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1.1 �n^|2

1.1.1 ib9dE9��*�h�> O, g O 6}>2v%sK'9$C37�a99,�9� , d.�2 x  �y  k z  , (&6D8:. &# x  k y  Y���ZKw, z  ��_�Iw. �J9�NLTnt
e�, |gt
<# z  , 5�X
�/ x  9�L$g p

2
�Cq�L y  9�L~, �^9P�9�L6 z 9�L (+ 1.1). ^ 5<*���3�C, &6 Oxyz 7D8�, > O&6U3�C9/K.

v%3� �9I9%(gl�XZK, &6D8q. r x  k y  l�93�K&6 Oxy ZK, �/9X3�K&6 Oyz Kk Ozx K. vX3�K*�R'�X�R, &6�X4H. r+ 1.2 ��, � Oxy KwN�a� Oyz K`N�Ozx KtN9SX4H&6<�4H,� Oxy KwN�V~ÆNLd.6�������4H, � Oxy KDNx�������4HKF9d.��������4H (+ 1.2).



2 = 1 � M;2�y+��?~m{ M �*�>, g> M 2vXZKR�,�v x  , y  k z  �xvX3� R��v> P , Q k R(+ 1.3). {> P , Q k R �vX3� w93�R�6 x, y k z, ^, *�9> M  5;l�<XsW�/ x, y, z.Mg., FZ�9sW�/ x, y, z, �vX3� wR�h3�6 x, y, z 9> P ,

Q, R, �g> P , Q, R 2ZKR�,�v x  �y  �z  , vXZK9�> M �rsW�/ x, y, z �5l�9>. ^, *�9> M xsW�/ x, y, z�� 5<Fo9C, & x, y, z 6> M 9D8, d.& x, y, z 6> M9YD8, CD8k�D8, �> M �2 M(x, y, z).

{ M1(x1, y1, z1) k M2(x2, y2, z2) �*�9>, g M1, M2 R�2,�vvX3� 9ZK, AXZK3'Xg M1M2 6F�I9$N# (+ 1.4),Y09$CR�6
|x2 − x1|, |y2 − y1|, |z2 − z1|.[!`a�2, F�I M1M2 9$C, |*�9> M1, M2 9#16

d(M1,M2) = |M1M2| =
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2. �;, > M(x, y, z) x3�}> O(0, 0, 0) 9#16

d(O,M) = |OM | =
√
x2 + y2 + z2.k 1.1.1 : z E��-Z M , �eZ7Z A(−4, 1, 7) i B(3, 5,−2) Wwy%X.e m6�d9>� z  w, �g{U>6 M(0, 0, z), r!js |MA| =

|MB|, | √
(−4)2 + 12 + (7 − z)2 =

√
32 + 52 + (−2− z)2.9�ZN, �8 z =

14

9
. v��d>6 M

(
0, 0,

14

9

)
.



1.1 M;{℄�� 3

1.1.2  oHUw�[���:!~, ;J&#{79��'/S9:, /��s0O9:,4r~��8C��:�#y:, �:&6�lw�:; �/��s0OusNL9:, 4r6��C���C:, �:&6�lw�:.L:&#qo#+Q.��, r a, b, v, i :, a(gqwN��*9+Q.��, r ⇀
a ,

⇀

b ,
⇀
v ,

⇀

i :. �Zw11qXsNL9IE.��L:, rfIE9^>� M0, �>� M ,SGXsLIE�6 −−−−−⇀

M0M , ���XL:, IE9$C��L:90O,IE9NL��L:9NL. 6gq�C:!9N�,;JFL:k���9sLIE��eR.L:90O�2L:9u, L: a 9N�6 |a|. N6?9L:�2p�l,�6 0, e�?L:9NL�oj9. N6 1 9L:�2F��l.rf9XL: a k b 9NK:,NLK', �&9XL:�I,�6 a = b.�M, rf9XL:90OxNL�K'9, SG�C�J9^>�SK', ;J p6�J�'L:, ^2�9L:&6A+�l, ���C9L:B�*rL:.rfL: a x b 'NLw�MNL, &L: a x b y", �6 a//b. rv?L:9NL�oj9, b(p6?L:xolL:BZU.���3�C�, g3�}> O 6^>, g> M 6�>9L: −−−⇀

OM &6>
M v> O 9�g, #q r ��, | r =

−−−⇀

OM . *�9I>BFo(XL�
−−−⇀

OM , Mg., IXL� −−−⇀

OM Bk�9�> M KFo.

1.1.3  oH�$3�
1. L:9�L{s9X�ZU9L: a k b, oh> M , 2 −−−⇀

MA= a,
−−−⇀

MB= b, g MA,

MB 6>�9ZU��T MACB 9F�I6 MC(+ 1.5), �L: −−−⇀

MC= c &6L: a x b 9V, �6 c = a+ b.

X�lL:�L9e�&6L:�L9y"�7!P4. XL�HsF9XZUL:9�L�g�l, 6-;J�Z+X�h<ZU��TL�9�L�l	



4 = 1 � M;2�y+��?~m{s9XL: a k b, oh> M , 2 −−−⇀

MA= a, �g A 6^>, 2 −−−⇀

AC= b,8� MC, �L: −−−⇀

MC= c &6L: a x b 9V, �6 c = a+ b(+ 1.6).Xe�&6L:�L9�!P4.L:9�LF-rD��eB	
(1) �uB a+ b = b+ a;

(2) �nB (a + b) + c = a+ (b+ c).

2. L:x�9(LFoj�� λ kL: a, �l λ x a 9(y�XL:, �6 λa, �9NkNLe�rD	
(1) |λa| = |λ| · |a|;
(2) 5 λ > 0 ~, λa x a 'NL; 5 λ < 0 ~, λa x a MNL; 5 λ = 0 ~,

λa = 0.L:x�9(L��u&6L:9�>.}l�dw, λa �x a ZU9L:, �� a |�< λ � (+ 1.7).

, 1.7L:9�(F-rD��eB	
(1) RYB (λ + µ)a = λa + µa, λ(a+ b) = λa+ λb;

(2) �nB λ(µa) = µ(λa) = (λµ)a.\� a k b �ojL:, λ k µ �oj��.FvQ?L: a, q ea ��x a 'NL937L:, rL:9�(�l, s
a = |a|ea w ea =

a

|a| .|olQ?L:(g��6�9Nx'NL37L:9�(.Lj 1.1.1 �2&} a 7 b, � a 6= 0, ; a//b WR,�q�U:�� λ,� b = λa.6t �`V { b//a, u b = 0, �h λ = 0, s b = 0 = 0a = λa. u
b 6= 0, 5 b x a 'NL~ eb = ea, h λ =

|b|
|a| , s

λa =
|b|
|a| a = |b|ea = |b|eb = b.



1.1 M;{℄�� 5'^9, 5 b x a MNL~, h λ = − |b|
|a| , s b = λa.*RV u b = λa, r�(9�l� b//a. �3qL:9�Lk�(, (g�lL:9	L.FvL: b, & (−1)b 6 b 9T�l, �2 −b. L: a x b 9<e�6

a− b = a+ (−b).uÆL: a k b 9^>�n, �/L: b 9�>7L: a 9�>�n9L: � a− b(+ 1.8).

, 1.8L:9�LkL:9�((&6L:9�#1	.k 1.1.2 ?�
u'|HCZW{$ (C $) �(5Y
H, �N℄X5Y
HN℄W-G (� 1.9).6t � △ABC �, { AD = DB, AE = EC, rL:9IV��L�, s
−−−⇀

DE=
−−−⇀

AE −
−−−⇀

AD,
−−−⇀

BC =
−−−⇀

AC −
−−−⇀

AB

= 2
−−−⇀

AE −2
−−−⇀

AD

= 2(
−−−⇀

AE −
−−−⇀

AD )

= 2
−−−⇀

DE,m- −−−⇀

DE //
−−−⇀

BC , a |
−−−⇀

DE | = 1

2
|
−−−⇀

BC |. �

1.1.4  oHE9
1. L:93�6<5L:x�97C, ;JL:P���3�C��g�C, �lL:93�, /IL:xsW�/Fo^..�*���3�C�, � i, j,k R��x x  �y  �z  'NL937L:,&6 Oxyz 3�CD9[6F��l.



6 = 1 � M;2�y+��?~m{ a =
−−−−−⇀

M1M2 �*���3�C�9XL:, \^>k�>93�6 M1(x1, y1, z1) k
M2(x2, y2, z2). g M1M2 6F�I2XY0R�ZUvvX3� 9$N# (+ 1.10), s

a =
−−−−−⇀

M1M2=
−−−−⇀

M1P +
−−−−⇀

PN +
−−−−⇀

NM2

=
−−−−⇀

M1P +
−−−−⇀

M1Q +
−−−−⇀

M1R,rL:xk�'NL937L:9C, �
−−−−⇀

M1P= (x2 − x1)i,
−−−−⇀

M1Q= (y2 − y1)j,
−−−−⇀

M1R= (z2 − z1)k,R�& x2 − x1, y2 − y1, z2 − z1 6L: a � x  �y  �z  w9Æ*, ��6
x2 − x1 = ax, y2 − y1 = ay, z2 − z1 = az,�
a = (x2 − x1)i+ (y2 − y1)j + (z2 − z1)k

= axi+ ayj + azk&6L: a �x�37L:9R����, \� axi, ayj, azk R��1L: a� x  �y  �z  w9S�l.&sW�/ ax, ay, az 6L: a 9D8, �L: a �6
a = (ax, ay, az).&6L: a 9D8:��. �;, /}>7 M(x, y, z) 9L�

r =
−−−−⇀

OM = xi+ yj + zk = (x, y, z).|rfL:9^>63�}>, SGXL:93�x�9�>93���9.r-(�, IXL:B4;l�XsW�/; Mg., IXsW�/BU4;l�XL�, I;J�C9�*rL:, mIIXsW�/BU4;l�XL:. ^L:k�93� �Fo9.L:93����q9�~-j, x>93���K', ;J/wD9�qhe��J9.



1.1 M;{℄�� 7

2. L:9NzNLwF93���{L: a =
−−−−−⇀

M1M2= (ax, ay, az), \^>k�>93�6 M1(x1, y1, z1) k
M2(x2, y2, z2), r*�9>#1^�, � a 9N

|a| = |
−−−−−⇀

M1M2 | =
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2,I

ax = x2 − x1, ay = y2 − y1, az = z2 − z1,v�8
|a| =

√
a2x + a2y + a2z. (1.1.1)Q?L: a x x  �y  �z  �NL��9�� α, β, γ &6 a 9NL�

(e� 0 6 α 6 p, 0 6 β 6 p, 0 6 γ 6 p), NL�9wF cosα, cosβ, cos γ &6 a 9Q�,�. r+ 1.10, �
ax = |

−−−−−⇀

M1M2 | cosα = |a| cosα,

ay = |
−−−−−⇀

M1M2 | cosβ = |a| cosβ, (1.1.2)

az = |
−−−−−⇀

M1M2 | cos γ = |a| cosγ.|
cosα =

ax
|a| =

ax√
a2x + a2y + a2z

,

cosβ =
ay
|a| =

ay√
a2x + a2y + a2z

, (1.1.3)

cos γ =
az
|a| =

az√
a2x + a2y + a2z

.5 a93�Z+q, r� (1.1.1)k (1.1.3)(gl��9NkNL� (|0OkNL); Mg., 5 a 9NkNL�f�~, r� (1.1.2) (gl��93�.qh℄�NLwFF-rD9C�	
cos2 α+ cos2 β + cos2 γ = 1.xQ?L: a 'NL937L:93����6
ea =

a

|a| =
1

|a| (ax, ay, az)

= (cosα, cos β, cos γ).



8 = 1 � M;2�y+��?~m| (cosα, cosβ, cos γ) �xL: a 'NL937L:.k 1.1.3 /�|Z M1(2, 2,
√
2) i M2(1, 3, 0), �&} −−−−−⇀

M1M2 W��b&6"ib&u.e −−−−−⇀

M1M2= (1 − 2, 3− 2, 0−
√
2) = (−1, 1,−

√
2),

|
−−−−−⇀

M1M2 | =
√
(−1)2 + 12 + (−

√
2)2 = 2,

cosα = − 1

2
, cosβ =

1

2
, cos γ = −

√
2

2
,

α =
2

3
p, β =

p
3
, γ =

3p
4

.k 1.1.4 �Z M  5Y`K#, &v −−−−⇀

OM 7 y E�z EWou.T� p
3i p

4
, � |

−−−−⇀

OM | = 8, �Z M WJI.e r β =
p
3
, γ =

p
4
z cos2 α+ cos2 β + cos2 γ = 1, 8

cos2 α = 1−
(

1

2

)2

−
( √

2

2

)2

=
1

4
,u> M �<J4H, cosα < 0, �g

cosα = − 1

2
,v�

−−−−⇀

OM = |
−−−−⇀

OM |(cosα, cosβ, cos γ)

= 8

(
− 1

2
,
1

2
,

√
2

2

)

= (−4, 4, 4
√
2), �> M 93�.

3. L:IV��93���{sL:
a = axi+ ayj + azk = (ax, ay, az),

b = bxi+ byj + bzk = (bx, by, bz),rL:�Lz�(9��B, s



1.1 M;{℄�� 9

a± b = (axi+ ayj + azk)± (bxi+ byj + bzk)

= (ax ± bx)i+ (ay ± by)j + (az ± bz)k,

λa = λ(axi+ ayj + azk)

= λaxi+ λayj + λazk,w
(a± b) = (ax ± bx, ay ± by, az ± bz),

λa = (λax, λay, λaz).|9XL:K�	:vFo3�K�	, �(L::vqX�(gL:9YX3�.r�2 1.1.1 �, 5 a 6= 0 ~, a//b 9*`%�� b = λa. ��L:93����|6
(bx, by, bz) = (λax, λay, λaz).m-, 5 a 6= 0 ~, a//b 9*`%�6

bx = λax, by = λay, bz = λaz,wQ'
bx
ax

=
by
ay

=
bz
az

= λ,| a x b 9Fo3�'�4 (u ax, ay, az �OX6?~, �w��2�6Ko9R)6?).

1.1.5  oH?℄3�
1. L:9�:y�E, ;J�lL: a x b 9��	Æ a w b Ze��J9^>�n, �J��9zI��9�� θ (0 6 θ 6 p) &6L: a x b 9`(+ 1.11), �2

(â, b). rf (â, b) =
p
2
, �&L: a x b B7, �6 a ⊥ b.



10 = 1 � M;2�y+��?~mrfO=#�/6 F 92qD\�IeA, 7eL:6 s, �6 F �29℄6
W = |F ||s| cos θ,\� θ = (F̂ , s)(+ 1.12). r-����+K, ;J.�lL: a x b 9�:y.L) 1.1.1 �2&} a i b, θ = (â, b), g[&} a 7 b W�l\�-f�, nI a · b, �B�
a · b = |a||b| cos θ. (1.1.4)9XL:9�:yu�2>ywTy. [!�:y9�l, w�:!�6 F�29℄ (g��6 W = F · s. � (1.1.4) �9m)|b| cos θ �2L: b �L: a w9)p, �2 Prj

a
b, | Prj

a
b = |b| cos θ.5 θ �t�~, Prjab � b � a ���Iw)pIE9$C (+ 1.13); 5 θ �G�~, Prjab �)pIE$C9KM�.'^, m) |a| cos θ �2L: a �L: b w9)p, �2 Prjba, | Prjba = |a| cos θ. m-, s

a · b = |a|Prjab = |b|Prjba.�:y"sD=V�	
(1) a · a = |a|2.
(2) L: a ⊥ b 9*`%�� a · b = 0.��w, 5 a x b sX6 0 ~, �CGm'5; 5 a x b $�6 0 ~, ��l, a ⊥ b 9*`%�� θ = (â, b) =

p
2
, | a · b = |a||b| cos θ = 0.�:y"sD=��eB	

(1) �uB a · b = b · a;
(2) RYB a · (b+ c) = a · b+ a · c;
(3) �nB (λa) · b = a · (λb) = λ(a · b) (λ 6��).DK-6�:y93����. {

a = axi+ ayj + azk = (ax, ay, az),

b = bxi+ byj + bzk = (bx, by, bz).r�:y9��eB, s
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a · b = (axi+ ayj + azk) · (bxi+ byj + bzk)

= axbxi · i+ axbyi · j + axbzi · k
+ aybxj · i+ aybyj · j + aybzj · k
+ azbxk · i+ azbyk · j + azbzk · k,rv i, j,k �99,�937L:, �gr�:y9V� (1) k (2), s
a · b = axbx + ayby + azbz. (1.1.5)r� (1.1.5) zV� (2) �, 9L: a ⊥ b 9*`%��
axbx + ayby + azbz = 0.9Q?L: a x b 9��F-^�

cos θ =
a · b
|a||b| =

axbx + ayby + azbz√
a2x + a2y + a2z

√
b2x + b2y + b2z

(0 6 θ 6 p).k 1.1.5 � |a| = 3, |b| = 2, (â, b) =
p
3
, � a · b i |a+ b|.e a · b = |a||b| cos(â, b) = 3× 2× cos
p
3

= 3,

|a+ b|2 = (a+ b) · (a + b) = a · a+ a · b+ b · a+ b · b
= |a|2 + |b|2 + 2a · b
= 32 + 22 + 2× 3 = 19,�g |a+ b| =

√
19.k 1.1.6 /�
Z A(1, 1, 1), B(2, 2, 1) i C(2, 1, 2), � ∠BAC.e −−−⇀

AB = (1, 1, 0),
−−−⇀

AC = (1, 0, 1), b
−−−⇀

AB ·
−−−⇀

AC = 1× 1 + 1× 0 + 0× 1 = 1,

|
−−−⇀

AB | =
√
12 + 12 + 02 =

√
2, |

−−−⇀

AC | =
√
12 + 02 + 12 =

√
2,/I

cos∠BAC =

−−−⇀

AB ·
−−−⇀

AC

|
−−−⇀

AB ||
−−−⇀

AC |
=

1

2
,�g ∠BAC =

p
3
.



12 = 1 � M;2�y+��?~m
2. L:9L:yL) 1.1.2 �2&} a i b, θ = (â, b), g[&} a i b W�l\�-f&}, nI a× b, �W�ib&K�
(1) |a× b| = |a||b| sin θ;
(2) a× b �ÆSA5 a i b, L� a, b, a× b dj3�g; (� 1.14).

9XL:9L:yu�2 yw/y. 9XL: a k b 9L:y9N
|a × b| = |a||b| sin θ �}lw��g a k b 6>�9ZU��T9Ky
(+ 1.15).L:y"sD=V�	

(1) a× a = 0.�m6 a x*�9�� θ = 0, �g |a× a| = |a|2 sin θ = 0.

(2) L: a//b 9*`%�� a× b = 0.��w, 5 a x b sX6 0 ~, �CGm'5; 5 a x b $�6 0 ~, m6
a× b = 0 :�v |a × b| = 0, | |a||b| sin θ = 0, u |a| k |b| $�6?, w�:�v sin θ = 0, | θ = 0 w θ = p, i| a//b.L:y"sD=��eB	

(1) M�uB a× b = −b× a.�m6��L:y9�l, a× b x b× a 9NK:, NLKM.

(2) RYB a× (b+ c) = a× b+ a× c.

(3) �nB (λa)× b = a× (λb) = λ(a × b) (λ ���).DK-6L:y93����. {
a = axi+ ayj + azk = (ax, ay, az),

b = bxi+ byj + bzk = (bx, by, bz).rL:y9��eB, s
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a× b = (axi+ ayj + azk)× (bxi+ byj + bzk)

= axbxi× i+ axbyi × j + axbzi× k

+ aybxj × i+ aybyj × j + aybzj × k

+ azbxk × i + azbyk × j + azbzk × k,rv i, j,k �99,�937L:, a�JTnt
e�, �g
i× i = j × j = k × k = 0,

i× j = k, j × k = i, k × i = j, j × i = −k, k × j = −i, i× k = −j,/Is
a× b = (aybz − azby)i+ (azbx − axbz)j + (axby − aybx)k,w

(aybz − azby, azbx − axbz, axby − aybx).6�v�k, n�v�U=�, w�(gQ'
a× b =

∣∣∣∣∣∣∣∣

i j k

ax ay az

bx by bz

∣∣∣∣∣∣∣∣
.k 1.1.7 �&} a=(2, 2, 1), b=(4, 5, 3), �-f7 a i b \SAW&} c.e rL:y9�l, a× b x a k b B,�, b(h

c = a× b =

∣∣∣∣∣∣∣∣

i j k

2 2 1

4 5 3

∣∣∣∣∣∣∣∣
= i− 2j + 2k = (1,−2, 2).k 1.1.8 � l �xphZ A(1, 2, 3) i B(2,−1, 5) WA$, �Z C(3, 2,−5)VA$ l Wwy d.e 2L: −−−⇀

AB k −−−⇀

AC , C 7 l 9#1 d 6g AB, AC 6>�9ZU��T9W (+ 1.16), I |
−−−⇀

AB ×
−−−⇀

AC | 6UZU��T9Ky, �g
d =

|
−−−⇀

AB ×
−−−⇀

AC |

|
−−−⇀

AB |
.



14 = 1 � M;2�y+��?~mm6 −−−⇀

AB = (1,−3, 2),
−−−⇀

AC = (2, 0,−8), �g
−−−⇀

AB ×
−−−⇀

AC =

∣∣∣∣∣∣∣∣

i j k

1 −3 2

2 0 −8

∣∣∣∣∣∣∣∣
= 24i+ 12j + 6k = 6(4, 2, 1),

|
−−−⇀

AB ×
−−−⇀

AC | = 6
√
42 + 22 + 12 = 6

√
21,I

|
−−−⇀

AB | =
√
12 + (−3)2 + 22 =

√
14,b�d#1 d =

6
√
21√
14

= 3
√
6. � � 1.1

1. d�g M1(4, 3, 1),M2(7, 1, 2),M3(5, 2, 3) 6?>9v�T�X:_v�T.

2. � z  wdx9> A(−4, 1, 7) k B(3, 5,−2) :#19>.

3. f�L: a 9�>3�� (2,−1, 0), N |a| = 14, \NLxL: b =

−2i+ 3j + 6k 9NL�, dL: a 9^>3�.

4. {△ABC 9�R6 G,o> O 7v�Tv?>9L:6−−−−⇀

OA=r1,
−−−−⇀

OB=

r2,
−−−−⇀

OC = r3, d�	−−−−⇀

OG =
1

3
(r1 + r2 + r3) .

5. {L: a 9N6 5, NL�L Oxy K9wN, �x x  �y  �L9��R�6 p
3
,
p
4
, 	dL: a.

6. L:m = (ax, ay, az) ,n = (bx, by, bz) ,p = (cx, cy, cz) ,d a = 4m+3n−2p� x  w9)p.

7. {L: a 9^>6 A(4, 0, 5), �>6 B(7, 1, 3),d+ a 937L:�x�37L:9R����.

8. { |a| = 2, |b| = 5, (â, b) =
2

3
p, uL: m = λa + 17b xL: n = 3a− brK,�, d λ.

9. { a, b, c $637L:, as a+ b+ c = 0, d a · b+ b · c+ c · a.
10. f� (a× b) · c = 2, d [(a+ b)× (b+ c)] · (c+ a) .

11. {L: x ,�vL: a = (2, 3, 1) k b = (1,−1, 3), �ax c = (2, 0, 2)9�:y6 −10, dL: x.
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12. { a = (2,−3, 1) , b = (1,−2, 3) , d'~,� a k b a�L: c = (2, 1, 2)w)p� 14 9L: r.

13. {L: a 9NLZUvL: c = (7,−4,−4) kL: b = (−2,−1, 2) ��9�ZRI, a |a| = 5
√
6, dL: a.

1.2 zr.8�/��%��C*�9}l+Tz\N), P}l+T�-ZK��I�fKzfI. EgfK64�y}l+T9N)9VW.Fv*�9	fK Σ ,h���3�COxyz q,rffKw9>M(x, y, z)93� x, y, z kXv|N)
F (x, y, z) = 0 (1.2.1)srDC	

(1) fK Σ woj>93�BF-N) (1.2.1),

(2) ��fK Σ w9>93�B�F-N) (1.2.1),�&N) (1.2.1) 6~q Σ GQ�, IfK Σ &6N) (1.2.1) 9�!.DK;JgL:6\"�CZKx�Iz\N).

1.2.1 {s
1. ZK9>L�N),�vZK π 9Q?L:&6UZK9P�l, Æ�6 n. GmZK π w9olL:Bx\LL: n K,�.m6g*�Xf�>sa�sXZK,�vf��I,�g5ZK π w> M0(x0, y0, z0) zZK9LL: n = (A,B,C) 6f�~, ZK π 97��0jl�9. DK;J[!w�f�%�.5ZK π 9N).{ M(x, y, z) �ZK π w9oj>, � −−−−⇀

M0M⊥
n, | −−−−⇀

M0M · n = 0(+ 1.17). rv −−−−⇀

M0M= (x − x0,

y − y0, z − z0), n = (A,B,C), bs
A(x − x0) +B(y − y0) + C(z − z0) = 0. (1.2.2)I5> M(x, y, z) ��ZK π w~,

−−−−⇀

M0M �,�v n,m-> M 93��F-N) (1.2.2). �g (1.2.2)�ZK π 9N), &6ZK π 9KP�Q�.



16 = 1 � M;2�y+��?~mk 1.2.1 �hZ (1, 1, 2) �0 n = (1, 2, 1) �a&}W��bQ.e r>L�N) (1.2.2), 8�dZKN)6
1(x− 1) + 2(y − 1) + 1(z − 2) = 0,|

x+ 2y + z − 5 = 0.k 1.2.2 �h
Z M1(1, 1, 1), M2(−2, 1, 2) i M3(−3, 3, 1) W��bQ.e �dZK9LL: n ⊥
−−−−−⇀

M1M2 a n ⊥
−−−−−⇀

M1M3, I −−−−−⇀

M1M2= (−3, 0, 1),
−−−−−⇀

M1M3= (−4, 2, 0), �g(h
n =

−−−−−⇀

M1M2 ×
−−−−−⇀

M1M3=

∣∣∣∣∣∣∣∣

i j k

−3 0 1

−4 2 0

∣∣∣∣∣∣∣∣
= −2i− 4j − 6k,[!>L�N) (1.2.2), 8�dZKN)6

−2(x− 1)− 4(y − 1)− 6(z − 1) = 0,|
x+ 2y + 3z − 6 = 0.Æ;, rfZK π g�_I9v> M1(x1, y1, z1), M2(x2, y2, z2) k M3(x3,

y3, z3), { M(x, y, z) 6ZK π w9oj>, �L: −−−−⇀

M1M,
−−−−−⇀

M1M2,
−−−−−⇀

M1M3 _K,|�J9vny6?, m-8
∣∣∣∣∣∣∣∣

x− x1 y − y1 z − z1

x2 − x1 y2 − y1 z2 − z1

x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣∣
= 0.-�&6ZK9v>�N).

2. ZK9ÆN)�ZK9>L�N) (1.2.2)�,u� D = −(Ax0+By0+Cz0),�N) (1.2.2)'6v|.N)
Ax+By + Cz +D = 0. (1.2.3)Mg., FZ�9v|.N) (1.2.3), \� A,B,C �'~6?, { x0, y0, z0 F- Ax0 +By0 + Cz0 +D = 0, � (1.2.3) x�K	8

A(x− x0) +B(y − y0) + C(z − z0) = 0.
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N) (1.2.3)  �g> M0(x0, y0, z0) �ag n = (A,B,C) 6LL:9ZKN). ;JN) (1.2.3) &6ZK9(5Q�. m-, v|.N) (1.2.3) 9+T�ZK.`Æ�gDP �9v|.N)���9ZK9 >	5 D = 0 ~, N)6 Ax+By + Cz = 0, ��Xg}>9ZK.5 A = 0 ~, N)6 By + Cz +D = 0, LL: n = (0, B, C) ,�v x  , N)��XZUv x  9ZK.'^, N) Ax + Cz + D = 0 k Ax + By + D = 0 R���XZUv y �z  9ZK.5 A = B = 0 ~, N)6 Cz +D = 0, LL: n = (0, 0, C) '~,�v x  k y  , N)��XZUv Oxy K9ZK.'^, N) Ax+D = 0 k By+D = 0 R���XZUv Oyz K�Ozx K9ZK.k 1.2.3 �h z EiZ (−3, 1,−2) W��bQ.e rv�dZKg z  , �g\ÆN)({6
Ax +By = 0.u�dZKg> (−3, 1,−2), s

−3A+B = 0, | B = 3A.1sN) Ax+By = 0 �Ni A 8�dZKN)6
x+ 3y = 0.k 1.2.4 �7 x, y, z EKt5Z P (a, 0, 0), Q(0, b, 0), R(0, 0, c) W��bQ (� 1.18), �C a 6= 0, b 6= 0, c 6= 0.e {�dZKN)6

Ax+By + Cz +D = 0.m6ZK�g}>, �g D 6= 0. Æ> P,Q,R 93�1sN), 8
aA+D = 0, bB +D = 0, cC +D = 0,| A = − D

a
,B = − D

b
,C = − D

c
.



18 = 1 � M;2�y+��?~m1s�{N)�Ni D, 8ZK9N)6
x

a
+

y

b
+

z

c
= 1.-N)&6ZK9�#�N), a, b, c d.&6ZK� x, y, z  w9�#.

3. 9ZK9��9ZK9LL:9��&69ZK9��, Æ�hG� (+ 1.19).

, 1.19{9ZK π1 k π2 9LL:R�6 n1 = (A1, B1, C1) k n2 = (A2, B2, C2),rv9ZK9�� θ � n1 k n2 9���a�hG�, �g
cos θ =

|n1 · n2|
|n1| |n2|

=
|A1A2 +B1B2 + C1C2|√

A2

1
+B2

1
+ C2

1

√
A2

2
+B2

2
+ C2

2

.[!9L:,�wZU9*`%�(�	
(1) ZK π1 k π2 rK,�9*`%��	

A1A2 +B1B2 + C1C2 = 0;

(2) ZK π1 k π2 rKZU9*`%��	
A1

A2

=
B1

B2

=
C1

C2

, �;, 5 A1

A2

=
B1

B2

=
C1

C2

=
D1

D2

~9ZK�n.k 1.2.5 ��� 2x− y + z − 6 = 0 i�� x+ y + 2z − 5 = 0 Wou.e cos θ =
|n1 · n2|
|n1| |n2|

=
|2× 1 + (−1)× 1 + 1× 2|√
22 + (−1)2 + 12

√
12 + 12 + 22

=
1

2
,�g9ZK9�� θ =

p
3
.

4. >7ZK9#1{ M0 (x0, y0, z0) �ZK π	Ax+By+Cz +D = 0 />, �ZK π woh> M1 (x1, y1, z1) , �2L: −−−−−⇀

M1M0(+ 1.20), �> M0 7ZK π 9#1
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d =

∣∣∣∣
−−−−−⇀

M1M0

∣∣∣∣ cos(
̂−−−−−⇀

M1M0,n) =

∣∣∣∣
−−−−−⇀

M1M0 ·n
∣∣∣∣

|n| .rv
−−−−−⇀

M1M0 ·n = A(x0 − x1) +B(y0 − y1) + C(z0 − z1)

= Ax0 +By0 + Cz0 − (Ax1 +By1 + Cz1),I> M1 �ZK π w, | Ax1 +By1 +Cz1 +D = 0, −(Ax1 +By1 +Cz1) = D, b
d =

|Ax0 +By0 + Cz0 +D|√
A2 +B2 + C2

.

1.2.2 9�
1. �I9F&�N)x��N)ZUv�I9Q?L:&6�I9Q��l. Æ�2 s.m6g*�Xf�>sa�s%�IZUvf��I, �g5�I Lw> M0(x0, y0, z0) z�I9NLL: s = (m,n, p) 6f�~, �I L 97��0jl�9. DK;J[!w�f�%�.5�I L 9N).{ M(x, y, z) ��I L w9oj>, v� −−−−⇀

M0M //s, [!9L:ZU9*`%�s
x− x0

m
=

y − y0
n

=
z − z0

p
. (1.2.4)I5> M(x, y, z) ���I L w~,

−−−−⇀

M0M �ZUv s, m-> M 93��F-� (1.2.4). �g� (1.2.4) ��I L 9N), &6�I L 9M=� (ZK��)Q�.�� (1.2.4) �, u m,n, p �OX6?~, �2�6Ko9R)6?.r�I9F&�N), (g6+�I9��N). u{
x− x0

m
=

y − y0
n

=
z − z0

p
= t,�s 




x = x0 +mt,

y = y0 + nt,

z = z0 + pt.-�&6�I L 9;�Q�.



20 = 1 � M;2�y+��?~mk 1.2.6 �hZ (1,−2, 4) �7�� 2x− 3y + z = 4 SAWA$bQ.e m6�d�I,�vf�ZK, �g(hZK9LL:26�I9NLL:, |h s = n = (2,−3, 1), v��d�IN)6
x− 1

2
=

y + 2

−3
=

z − 4

1
.

2. �I9ÆN)*��I L (g&2�ZU99XZK
π1 : A1x+B1y + C1z +D1 = 0,

π2 : A2x+B2y + C2z +D2 = 09�I (+ 1.21). *�woj> M(x, y, z) ��I L w, 5a�5�93� x, y, z '~F- π1 k
π2 9N), |F-N)/

{
A1x+B1y + C1z +D1 = 0,

A2x+B2y + C2z +D2 = 0,
(1.2.5)&�6�I L 9(5Q�, \� A1

A2

=
B1

B2

=
C1

C2

�'5.rf�IrF&�N) (1.2.4) Z+, qhQ'ÆN), r




x− x0

m
− y − y0

n
= 0,

x− x0

m
− z − z0

p
= 0. �;, 5 m,n, p �sX6?, r m = 0 ~, o2�6ÆN)





x− x0 = 0,

y − y0
n

− z − z0
p

= 0.5 m,n, p �s9X6?, r m = n = 0, o2�6ÆN)
{

x− x0 = 0,

y − y0 = 0.rf�I L rÆN) (1.2.5)Z+, |�I L �ZK π1 k π2 9�I, SG
L 9NLL: s '~,�v π1 k π2 9LL: n1 k n2, (h

s = n1 × n2.


