of objects known as manifolds, which result from
generalizing these ideas to three or more dimensions. Roughly
speaking, a d-dimensional manifold is any geometrical object
in which every point is surrounded by a region that closely
resembles a small piece of d-dimensional space. Since manifolds
become much harder to visualize as the number of dimensions
increases, the idea of an atlas becomes correspondingly more
useful.

1.2.5 All you need to know about
logarithms, square roots etc

Part of the reason that the estimates and approximations
that pervade mathematics are not well known outside the
discipline is that in order to talk about them one uses phrases
like ‘about as fast as logn’ or ‘the square root of ¢, to within a
constant’, which mean little to most people. Fortunately, if one
is concerned only with the approximate values of logarithms or
square roots of large numbers, 115 then they can be understood
very easily, and so can this sort of language.

If you are interested in numbers only ‘up to a
multiplicative constant’, then multiplication suddenly becomes
very easy: take m and n, count their combined digits,
subtract one (if you can be bothered), and write down a
number with that many digits. For example, 1293875 (7
digits) times 20986759777 (11 digits) is in the region of
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10000000000000000(17 digits). If you want to be a little more
careful, you can note that the first number begins with a 1 and
the second with a 2, which means that 20000000000000000 is
a better estimate, but for many purposes such precision is
unnecessary.

Though the number e is indeed very natural and
important, all we need to know here is that the natural
logarithm of a number, the number you get by pressing LN on
a calculator, is roughly the number of digits it has, multiplied
by about 2.3. Thus, the natural logarithm of 2305799985748 is
about 13x2.3=29.9. (If you know about logarithms, you will
see that what you should really multiply by is log.10).

1.2.6 The prime number theorem

A prime number is a whole number greater than 1 that is
divisible by no other whole numbers, with the obvious
exceptions of 1 and itself. If you were to write out the first
thousand primes, then the tendency for the gaps between
successive ones to get larger would become more obvious. In
other words, large primes appear to be thinner on the ground
than small ones. If you choose a number at random between
1,000,001 and 1,010,000, then what are the chances that it will
be a prime? In other words, what is the ‘density’ of primes near
1,000,000? Is it fantastically small or only quite small?

The reason such questions rarely occur to people who
have not been exposed to university-level mathematics is that
they lack the language in which to formulate and think about
them. However, if you have understood this chapter so far, you
are in a position to appreciate one of the greatest achievements
of mathematics: the prime number theorem. This states that the
density of primes near a number 7 is around 1/log.n —that is,
one divided by the natural logarithm of .

Given the sporadic, random-like quality of the primes, it
is quite surprising how much can be proved about them.
Interestingly, theorems about the primes are usually proved by

exploiting this seeming randomness.
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Perhaps the most famous open problem in mathematics is
the Riemann hypothesis. This has several equivalent
formulations. One of them concerns the accuracy of the
estimate given by the prime number theorem. As I have said,
the prime number theorem tells you the approximate density of
the primes near any given number. From this information one
can calculate roughly how many prime numbers there are up to
any given number z. But how rough is rough? If p(n) is the
true number of primes up to » and g(n) is the estimate
suggested by the prime number theorem, then the Riemann
hypothesis asserts that the difference between p(n)and g(n) will
be not much larger than Jn . If that sort of accuracy could be
proved to hold, then it would have many applications, but what

is known to date is far weaker.

1.2.7 Sorting algorithms

Another area of mathematics that is full of rough
estimates is theoretical computer science. If one is writing a
computer program to perform a certain task, then it is a good
idea to design it in such a way that it will run as quickly as
possible. Theoretical computer scientists ask the question:
what is the fastest one could possibly hope for?

One very useful task that computers can do is known as
sorting — that is, putting a large number of objects in order
according to a given criterion. It is known that, up to a
multiplicative constant, the number of comparisons needed to
sort n objects is nlogn.

The following method, known as Quicksort, is not
guaranteed to work any faster, but usually it works much faster.
It is defined recursively (that is, in terms of itself) as follows.
First choose any one of the objects, x, say, and arrange the
others into two piles, the ones that are better than x and the
ones that are worse. This needs n—1 comparisons. All you need
to do now is sort the two piles - which you do using Quicksort.
That is, for each pile you choose one object and arrange the

others into two further piles, and so on. Usually, unless you are
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unlucky, when you divide a pile into two further ones, they — J- BB RECERZALZH). TR
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possibly hope for, to within a multiplicative constant.
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