
E 1n H ℄j�piWYWO/I%gÆH=, WO/|0, H[WO�?WO, ��0WO/|0��0WO, |j�1��/WO, o*��k[1WOSq/s�.F�KhiX
1. �xWO/I%, "mWO/ÆH=, _s�o*��k[/WOSq.

2. �xWO/�y|�*4|�3)|Z+&|.

3. �xH[WOZ?WO/I%.

4. "m��0WO/|0g*b{, �x�0WO/I%.

5. �x}1WO�ONWO���WO�K	WO�Æ:WOZ�%WO/I%. Z�RagJQ 1.1  Wz
���s�U y � x �-�, ��[?

(1) y =
√
sin 3x− 1 + 3; (2) y =

1√
sin 3x− 1

;

(3) y =

{

1, x�8P�,
0, x��P�.G WOI-�LEOf[+n/A, �Q�WO, Ls�%��LC�/EOf[, D�=iWO/5�� Df ZWO/,� Rf ; *#97� x ∈ Df ,
~h�%�55/ y ∈ Rf � x 9�. `�WO/5��I!L2n,���I�y�=3Q�/f[, +�$I�f.M (1) I. 
i97� x = 2kp+ p

2
(k ∈ Z), ��h�55, y = 3 �+9�. R y =

√
sin 3x− 1 + 3 55� y I x /WO.

(2) �I. 
i�EO�g#, �0G sin 3x− 1 > 0 nx, R�%�!LOf$=i y /5��, a$QWO5���$I�f, W� y =
1√

sin 3x− 1
�$Q�WO.
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(3) I. 
i9�EOf R #7���O x1, ��h�55, y = 1 �+9�; 9� R #7�n�O x2, ��h�55, y = 0 �+9�, h9 R #7� x,��h�55, y �+9�, R
y =

{

1, xi��O,
0, xin�O55� y I x /WO.Q 1.2 g� W%�-���"�, {�_P6:

(1) f(x) = lnx2, g(x) = 2 lnx;

(2) f(x) =
√
1− cos2 x, g(x) = sinx;

(3) f(x) = 2x2 − 3, g(t) = 2t2 − 3.G 55WO/�L�TI*5��g9�=�, 
", �'8�LWOIFva, .�	vX�/5��g9�=�IFva. hFÆH8��
�/GY�a, ���B�WO/0a|.M (1) �va. 
i f(x) /5��I (−∞,+∞), < g(x) /5��I
(0,+∞), X�/5���a.

(2)�va.f(x) � g(x) /5��6I (−∞,+∞), +I f(x) =
√
1− cos2 x =

| sinx| � g(x) = sinx �$/9�=��a, R f(x) � g(x) �a.

(3) va. 
i f(x) � g(t) /2�.IÆH�/GY�a, X�/5��g9�=�6va, 
", f(x) � g(t) ÆHa�LWO.Q 1.3 n-� y =
√
16− x2 + log2sinx ��0:.M �FWO�5�, 
~F

{

16− x2 > 0,

sinx > 0,h
{

−4 6 x 6 4,

2kp < x < (2k + 1)p, k ∈ Z,x�0G;, .
{

−4 6 x 6 4,

0 < x < p, a {

−4 6 x 6 4,

−2p < x < −p.RWO/5��i [−4,−p)⋃(0, p).



2 1 ! X P 3Q 1.4 | f(x) =
1

lg(3− x)
+
√

49− x2, n f(x) ��0:8 f [f(−7)].M �F f(x) �5�, 
~F














3− x > 0,

49− x2 > 0,

lg(3− x) 6= 0,h














x < 3,

−7 6 x 6 7,

x 6= 2.
" f(x) /5��i [−7, 2)
⋃

(2, 3).� f(−7) = 1, R
f [f(−7)] = f(1) =

1

lg 2
+ 4

√
3.fL -���0:�-��O*2, ���-� y = f(x) 8/0�TyT x pJ�r�, ��N5|��6o=Oz�. -��0:s��,s-I�:x�8�;/0�-�,*��;��8/0. x�,s5E��z��-�,*R/`$>Æ�TyT�!L:

(1) ����a|d�X;

(2) �'�M, "�|dMf	�;

(3) ���M, D�|d�"�/X;

(4) ��yC-�M, * 0�yC-���0:.Q 1.5 | f

(

x+
1

x

)

= x2 +
1

x2
, n f(

√
3 sinx) 8 f [f(x)].M ��

f

(

x+
1

x

)

= x2 +
1

x2
=

(

x+
1

x

)2

− 2,
",

f(x) = x2 − 2.R
f(
√
3 sinx) = 3 sin2 x− 2.

f [f(x)] = f(x2 − 2) = (x2 − 2)2 − 2 = x4 − 4x2 + 2.
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f(x) =

{

1 + x, x < 0,

1, x > 0,n f [f(x)].M
f [f(x)] =

{

1 + f(x), f(x) < 0,

1, f(x) > 0.
i, x < −1 D,

f(x) = 1 + x < 0;, x > −1 D,

f(x) =

{

1 + x, −1 6 x < 0,

1, x > 0,h f(x) > 0, R
f [f(x)] =

{

2 + x, x < −1,

1, x > −1.q n��-��!0-�, 3R/TyT9M=yT�pJ��, C�tGFs>Æ�,$O*3D. v�R 1.6 M, B f(x) M� x 4� f(x) 1, 3�Y
f(x) < 0 / f(x) > 0 ~TyT x �pJ��. �� x < −1 / x > −1 1, ��-��!0-�HN.%�OU.Q 1.7 n W-���-�:

(1) y = f(x) = ex − 1; (2) y = f(x) =

{

x, x < 1,

2x, x > 1.M (1) � y = f(x) x x , .
x = ln(1 + y), y ∈ (−1,+∞).℄^ x � y /j/, .?WO

y = f−1(x) = ln(1 + x), x ∈ (−1,+∞).

(2) � y = f(x) x.
x =

{

y, y < 1,

log
2
y, y > 2.



2 1 ! X P 5tG1/ y � x 9^, .�WO/?WO
y = f−1(x) =

{

x, x < 1,

log2x, x > 2.fL n-� y = f(x) ��-��}Qv :

(1) 6 y = f(x) ME� x = f−1(y);

(2) �4TyT x 92yT y �:., 9��-� y = f−1(x).Q 1.8 G_-� f(x) =
1√
x
� (0,+∞) ���.oU 73 x1, x2 ∈ (0,+∞), , x1 < x2 D,

f(x2)− f(x1) =
1√
x2

− 1√
x1

=

√
x1 −

√
x2√

x1
√
x2

=
x1 − x2

(
√
x1 +

√
x2)

√
x1

√
x2

< 0,W� f(x) =
1√
x
� (0,+∞) #I*4p�/. �Q 1.9 |-� f(x) ��0� (−l, l) �k-�, x f(x) � (0, l) �?z, G_ f(x) � (−l, 0) +�?z.oU 73 x1, x2 ∈ (−l, 0), �B x1 < x2, � −x1,−x2 i (0, l) #/�3, .

−x1 > −x2.�� f(x) � (0, l) #*4p�, R
f(−x1) < f(−x2).��� f(x) i+WO, R

f(−x1) = −f(x1), f(−x2) = −f(x2),$<
−f(x1) < −f(x2),h f(x1) > f(x2), 
", f(x) � (−l, 0) #*4p�. �Q 1.10 g� W-��kf':

(1) f(x) = sinx− cosx; (2) f(x) = sinx
ax − 1

ax + 1
;

(3) f(x) = xk − x−k (k ∈ Z, k 6= 0).G Æ�WO/+&|5�
'8.



6 feEp\�u� (?�)(2 2 �)M (1) 
i f(−x) = sin(−x) − cos(−x) = − sinx − cosx, W� f(x) =

sinx− cosx IC+C&WO.

(2) 
i
f(−x) = sin(−x) · a−x − 1

a−x + 1
= − sinx ·

1

ax
− 1

1

ax
+ 1

= − sinx · 1− ax

1 + ax
= sinx · ax − 1

ax + 1
= f(x),W� f(x) I&WO.

(3) , k i+OD,

f(−x) = (−x)k − (−x)−k = −xk + x−k

= −f(x),W� f(x) I+WO;, k i&OD,

f(−x) = (−x)k − (−x)−k = f(x),
" f(x) I&WO.Q 1.11 G_: �0���o= (−l, l) �t/-� f(x) Nz��,$k-�9,$f-�I/.G ;WO f(x) �ÆHi+WO g(x) �&WO h(x) +Z, h
f(x) = g(x) + h(x), (1)�

f(−x) = g(−x) + h(−x) = −g(x) + h(x), (2)��G (1) ZG (2), �x.
g(x) =

f(x) − f(−x)
2

, h(x) =
f(x) + f(−x)

2
.�"�.r�/) V�.oU �{WO φ(x) =

f(x)− f(−x)
2

, ψ(x) =
f(x) + f(−x)

2
, ��

φ(−x) = f(−x)− f(x)

2
= −φ(x),
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ψ(−x) = f(−x) + f(x)

2
= ψ(x),h φ(x) i+WO,ψ(x) i&WO. < f(x) = φ(x) + ψ(x), R f(x) �ÆHi�L+WO��L&WO+Z. �Q 1.12 |-� f(x) � (−∞, 0)

⋃

(0,+∞) 8�0, lZV
af(x) + bf

(

1

x

)

=
c

x
, (3)jM a, b, c L���, |a| 6= |b|, G_ f(x) �k-�.G Æ��*_r, �1 f(x) /Æ&G, 6\�) XI+WO.oU � af(x) + bf

(

1

x

)

=
c

x
1, t x ^� 1

x
, .

af

(

1

x

)

+ bf(x) = cx. (4)��A�G (3) ZG (4), x.
f(x) =

c

b2 − a2

(

bx− a

x

)

.t6, f(x) I+WO. �Q 1.13 g� W-��j�0:��8F:

(1) f(x) = 1 + cos 2x; (2) f(x) = x sinx.G Æ��y|/5�
'8. f(x)�2n I >�yI-: 9�7� x ∈ I,%� M > 0, F. |f(x)| 6M . f(x) � I >nyI-: 9�7�/ M > 0, :%�
x0 ∈ I, F. |f(x0)| > M .M (1) �� |f(x)| = |1 + cos 2x| 6 1 + | cos 2x| 6 2, .}3 M = 2, �9�7�/ x ∈ (−∞,+∞), 6�

|f(x)| 6M.R f(x) = 1 + cos 2x �5�� (−∞,+∞) #�y.

(2) 
i9�7� M > 0, :��#- x0 = 2np+ p
2
> M(n i('O), F

|f(x0)| = |x0 sinx0| = 2np+ p
2
> M.R f(x) = x sinx �5�� (−∞,+∞) #ny.
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(1) f(x) = | sinx|+
√

tan
x

2
; (2) f(x) = sinx cos

px
2

;

(3) f(x) = cos(
√
x)2.G �L3)WO/ZadI�I3)WO4��%�L3)WO/3)IF�P�O (h�3)+	IFi��O).M (1) �� | sinx| /3) T1 = p, √tan

x

2
/3) T2 = 2p, X�/<xP�OI 2p, R f(x) I� 2p i3)/3)WO.

(2) �� sinx /3) T1 = 2p, cos px
2
/3) T2 = 4, <

T1

T2
=

p
2in�O, R f(x) = sinx cos

px
2
�I3)WO.

(3) 3)WO/5�� Df ��rNZ&:; x ∈ Df , � x±T ∈ Df , $< x±nT ∈ Df , R Df 
5kn>y�nry.< f(x) = cos(
√
x)2 /5��i [0,+∞), R f(x) �I3)WO.Q 1.15 ;A,$u7� V ����74�, ���^�F�&. v+�5�V�^7�A<����w� 3 u, �BUA<z���^x��-�, {s�j�0:.M B1���i x, :�mi y, ��*j�d/�mi P , ��Æ�/J

h =
V

x2
, 1�*j�mi 3P , ��di 4

V

x2
x =

4V

x
, R:�m

y = 3Px2 + P
4V

x
.*5��i x ∈ (0,+∞).Q 1.16 `(�}�`N�h, e�T� Q �, \��<� 100 <, Æe�h�, 800 �~, �,�~�Kd�GB#
, C)N.�
� 200 �, v+?�}�, veH#
|�qU, �%�#
U�1 R 9U�T Q �-�*�.M �[�, �D<2/	Y�:

(1) , 0 6 Q 6 800 D, � R = 100Q;

(2) , 800 < Q 6 1000 D, �
R = 100× 800 + 0.9× 100× (Q− 800)
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= 80000 + 90(Q− 800);

(3) , Q > 1000 D, �
R = 100× 800 + 0.9× 100× (1000− 800)

= 98000.9>WN, �.K	���/WOSqi
R =















100Q, 0 6 Q 6 800,

80000 + 90(Q− 800), 800 < Q 6 1000,

98000, Q > 1000.Q 1.17 `(��,$=}�`�h Q �~, U�v�5� C(Q) = 5Q +

200(�<), ���U�1 R(Q) = 10Q− 0.01Q2(�<), �,$=}��z��h~, �5QwW�?M �[�, Æ:WOi
L(Q) = R(Q)− C(Q) = 10Q− 0.01Q2 − (5Q+ 200)

= −0.01Q2 + 5Q− 200

= −0.01(Q− 250)2 + 425.W�, , Q = 250 D, L(Q) 3,<', h�L�C� 250 r�(D, `.<'Æ:
425 e�.fL AS-�*���Q5�((JEK�;���	*}Q. AS-�*���,s}Q�:

(1) ���;��M�{8�%$T, �mb$��T, b$�yT; b$yT3�TyT, b$yT3�2yT,b$yT3#X�M=yT. 5�Æ� .B�℄z��O.

(2) 'I���*n/��, ��%yTI=�~*�, Q58*H�/)�, 5�(�SBC$*�z��O, 2>EP1, N��-�*��.

(3) 'I�����, s�TyT�y2��, &�-���0:.^�kVbaNC
1. *4WO
�?WO, C*4/WOI�I�5��?WO?



10 feEp\�u� (?�)(2 2 �)B �I/. �LWOIF%�?WO,3��X/9�T� f �5�� Df�,� Wf +nIFQ���9�Sq. 8UI��9�, "�
�?WO; F����?WO. 
"*4zI%�?WO/�D_r, <�I
�_r.�8: WO
f(x) =

{

−x, −1 6 x 6 0,

x+ 1, 0 < x 6 1�2n [−1, 1] >�*4 (b 1.1(a)), +X%�?WO (b 1.1(b))

f−1(x) =

{

−x, 0 6 x 6 1,

x− 1, 1 < x 6 2.

O x

y

-1

1

2

( )a

O x

y

-1

1

2

( )b

1

 1.1�8WO
φ(x) =

{

−x, , x i��O,
x, , x in�O� (−∞,+∞) #�*4, +4�?WO
φ−1(x) = φ(x).

2. D7WO�5�I�0WO�?B �0WOI-���0WO|�u#S��UgH[�UW.-/,�$��LG7ÆH/WO. D7WOV6�iLÆHGÆH, +��$�5QX�$��LÆ&GÆH, 
", �$QD7WO�5�I�0WO.



2 1 ! X P 11�8:f(x) = |x|, `��z�D7WO/{G
|x| =

{

x, x > 0,

−x, x < 0,+I���z��LÆ&G |x| =
√
x2, 
", f(x) = |x| I�0WO.V6�yD7WOI�0WO, +�Xz��LÆ&GD, n6�l�Y�X/|0, v?, �_Nl�(
�>. 
", 9�D7WO, !ZM}�d, `�l���
���X$F��LG7ÆH, ��
�q�X�~I�I�0WO,<�X,=C�0WO9)h�. Sd 1

1. WO y =
ln(2− x)
√

|x| − 1
/5��I .

2. �r�Mw1, f(x) � g(x) va/I ( ).

(A) f(x) = x, g(x) =
√
x2

(B) f(x) =
√

x(x− 1), g(x) =
√
x
√
x− 1

(C) f(x) = 3
√
x4 − x3, g(x) = x 3

√
x− 1

(D) f(x) = 2 lnx, g(x) = lnx2

3. B f(x) =

{

1, |x| 6 1,

0, |x| > 1,
� f [f(x)] = .

4. B f
(

sin
x

2

)

= 1 + cosx, � f
(

cos
x

2

)

= .

5. B f(x) =

{

1, 0 6 x 6 1,

0, 1 < x 6 2,
� g(x) = f(2x) + f(x− 2)( ).

(A) n5� (B) � [0, 2] >�5�
(C) � [0, 4] >�5� (D) � [2, 4] >�5�
6. B f(x) I (−∞,+∞) #/&WO, - r�WO/+&|:

(1) xf(x); (2) (x4 + 1)f(x); (3) x+ f(x); (4) x2 − f(x).

7. 1r�WO/?WO:

(1) y = 3
√
x+ 1; (2) y =

1

2

(

x+
1

x

)

(|x| > 1).

8. BWO f(x)� (0,+∞)#�5��a > 0, b > 0.) : ; f(x)

x
� (0,+∞)#*4p�, �

f(a+ b) 6 f(a) + f(b).

9. ��}i r /0℄#-9�#w�5℄, Jt�5/℄dÆHi*J/WO��z WO/5��.
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10. !,��^/:�� C I�� Q /WO
C = 150 + 7Q,,��^/<'C�$�I 100 L*j, 1��WO/5��g,�.

11. �*!�(mK P Z}1� Q �SqG 3P +Q = 60, 1:

(1) }1WO Q = Q(P ) �=b; (2) :K	WO R = R(Q) �=b;

(3) }1�i;�D:K	<'?Sd 1 �OC>l_[
1. (−∞,−1)

⋃

(1, 2). 2. (C). 3. 1. 4. 1− cosx. 5. (A).

6. (1) +WO;(2) &WO;(3) C+C&WO;(4) &WO.

7. (1) y = x3 − 1; (2) y = x+
√
x2 − 1.

8. �.

9. V = p[r2 − (

h

2

)2
]

h, h ∈ (0, 2r).

10. D = [0, 100], R = [150, 850].

11. (1) Q = 60− 3P, P ∈ [0, 20]; (2) R =
1

3
(60−Q)Q;

(3) Q = 30 D, K	 R <'.rITe 1

1. 1r�WO/5��:

(1) y =
1

1− x2
+
√
x+ 2; (2) y =

1√
16− x2

+ ln sinx.

2. B f(x) = ax−
1

2 (a > 0), . f(lg a) =
√
10, 1 f

(

3

2

)

.

3. B f(x) =

{

1− x2, x < 1,

lnx, 1 6 x 6 e,
- f(x) /5��, �1 f(−2), f(1),

f(2).

4. B f(x) = ex
2

, f [ϕ(x)] = 1− x . ϕ(x) > 0, 1 ϕ(x) g*5��.

5. ;�* 2f(x) + f(1− x) = x2, 1 f(x) /Æ&G.

6. B f(x) =
x

x− 1
, 1 f

[

1

f(x)− 1

] /Æ&Gg5��.

7. B f(x) �2n (−l, l) #�5�, ) F (x) = x2[f(x)− f(−x)] I+WO.
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8. BWO f(x) Z g(x) � (−∞,+∞) #�5�, *1 f(x) I*4 l/WO, . f(x) 6 g(x), ) :

f(f(x)) 6 g(g(x)).

9. BWO f(x) Z g(x) 6I2n (a, b) #/�yWO, ) X�/�d
f(x)g(x) �I (a, b) #/�yWO.

10. !b�PRT5bo/�:P�m: � 100km�#i a�,�V 100kmD, �V�Di 4

5
a �. Jz �:bo�m P �� x (*j: km) +n/WOSqG. rITe 1APD?m`\

1. (1) [−2,−1)
⋃

(−1, 1)
⋃

(1,+∞); (2) (−4,−p)⋃(0, p).
2. f

(

3

2

)

= 10 a f

(

3

2

)

=
1√
10

.

3. 5��i (−∞, e], f(−2) = −3, f(1) = 0, f(2) = ln 2.

4. ϕ(x) =
√

ln(1− x), x 6 0.

5.
1

3
x2 +

2

3
x− 1

3
.

6.
x− 1

x− 2
. 5��i (−∞, 1)

⋃

(1, 2)
⋃

(2,+∞).

7. ∼ 9. �.

10. P =







ax, 0 < x 6 100,

100a+
4

5
(x− 100), x > 100.



� 2r EeoPh
2.1 F fm�tlVXN�fnYNfn/M-, fn/w), fn/�RB�, N�K�/.�BhYNfn#�/.�B, �O,~fn, f2s�f2&/M-hw).A�HklW

1. Æ|N�YNfn/M-.

2. Æ|7fn
fn/M-.

3. L��efn/w)hP��RB�.

4. �eN�K�/.�BhYNfn#�/.�B, �b��T3fn.

5. �e���O,~fn3fn/DB.

6. Æ|f2s�f2&/M-, �ef2s/�xDB, �e�0of2s(a3fn/DB. Y�O`jGN 2.1 _;�f?#��8Kn
lim
n→∞

2n+ 1

4n+ 1
=

1

2
.Bb R�N�fn/7�, 8!X), �I~>�:�Q7/ N ε, �- �N N , F.+ n > N D, 	

∣

∣

∣

∣

2n+ 1

4n+ 1
− 1

2

∣

∣

∣

∣

< ε��. UtI;\�- �N N . d$/�-
∣

∣

∣

∣

2n+ 1

4n+ 1
− 1

2

∣

∣

∣

∣

=
1

2(4n+ 1)
<

1

8n
,



3 2 � goÆ�z 15&x 1

8n
< ε ���, i n >

1

8ε
, �	

∣

∣

∣

∣

2n+ 1

4n+ 1
− 1

2

∣

∣

∣

∣

< ε��. �!, �6 N =

[

1

8ε

]

+ 1, ���6�kZ [·] Ib�
! N I�N, n
1 Ib�
! N > 0. {6 n D, ���7vG, �����q)1O6 �N
N >

1

8ε
, + n > N D, ^	

∣

∣

∣

∣

2n+ 1

4n+ 1
− 1

2

∣

∣

∣

∣

< ε��.sT >�:�Q7/ N ε, 6 N =

[

1

8ε

]

+ 1, + n > N D, 	
∣

∣

∣

∣

2n+ 1

4n+ 1
− 1

2

∣

∣

∣

∣

=
1

2(4n+ 1)
<

1

8n
<

1

8N
<

1

8 · 1

8ε

= ε��, i
lim
n→∞

2n+ 1

4n+ 1
=

1

2
.

�N 2.2 ;6�?#�8Kn
lim
x→−1

x2 − 1

x+ 1
= −2.Bb R�YNfn/7�, ~!&L{!, �I~>�:�Q7/ N ε,�- N δ, F.+ 0 < |x− (−1)| < δ D, 	

∣

∣

∣

∣

x2 − 1

x+ 1
− (−2)

∣

∣

∣

∣

< ε��. ;\�-�}/ δ IUt. ��+ x 6= −1 D,

∣

∣

∣

∣

x2 − 1

x+ 1
− (−2)

∣

∣

∣

∣

= |x+ 1|,�!, &x6 δ = ε, + 0 < |x− (−1)| < δ D,

∣

∣

∣

∣

x2 − 1

x+ 1
− (−2)

∣

∣

∣

∣

= |x+ 1| < ε



16 aeHiY	w� (��)(3 2 	)��, {!i�.!.sT >�:�Q7/ N ε, 6 δ = ε, + 0 < |x− (−1)| < δ D, 	
∣

∣

∣

∣

x2 − 1

x+ 1
− (−2)

∣

∣

∣

∣

= |x+ 1| < δ = ε��, S�
lim
x→−1

x2 − 1

x+ 1
= −2. �N 2.3 "?�f {xn}, � lim

k→∞

x2k = lim
k→∞

x2k+1 = a, Kn lim
n→∞

xn = a.sT >�:�Q7/ N ε, �� lim
k→∞

x2k = a, R�N�fn/7�, 4#� �N N1, F.+ k > N1 D,

|x2k − a| < ε (1)��,��� lim
k→∞

x2k+1 = a,�>�?M N ε,4#� �N N2,F.+ k > N2D, 	
|x2k+1 − a| < ε (2)��.m6 N = max{2N1, 2N2 + 1}, �+ n > N D, G (1) [G (2) ^D��, i
|xn − a| < ε��, �!
lim
n→∞

xn = a.
�N 2.4 Kn lim

x→x0

f(x) = A ��({2�I� lim
x→x

−

0

f(x) = lim
x→x

+

0

f(x) = A.Bb !X�L��fn�7fn�
fn/7�.sT Æ~w. �b lim
x→x0

f(x) = A, T>�:�Q7/ N ε, 4#� δ > 0,+ 0 < |x− x0| < δ D, 	
|f(x)−A| < ε��.�!, + 0 < x0 − x < δ D, 	
|f(x)−A| < ε



3 2 � goÆ�z 17��, i
lim
x→x

−

0

f(x) = A.+ 0 < x− x0 < δ D, 	
|f(x)−A| < ε,i
lim
x→x

+

0

f(x) = A.Æ~w.!.�Gw. < lim
x→x

−

0

f(x) = lim
x→x

+

0

f(x) = A, R�7�
fn/7�, >�:�Q7/ N ε, 4#� δ1 > 0, + 0 < x0 − x < δ1 D, 	
|f(x)−A| < ε (3)��; 4#� δ2 > 0, + 0 < x− x0 < δ2 D, 	
|f(x)−A| < ε (4)��. 6 δ = min{δ1, δ2}, �+ 0 < |x − x0| < δ D, 	 0 < x0 − x < δ 6 δ1 0

0 < x− x0 < δ 6 δ2, G (3) [G (4) ^D��. T
|f(x)−A| < ε��, �!
lim
x→x0

f(x) = A.
�N 2.5 � xn =

1

1 + 2
+

1

1 + 2 + 3
+ · · · + 1

1 + 2 + · · ·+ (n+ 1)
(n =

1, 2, · · · ), z lim
n→∞

xn.Bb kv xn `q�Æ, 9_�3fn.J ��
xn =

2

2× 3
+

2

3× 4
+ · · ·+ 2

(n+ 1)(n+ 2)

= 2

[(

1

2
− 1

3

)

+

(

1

3
− 1

4

)

+ · · ·+
(

1

n+ 1
− 1

n+ 2

)]

= 2

(

1

2
− 1

n+ 2

)

= 1− 2

n+ 2
(n = 1, 2, · · · ),
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lim
n→∞

xn = lim
n→∞

(

1− 2

n+ 2

)

= 1.N 2.6 z lim
n→∞

(

1

n3
+

2

n3
+ · · ·+ n

n3

)

.Bb !X*/N��I	nq/[/vG, �!,�,�	nq[3fn/B�, �kvN��v`q, �b����3fn�RB�/vG, 9_3fn.J
lim
n→∞

(

1

n3
+

2

n3
+ · · ·+ n

n3

)

= lim
n→∞

1 + 2 + · · ·+ n

n3

= lim
n→∞

n+ 1

2n2
= lim

n→∞

(

1

2n
+

1

2n2

)

= 0.N 2.7 z lim
x→∞

x3 − 5x+ 3

3x3 − 4x2 + x
.Bb + x→ ∞ D, G1[G(84� ∞, �,$y�>/fn�RB�.J

lim
x→∞

x3 − 5x+ 3

3x3 − 4x2 + x
= lim

x→∞

1− 5

x2
+

3

x3

3− 4

x
+

1

x2

=
1− 0 + 0

3− 0 + 0
=

1

3
.gI ` 2.6 7` 2.7 � x → ∞(= n → ∞, !mQ6 x → ∞ �`) �, z*�

lim
x→∞

a0x
m + a1x

m−1 + · · ·+ am

b0xn + b1xn−1 + · · ·+ bn�?#, uS a0 6= 0, b0 6= 0, m 7 n V�JI�. H1������J(Y7(o��6 x �[+Æl xk(k = max{m,n}), ~9C;z?#��EB�$E, ���L3�
lim
x→∞

a0x
m + a1x

m−1 + · · ·+ am

b0xn + b1xn−1 + · · ·+ bn
=















a0

b0
, m = n,

0, m < n,

∞, m > n."?!m�℄6��?#��, 3X6;\��%$[�℄.



3 2 � goÆ�z 19N 2.8 z lim
x→+∞

√
4x2 + 2x− 1− x− 2√

x2 + 3x
.J

lim
x→+∞

√
4x2 + 2x− 1− x− 2√

x2 + 3x

= lim
x→+∞

√

4 +
2

x
− 1

x2
− 1− 2

x
√

1 +
3

x

= 1.:��EJ�j, jR+ x→ −∞ DLYN/fn, �.= x→ ∞ D, LYNfnII#�.N 2.9 z lim
x→2

(

1

x− 2
− 12

x3 − 8

)

.Bb + x→ 2 D, ?G*/�q�ffn, �!, �,�3fn/P��RB�, �Lv/℄G�Æ_, �3fn.J
lim
x→2

(

1

x− 2
− 12

x3 − 8

)

= lim
x→2

x2 + 2x− 8

x3 − 8

= lim
x→2

x+ 4

x2 + 2x+ 4
=

1

2
.N 2.10 z lim

x→+∞

(√

x+

√

x+
√
x−

√
x

)

.Bb � 2.9�}, �,$y�3fn/P��RB�. ��/IRG/vG, ���	Æ`/DBv/�v�Æ, 9_�3/fn.J
lim

x→+∞

(√

x+

√

x+
√
x−

√
x

)

= lim
x→+∞

√

x+
√
x

√

x+
√

x+
√
x+

√
x

= lim
x→+∞

√

1 +
1√
x

√

1 +

√

1

x
+

√
x

x2
+ 1

=
1

2
.
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(1) lim
x→1

xm − 1

xn − 1
(m,nV�JI�);

(2) lim
x→1

√
1 + x−

√
2

x2 − 1
;

(3) lim
x→−8

√
1− x− 3

2 + 3
√
x

.Bb � 3 OX)�P2/2���`X�*,G1�G(/fn8I�,�,$y�3fn/P��RB�. T$8����0N|/DB, �X�v�Æ_, r7(��1, 9_��P��RB�3/fn.J
(1) lim

x→1

xm − 1

xn − 1
= lim
x→1

(x− 1)(xm−1 + xm−2 + · · ·+ x+ 1)

(x− 1)(xn−1 + xn−2 + · · ·+ x+ 1)

= lim
x→1

xm−1 + xm−2 + · · ·+ x+ 1

xn−1 + xn−2 + · · ·+ x+ 1

=
m

n
.

(2) lim
x→1

√
1 + x−

√
2

x2 − 1
= lim

x→1

(
√
1 + x−

√
2)(

√
1 + x+

√
2)

(x− 1)(x+ 1)(
√
1 + x+

√
2)

= lim
x→1

1

(x+ 1)(
√
1 + x+

√
2)

=
1

4
√
2
.

(3) lim
x→−8

√
1− x− 3

2 + 3
√
x

= lim
x→−8

(
√
1− x− 3)(

√
1− x+ 3)(4− 2 3

√
x+

3
√
x2)

(2 + 3
√
x)(4− 2 3

√
x+

3
√
x2)(

√
1− x+ 3)

= lim
x→−8

−(8 + x)[(4 − 2 3
√
x+

3
√
x2)]

(x+ 8)(
√
1− x+ 3)

= lim
x→−8

− 4− 2 3
√
x+

3
√
x2√

1− x+ 3

= −2.u "?��S� (3) �, 3X6;!m�}d�;�%$[zM,u4�<G|4(.

(3) � 3
√
x = t, � x = t3, 0+ x→ −8 D, t→ −2.

lim
x→−8

√
1− x− 3

2 + 3
√
x

= lim
t→−2

√
1− t3 − 3

2 + t


