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 Chapter1 PropositionalLogic 

Propositionallogiccanalsobecalledpropositionalcalculusorstatementcalculus.It
mainlystudiesthededuciblerelationshipbetweenthepremiseandtheconclusionwhichis
composedofthepropositionasthebasicunit.Sowhatisaproposition? Howtoexpressa
proposition? Howtoderivesomeconclusionsfromasetofpremises? Wewilltakeyouto
discussthesecoreissuesindetailinthefollowing.

1.1 PropositionsandConnectives

Apropositionisexpressedasastatementwithadefinitemeaning.Apropositionalways
hasavaluecalledtruthvalue.Thereareonly“True”and“False”values,whicharecalled
TrueandFalse,usuallywith0orFfor“False”and1orTfor“True”.

Statementthatrepresentsapropositionmusthavetwoconditions:first,thestatementisa
declarativesentence;second,thestatementhasauniquelydeterminedtrueorfalsemeaning.
Therearetwostepstojudgewhetheragivensentenceisaproposition:first,whetheritisa
declarativesentence;second,whetherithasauniquetruthvalue.

Therearetwotypesofpropositions:thefirsttypeisthepropositionthatcannotbe
decomposedintosimplerstatements,whichiscalledatomicproposition;thesecondtypeof
propositionconsistsofacombinationofconnectives,punctuationmarksandatomicpropositions.

Allofthesepropositionsshouldhavecertaintruthvalues.
Theatomicproposition,alsoknownasasimpleproposition,isaninferenceabouta

singlepropertyofanobject,anditcanalsorepresentanytrueorfalsestatementabouta
certainobjectorsituation.Itssemantictruthvalueisdeterminedbyobjectivefacts.

Compoundpropositions,whichcanbedecomposedintosomesimplepropositionsin
grammaticalstructure,areformedbysomesimplepropositionsconstructedbyproposition
connectors.

Anexampleisgiventoillustratetheconceptoftheproposition.
(1)Thesunrisesintheeastandsetsinthewest.
(2)Thegrassisgreen.
(3)Standup!
(4)71%oftheearth􀆳ssurfaceiswater.
(5)Willitraintomorrow?
(6)Whatabeautifulday!
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(7)IntheafternoonIgotothelibrary,ortothelaboratory.
(8)BothZhangSanandLiSiarepostgraduatesofJiangsuUniversity.
Intheaboveexamples,(1),(2),(4),(7),(8)arepropositions.Amongthem,(1),(7),

(8)arecompoundpropositions.(3),(5),(6)arenotpropositions,becausetheyaren􀆳t
declarativesentences.

Inmathematicallogic,compoundpropositionsareusuallyconstitutedby “connectives”.
Propositionalconnectivesalsoknownaspropositionaloperators,havestrictlogicalmeanings
toensuretheconsistencybetweenthesemanticsofthesymbolicsystemandthoseofthe
originalnaturalsystem.Therearefivelogicalconnectivesincommonuse:NegationConnective,

ConjunctionConnective,DisjunctionConnective,ConditionalConnectiveandBiconditional
Connective.

1.1.1 NegationConnective

Definition1.1.1  IfP isaproposition,thenthenegationofP isacompound

proposition,denotedas“􀱑P”andpronouncedas“notP”or“P􀆳snegation”.IfPisT,then
􀱑PisF;IfPisF,thenthetruthvalueof􀱑PisT.

Theconnective“􀱑”canalsobeseenasalogicaloperator,whichisaunaryoperation.
TherelationshipbetweenPand􀱑PisshowninTable1.1.1,whichiscalledthetruthtable
ofthenegationconnective“􀱑”.

Example 1.1.1  Negatethefollowingpropositions.

P:ZhangSanisacollegestudent.
􀱑P:ZhangSanisnotacollegestudent.

1.1.2 ConjunctionConnective

Definition1.1.2  IfPandQarebothpropositions,thentheconjunctionofPandQisa

compoundproposition,denotedasP∧Q,pronouncedas“PandQ”or“PconjunctionQ”.The
valueofP∧QisTifandonlyifbothPandQareT.

Theconnective“∧”canalsobeviewedasabinarylogicaloperation.Thetruthvalue
tableoftheconnective“∧”isshowninTable1.1.2.

  Table 1.1.1

P 􀱑P

F T

T F

  Table 1.1.2

P Q P∧Q

F F F

F T F

T F F

T T T

Example 1.1.2  SupposeP:TheCOVID-19epidemicwasragingin2020.Q:The

COVID-19brokeoutin manycountriesaroundtheworld.ThenP∧Q:TheCOVID-19
epidemicwasragingandbrokeoutinmanycountriesworldwidein2020.
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1.1.3 DisjunctionConnective

Definition1.1.3  SupposebothPandQarethepropositions,andthedisjunctionofP

andQisacompoundproposition,asP∨Q,pronounced“PorQ,”or“PdisjunctionQ”.If
andonlyifPandQareF,P∨QisF.

Connective“∨”canalsobeseenasalogicoperation,anditisabinarylogicoperation.
“∨”similarto“or”inChinese,butnotthesame.InChinese,thereare“inclusiveor”and
“exclusiveor”.Thetruthtableoftheconjunction“∨”isshowninTable1.1.3.

Example 1.1.3  Whichofthefollowingtwopropositionsisinclusiveor? Whichis

exclusiveor?
(1)WatchtheacrobaticsonTVorinthetheater.(exclusiveor)
(2)Thelightbulborswitchisoutoforder.(inclusiveor,“∨”meansinclusiveor)

1.1.4 ConditionalConnective

Definition1.1.4  SupposebothPandQarepropositions,andtheconditionalpropositionis

acompoundproposition,denotedasP→Q,read“ifP,thenQ”.IfandonlyifPisTandQ
isF,P→QisF.PistheantecedentoftheconditionalpropositionP→Q,andQisthe
decedentoftheconditionalpropositionP→Q.

Theconnective“→”canalsobeviewedasalogicaloperation,whichisabinarylogical
operation.Thetruthvaluetableoftheconnective“→”isshowninTable1.1.4.

  Table 1.1.3

P Q P∨Q

F F F

F T T

T F T

T T T

  Table 1.1.4

P Q P→Q

F F T

F T T

T F F

T T T

Example 1.1.4  P:XiaoYustudieshard.

Q:XiaoYudoeswellinhisstudies.
P→Q:IfXiaoYustudieshard,hewillgetgoodgrades.
Theconnective“→”andtheChinese“if...,then...”aresimilar,butdifferent.

1.1.5 BiconditionalConnective

Definition1.1.5  SetbothPandQaspropositions,thecomplexpropositionP↔Q

canbecalleddualcondition,whichcanbepronouncedas“PdualconditionQ”or“Pcanbe
ifandonlyQ”.ItcanbeTifandonlyifthetruevalueofPandQarethesame.

Theconnective“↔”canalsobeunderstoodasalogicaloperation,whichisbinarylogic.
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Thetruthvaluetableoftheconnective“↔”isshowninTable1.1.5.

Table 1.1.5

P Q P↔Q

F F T

F T F

P Q P↔Q

T F F

T T T

Asdescribedabove,abiconditionalconnectiverepresentsasufficientandnecessary
relationshipandcanbedeterminedonlyaccordingtothedefinitionofaconnective,regardless
ofitsantecedes.

Example 1.1.5  SupposeP:LiSiisameritstudent.

Q:LiSiisexcellentinmoral,intellectualandphysicalqualities.
P↔Q:LiSiisameritstudentifandonlyifheisexcellentinmoral,intellectualand

physicalqualities.

1.2 PropositionalFormulaandTranslation

Ithasbeenmentionedbeforethatpropositionsthatdonotcontainotherpropositionsas

partofthemarecalledatomicpropositions.Atthesametime,atomicpropositionscannot
containanyconnectives.Thenapropositioncontainingatleastoneconjunctioniscalleda
compoundproposition.

LetPandQbeanytwopropositions,then􀱑P,P∧Q,(P∧Q)→(P∨Q),􀱑P→(Q↔􀱑P)

arecompoundpropositions.
IfP and Q are propositionalvariables,then alltheaboveformulasarecalled

propositionalformulas,alsocalledwell-formedformulas.PandQarecalledthecomponents
ofapropositionalformula.

Note:Propositionalformulascontainpropositionalvariables,soitisimpossibleto
calculatetheirtruevalues.Onlywhenthepropositionalvariablesinapropositionalformula
arebroughtin withpropositionsthatdeterminethetruthvalues,apropositioncanbe
obtained.

Definition1.2.1  Thesymbolstringformedaccordingtothefollowingrulesiscalled

thewell-formedformulasofpropositionalcalculus(wff),alsoknownaspropositional
formula,orformulaforshort:

(1)Asinglepropositionalvariableorconstantisawell-formedformula.
(2)IfAisawell-formedformula,then􀱑Aisalsoawell-formedformula.
(3)IfAandBarewell-formedformulas,then(A∧B),(A∨B),(A→B),(A↔B)are

well-formedformulas.
(4)Ifandonlyif(1),(2)and(3)areappliedafinitenumbertimes,theresultingsign

stringisawell-formedformula.
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ThepropositionalformulaisgenerallyrepresentedbythecapitallettersA,B,C,....
Themethodofdefiningtheformulaiscalledinductivedefinition,whichconsistsofthree

parts:basis,inductionandboundary.Amongthem,(1)iscalledbasis,(2)(3)iscalled
induction,and(4)iscalledboundary.

Forconvenience,theinvolutionformulaisagreedasfollows:
(1)Toreducethenumberofparenthesesused,itisagreedthattheoutermost

parenthesescanbeomitted.
(2)Theorderofpriorityofconnectivesisasfollows:􀱑,∧,∨,→,↔.Accordingto

thispriority,ifthebracketsareremovedandtheoperationorderoftheoriginalformulacan
beomitted,thenP∧Q→Risequivalentto(P∧Q)→R,whichisalsoacompoundformula.

Example 1.2.1  Determine whetherthefollowingsymbolstringisacompound

formula.
(1)􀱑(P∨Q)
(2)(􀱑P→Q)
(3)(P→(P↔Q))
(4)(P↔Q)→(∨Q)
(5)(P∧Q,(P∧Q)∧Q)

Solution Itcanbeseenfromtheabovedefinitionsthat(1),(2),(3)areallwell-formed

formulas;(4)and(5)arenotwell-formedformulas.Because∨in(4)isbinocularconjunction
andapropositionalargumentismissingontheleft;whilethereisacommain(5),which
doesnotmeetthedefinitionoftheformula.

Withtheconceptofwell-formedformulasofconnectives,well-formedformulascanbe
representedbycompoundformulas.Thisprocessisoftencalledthesymbolization of
propositions.Thewholeprocessisequivalenttotranslatingsomesentences(propositions)in
naturallanguageintosymbolicformsinmathematicallogic.Itcanbecarriedoutaccordingto
thefollowingsteps:

(1)Determineswhetheragivenstatementisaproposition.
(2)Findouttheatomicpropositionsinthestatementanddeterminetheconjunctions

correspondingtotheconjunctions.
(3)Inwithorbygrammar,theoriginalpropositionisexpressedasacompoundformula

composedoftheatomicproposition,connectivesandparentheses.

Example 1.2.2  Symbolizethefollowingproposition:TheG124trainfromChangsha

toZhenjiangleavesat9:30or10:00a.m.

Solution P:TheG124trainfromChangshatoZhenjiangleavesat9:30a.m.

Q:TheG124trainfromChangshatoZhenjiangleavesat10:00a.m.
Inthisexample,theword“or”isexclusiveor,whichmeansis,thetraincannotleave

at9:30and10:00a.m.atthesametime,itcanonlybeoneofthetwo;while ∨ in
mathematicallogicisinclusiveor,sowecan􀆳tuse∨directly.Thenconstructatruthtable
foranalysis,asshowninTable1.2.1.
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Itcanbeseenfrom thetabletheoriginalpropositioncannot,denotedbythefive
connectivesseparately,butcanusethepropositionandconnectives,thepropositional
symbolcanbeturnedinto:􀱑(P↔Q).

Table 1.2.1

P Q originalproposition P↔Q 􀱑(P↔Q)

T T F T F

T F T F T

P Q originalproposition P↔Q 􀱑(P↔Q)

F T T F T

F F F T F

Example 1.2.3  Symbolizingthefollowingproposition:Heisnotonlygiftedbutalso

hardworking.

Solution P:Heisgifted.  Q:Heworkshard.

Accordingto“notonly...butalso...”,wecanknowtheresultofthisquestionisP∧Q.

Example 1.2.4  Symbolizethefollowingproposition:Heisgiftedbutnothard

working.

Solution Theactualmeaningofthissentenceisthatheisgiftedandnothardworking.

Soifthehypothesisisasfollows:

P:Heisgifted.  􀱑Q:Heisnothardworking.
TheresultofthisquestionisP∧􀱑Q.

Example 1.2.5  Symbolizethefollowingproposition:unlessyoustudyhard,youwill

fail.

Solution Theactualmeaningofthissentenceisthatifyoudon􀆳tworkhard,you􀆳ll

losethecourse.Soifthehypothesisisasfollows:

P:Youworkhard.  Q:youwillfail.
Theresultofthisquestionis􀱑P→Q.

Example 1.2.6  Symbolizingthefollowingpropositions:Hewonthegoldorsilver

awardintheInternationalCollegiateProgrammingContest.

Solution Findouttheatomicpropositionsandusepropositionalsymbolstorepresent

them:

A:HewonthegoldawardintheInternationalCollegiateProgrammingContest.
B:HewonthesilverawardintheInternationalCollegiateProgrammingContest.
Sotheresultofthisproblemis(A∧􀱑B)∨(􀱑A∧B).
Fromtheaboveexamples,wecanfindthatsomeconnectivesinnaturallanguage,such

as“notonly...butalso...”“or”“although...but...”eachhavetheirspecific meaning.
Therefore,theyneedtobetranslatedintoappropriatelogicalconnectivesaccordingtodifferent
situations.Atthesametime,tocorrectlyexpresstherelationshipbetweenpropositions,

sometimeswecanlistthe“truthtable”tofurtheranalyzeeachoriginalproposition.
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1.3 TruthTablesandEquivalentFormulas

FromtheaboveExample1.2.2,whenapropositioncannotbedirectlysymbolized,the
truthtableisoftenusedforauxiliaryanalysis,whichwillgetthesymbolicresultsfaster.
Therefore,wewillfurtherlearntherelatedknowledgeofthetruthtable.

Definition1.3.1  SupposeP1,P2,...,Pnareallpropositionalvariablesappearingin

propositionformulaA.AssigningatruevaluetoP1,P2,...,Pniscalledanassignmentor
explanationofpropositionformulaA.IftheassignedvaluemakesthetruevalueofAbeT,

thenthisassignmentiscalledarealassignmentofA.IfthetruevalueofAissettoF,then
theassignmentiscalledafalseassignmentofA.

Definition1.3.2  InpropositionformulaA,atruthvalueofpropositionformulaAis

determinedbyassigningavaluetoeachvalueofpropositionformulaA.Thetruthvaluetable
ofpropositionformulaAisformedbysummarizingalltruthvaluesintoatable.

Example 1.3.1  ConstructthetruthtableofP∨􀱑Q.

Solution TheresultsareshowninTable1.3.1.

Example 1.3.2  Constructthetruthtableof(P∧Q)∧􀱑P.

Solution TheresultsareshowninTable1.3.2.

  Table 1.3.1

P Q 􀱑Q P∨􀱑Q

T T F T

T F T T

F T F F

F F T T

  Table 1.3.2

P Q P∧Q 􀱑P (P∧Q)∧􀱑P

T T T F F

T F F F F

F T F T F

F F F T F

Example 1.3.3  Constructthetruthtableof(P∨Q)∨(􀱑P∧Q).

Solution TheresultsareshowninTable1.3.3.

Table 1.3.3

P Q 􀱑P P∨Q 􀱑P∧Q (P∨Q)∨(􀱑P∧Q)

T T F T F T

T F F T F T

F T T T T T

F F T F F F

Example 1.3.4  Constructthetruthtableof􀱑(P∧Q)↔(􀱑P∨􀱑Q).

Solution TheresultsareshowninTable1.3.4.
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  Table 1.3.4
P Q P∧Q 􀱑(P∧Q) 􀱑P 􀱑Q 􀱑P∨􀱑Q 􀱑(P∧Q)↔(􀱑P∨􀱑Q)

T T T F F F F T
T F F T F T T T
F T F T T F T T
F F F T T T T T

Inthetruthtable,thenumberoftruthvaluesofthepropositionalformuladependson
thenumberofcomponents.Forexample,therearefourpossibleassignmentsforapropositional
formulacomposedoftwopropositionalvariables,whilethereareeightpossibleassignments
forapropositionalformulacomposedofthreepropositionalvariables.Therefore,ingeneral,

thereare2ntruthvaluecasesforpropositionalformulascomposedofnpropositionalvariables.
Itcanbefoundfromthetruthtablethatthecorrespondingtruthvaluesofsome

propositionalformulasarethesameasthoseofotherpropositionalformulasunderallassignments
ofcomponents,thecorrespondingtruthvaluesof􀱑(Q→P)and􀱑P∧Qarethesame,as
showninTable1.3.5.

Table 1.3.5
P Q 􀱑P Q→P 􀱑(Q→P) 􀱑P∧Q
T T F T F F
T F F T F F
F T T F T T
F F T T F F

Definition1.3.3  GiventwopropositionalformulasAandB,letP1,P2,P3,...,Pn

beallatomicvariablesinAandB.IfanygroupoftruthvaluesofP1,P2,P3,...,Pnare
assigned,andthetruevaluesofA andB arethesame,thenA andB aresaidtobe
equivalentorlogicallyequal.RecordedasA⇔B.

Itcan be provedthatpropositionalformulaequivalence hasthefollowingthree
properties.

(1)Reflexivity,foranypropositionformulaA,A⇔A.
(2)Symmetry,foranypropositionalformulaAandB,ifA⇔B,thenB⇔A.
(3)Transitivity,foranypropositionalformulaA,BandC,ifA⇔B,B⇔C,thenA⇔C.

Example 1.3.5  ProveP↔Q⇔(P→Q)∧(Q→P).

1SPPG ItcanbeseenfromTable1.3.6thatP↔QandP→Q∧(Q→P)havethesame

truthvalue,sothepropositionisproved.

Table 1.3.6
P Q P→Q Q→P P↔Q (P→Q)∧(Q→P)

T T T T T T
T F F T F F
F T T F F F
F F T T T T
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  Example 1.3.6  ProveP∨(P∧Q)⇔P,P∧(P∨Q)⇔P.

1SPPG Thetruthtableisshownin Table1.3.7,andtheequivalentrelationship

betweenthetwoformulascanbeclearlyseenfromthetruthtable.

Table 1.3.7
P Q P∧Q P∨Q P∨(P∧Q) P∧(P∨Q)

T T T T T T
T F F T T T
F T F T F F
F F F F F F

AsshowninTable1.3.8,commonpropositionalequivalencetheoremsarelisted.

Table 1.3.8
Number TheLaw EquivalenceRelation

1 Involutionlaw 􀱑􀱑P⇔P
2 Idempotentlaw P∨P⇔P,P∧P⇔P
3 Associativelaw (P∨Q)∨R⇔P∨(Q∨R),(P∧Q)∧R⇔P∧(Q∧R)

4 Exchangelaw P∨Q⇔Q∨P,P∧Q⇔Q∧P

5 Distributivelaw
P∨(Q∧R)⇔(P∨Q)∧(P∨R),
P∧(Q∨R)⇔(P∧Q)∨(P∧R)

6 Absorptionlaw P∨(P∧Q)⇔P,P∧(P∨Q)⇔P
7 DeMorgan􀆳slaw 􀱑(P∨Q)⇔􀱑P∧􀱑Q,􀱑(P∧Q)⇔􀱑P∨􀱑Q
8 Identitylaw P∨F⇔P,P∧T⇔P
9 Zerolaw P∨T⇔T,P∧F⇔F
10 Negationlaw P∨􀱑P⇔T,P∧􀱑P⇔F
11 Conditionalequivalence A→B⇔􀱑A∨B
12 Twoconditionalequivalence A↔B⇔(A→B)∧(B→A)

13 Hypotheticaltranslocation A→B⇔􀱑B→􀱑A
14 Doubleconditionalnegationequivalence A↔B⇔􀱑A↔􀱑B
15 Domesticationofconjunctions 􀱑(A↔B)⇔A↔􀱑B

Example 1.3.7  ProveDeMorgan􀆳slaw􀱑(P∨Q)⇔􀱑P∧􀱑Qbythetruthtable.

1SPPG Table1.3.9isthetruthtableof􀱑(P∨Q)and􀱑P∧􀱑Q.Fromthetable,we

canfindthatDeMorgan􀆳slawiscorrect.

Table 1.3.9
P Q 􀱑P 􀱑Q P∨Q 􀱑(P∨Q) 􀱑P∧􀱑Q
T T F F T F F
T F F T T F F
F T T F T F F
F F T T F T T

Inapropositionalformula,ifapartofapropositionisreplacedbyaformula,anew
formulawillbeproduced.Forexample,if(P→Q)isreplacedinP→(P∨(P→Q))with
(P∧Q),thenP→(P∨(P∧Q))isdifferentfromtheoriginalformula.Toensurethatthe
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